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1. Introduction: The return of Kaon physics

“The return of Kaon physics.”

A. J. Buras, 2018 (arxiv: 1805.11096)

» Kaon physics: high precision test of the Standard Model
1. Suitable for identifying new physics: Flavor Changing Neutral Current

(FCNC) , CP violation
2. Experiments and theoretical predictions have achieved high accuracy.
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1. Introduction: The return of Kaon physics

“The return of Kaon physics.”

A. J. Buras, 2018 (arxiv: 1805.11096)

» Kaon physics: high precision test of the Standard Model

1. Suitable for identifying new physics: Flavor Changing Neutral Current
(FCNC) , CP violation

2. Experiments and theoretical predictions have achieved high accuracy.

» Theoretical challenge:

High precision calculation of long distance contribution associated with non-

perturbative QCD

lattice QCD plays an increasing role in recent years
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1. Introduction: K — lv;I't1'~ decay width

K - eveete~ > 140 MeV 3.39 2.91(23)[2]
K - pv,ete” > 140 MeV 8.51 7.93(33)[2]
K-evutu" — 1.12 1.72(45)[3]
K - pv,u*u~ — 1.35 =

[1]J. Bijnens, G. Ecker and J. Gasser Nucl. Phys. B. 396:81-118(1993) arXiv: hep-ph/9209261
[2]A. A. Poblaguev et al. Phys. Rev. Lett. 89:061803(2002) arXiv: hep-ex/0204006
[3]H. Ma et al., Phys. Rev. D., 73:037101(2006) arXiv: hep-ex/0505011

This talk: Solving challenges in lattice calculation of K — [vl’'l" decay width
Euclidean —+ Minkowski @ G
space-time space-time o

Y /
Finite AR Infinte e_._
volume volume \

The same question has also been studied by:
Filippo Mazzetti's talk (5:30 am, Wednesday, at Hadron structure)
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2. Lattice calculation techniques

Lattice calculation procedures

Euclidean space Minkowski space Deca Deca
hadronic function ™ hadronic function = amplii/ude widthy
HEY (x, Q) Hy' (P, 9)

\ )
|

General steps:

complicated but no obstacle

Definition of Minkowski hadronic function H{\‘,[V (p,q)

VvV @ G
Hy (p.q) = i (O|T {J6u(p) 1y (a = p)}| K(q)) 'SP @
0+

\@
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General steps in Minkowski space

Euclidean space Minkowski space
. . . ) Decay Decay
hadronic function ™| hadronic function = . »
nv v amplitude width
Hg" (x, Q) Hy (v, q)
I=(p) I=(p1)
- " Jom Jom
-~ Direct Exchange
~ L - p | " (p2) p | [ (p2)
_ - " I (pyg) " (ps)
K _
— O]
I S - JW J w
~ UV
. L L es) N viles)
Leptonic radiative contribution Hadronic contribution



General steps in Minkowski space

Euclidean space Minkowski space Deca Deca
hadronic function ™| hadronic function = y =) y
v Y amplitude width

Hg" (x, Q) Hy (v, 9)
GV T Y o
iMp = [fKL (p1.p2. p3. p2) = Hy, (P12. @) b (p3. pa))| [it (p1) yuv (p2))
Dlrect \/_Sp
GFF“ .
iMg = i———= | [k L* (p1. pa. p3. p2) 4 HYy, (P14 @) L (p3. p2) | @ (P1) v (P4)
Exchange V254 " AM ] Yu ]

I=(p1)

“(p1)
- - ll+ ']F:'TI
-~ Direct Exchange
“/g . < U (p2)

K

’ (pa) [~ (pa)
K _
— O
v'”f
vV ~ - Vl
v(p3) vi(ps)

Leptonic radiative contribution Hadronic contribution
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General steps in Minkowski space

Euclidean space Minkowski space

hadronic function hadronic function ™ gric;)?ii/ude Vl?/%(;ﬁy
Hg" (x, Q) HY (0. 9)

» Four body phase space (p4, Py, P3,P4):
16(total variables)-4(on shell condition)-4(energy momentum
conservation)-3(rotational symmetry)=5 independent variables

> Convent|0n . (xlz, x34, ylZ’ y34_, ¢)
Karol Kampf et al., Phys. Rev. D.100(9):094509 (2019)
Sam*

Py =
dd4 2146

dx12dx3adyiadyssdd

» Phase space integration:

I ] ' o) 9
= ; - - 2 *
Tx ~ 2meTr [ ddy (|MD| + |IMEg|” + _ReMDME)

7/19



Lattice calculation procedures

Euclidean space 7 Minkowski space
hadronic function ™ hadronic function

HEY (x, Q) Hi (0, 9)

Decay Decay
amplitude width

» Define: Euclidean space hadronic function, from Lattice 3-pt function
Hy (x, Q) = (O[T {76, (x)1y ()} K(Q))

T
HEP.0 = [ ar [ @ (0) P =GE R, 0= kD)
T

» Goal: Minkowski space hadronic function

HY (p.q) = i (O|T {5 (a - )} K@)  p=(E.p), ¢ =(mk,0)

Finite :/: Infinite
volume volume

> Differences:

Euclidean —+ Minkowski
space-time space-time
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Challenge 1: Euclidean + Minkowski

» Insert complete basis of hadronic states:

Initial state Final state
I
o (E, initial or final
Hadronic states i, E; state energy)

=) [Cxira term in Euclidean space-time e_(Ei_EO)T
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Challenge 1: Euclidean + Minkowski

» Insert complete basis of hadronic states:

. | .
Initial state Final state

o (E, initial or final
Hadronic states i, E; state energy)

=) [Cxira term in Euclidean space-time e_(Ei_EO)T

. . Suppressed for heavy states: E; > E

> light states domlnance{ PP y i 0
Enhanced for light states: E; ~ E

Two possible light states

L -7
\ /

\ / R m A

N p \ /

N\ A /

\ / O
.I; \ / n
§ Kt <O i o ¢ >

Y
Y
=
/\
[\
Y
e
3
/A

K



Challenge 1: Euclidean + Minkowski

Start with Kaon state.

N Extra term e_(EK+EV_mK)T
{
/\5\ K:t<O0 - 1

“ Strongly enhanced for
EK + Ey - m[{ - O

O 1K) g g(K|Jom | K)(1 — e EFEx—mu0T)

uv
g (P.Q) = E + Ex —my 1

v O K ) s (K o | K) Soft photon region,
H (0. @) E+Ex —myg —ie nearly on shell Kaon
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Challenge 1: Euclidean + Minkowski

> Solution: infinite volume reconstruction  ,—(Eg+Ey—mg)T

Choose some moderate t:

H]‘E”’ (x, Q) with [t] > t: reconstruct from |t]| = t; due to Kaon state dominance

- 40
——) Equivalently, T — oo, I Without IVR
e—(EK+Ey—‘mK)T N O 35-[ P R
o 30 I
|t| A S‘ [
v o I I Without IVR
' IVR +{% 20 [ [
t o I
sia| o2 are
. Q ., | I
Lattice 101y IVR Py
= . IIIIIIIIIIIUII
L : |f| 7% % 10 12 1 16 18 20
H®O® (x,Q) = HMY (x,Q) ts
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Challenge 1: Euclidean + Minkowski

it states
X m A
) ' Eqpm—E))T
A Extra term e ~ (Erm—Ey)
v smmit >0 ", l
Ko éfﬁ— : -f:.;,:_ T~ : . .
e - Exponentially growing with on
shell nrr states E,, < E, < mg
oy A0 lmm), Gl ) (1= ) |
HE (Pr Q) X E _ E
Vv

Fortunately, strongly suppressed:

0|/om|mm),  (nmlfiy|K)
HY (p,q) « (0 eml!j 2‘4 M W phase space % total phase space
~ ban T L€ K - v, — £vp '’ K - £v,0'¢'

» Formulas under development, already confirm the phase space
suppression by reconstruction of low-lying rr states.
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Challenge 2: general finite volume effects

» From periodic boundary condition in finite volume:
/ {.I.rﬂ-_l_eEI—r'jj -.fH[L}fyv(I! Q}
JV

Discrete Fourier transform Fourier transform with arbitrary S 4’
with lattice momentum momentum in phase space x

4

Arbitrary momentum: Study momentum
dependence of form factors
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Challenge 2: general finite volume effects

» From periodic boundary condition in finite volume:

/ -:’f4J.'EEI_E";"EHEL}*“V(I, Q}
Vv

Discrete Fourier transform / Fourier transform with arbitrary §

with lattice momentum ﬁ momentum in phase space

4

Arbitrary momentum: Study momentum
dependence of form factors

» However, study momentum dependence
of K » Wi'l' amplitude is complicated: @ (1]

1. 4 form factors, complicated 4-body

}, 6
phase space /
00—

2. Depend on parameterization of

form factors \

(VMD model? Taylor expansion?) Try another way



Challenge 2: general finite volume effects

» ldea: View the errors of using “arbitrary momentum” as general
finite volume effects

/ff4,1'€Er_"f3"?H“”(x. 0) = /

JV

d* xeEr-ip -.TH[LL;;L'(I’ 0) + [/ d* yeE1-ipX lHHF(I. Q) - H{L},HV(L Q)H

¥ $ ¥
infinite volume  finite volume H®M# (x, Q) General finite
H" (x, Q) with “arbitrary momentum” volume effects
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Challenge 2: general finite volume effects

» |dea: View the errors of using “arbitrary momentum” as general
finite volume effects

/ffql'E'Er_il'ﬁ'fHﬁy(e’f-. Q} _ / {1,14IEEI—:‘;}_EH[L}fﬁv(‘ri Q} + V arn*lxe,Er—i'ﬁ-f alv(L Q} _ H{L]va'(_x, Q)H
Vv

4 2 ¥
infinite volume  finite volume H® ) (x, Q) General finite
H" (x, Q) with “arbitrary momentum” volume effects

» General FV in decay width: light states dominance sy Solve explicitly

N -
\ / L) A
\ / \ /
\ 4 \ /
N/ \ i-[ ]
[
K \—/]i'- K J!/Q< Il K Iﬁ ﬁﬂ—/r” '}?:u T~ ____-‘

‘‘‘‘‘
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Challenge 2: general finite volume effects

» ldea: View the errors of using “arbitrary momentum” as general
finite volume effects

/ffq,l'E‘Er_iﬁ'fHﬁy(I. Q) = / d* xeEr-ip -.TH[L},;W(I’ 0) + [/ d* xeE—ip X lHHF(I. Q) - H{L]I,;W(L Q)H

JV
¥ $ ¥
infinite volume  finite volume H®M# (x, Q) General finite
H" (x, Q) with “arbitrary momentum” volume effects

» General FV in decay width: light states dominance sy Solve explicitly

\ / N

\\ ﬁﬂ: t>0 I

N
;\K: t < O /i—v _ - -
) ]O< - K éj{i, : .j”’: i

Ko gy ~ - rfp ~a
-

K

‘‘‘‘‘

Uf

» Alternative way: use twisted boundary condition to study momentum
dependence of form factors

Filippo Mazzetti’s talk (5:30 am, Wednesday, at Hadron structure) s



Challenge 2: general finite volume effects

N poa > Kaon contribution (input: (rZ) from Lattice)
\ / . .
\ / describe long distance well:
' ’ —— HE 0 with r2=0

------ HE" %% with rf = 0.28fm?
T H'00 from lattice data

w

I\r \-//]” F\r l}ﬁ.'

r#) from lattice

~

N

-

\
\
\
\ —
\

—H-00(t = —12)/10°

\h:m‘n
(L) _i i _pv p(K) (2) =P E (E—mg)t | H‘\tz&\rﬁ\”"‘ -
H ™ (2,Q) = 13 ) g /P (P + QP FIO (@) e
p
4 6 8 10 _‘12 14 16 18
|X]
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Challenge 2: general finite volume effects

N poa > Kaon contribution (input: (rZ) from Lattice)
\ ' describe long distance well:

—— HP P withri=0
------ HE" %% with rf = 0.28fm?
T H'00 from lattice data

l
/E;\](f t<O0 - X
K \J/]rf’.tm K '}ﬁ T~ -~ - I 39
" B
S 2| «_ (rZ) from lattice
I =
| AN
f ]_ ]. - gy 11 h‘\s\f__?ﬁ‘;—ﬂr\
(L).pr - = r pv e Ky 2y —ip T _(E—my )t =%
Hy " (2, Q) = L3ZQthP (P+Q)FF) (g7 )e P el e L
P
4 6 8 10 _‘12 14 16 18
]|

» General FV effects mainly come from long distance:
/dﬁi—err—fﬁ-_? [HpV(x’ Q) . H(L),,uv'(x’ Q)]

l Kaon dominance

/ d4x€Ef—fﬁ'f [Hi"(x, Q) _ H%),PV(I, Q)]
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Challenge 2: general finite volume effects

> We can prove: 0(e™x%) finite volume effects in calculation of
total decay width.
: : Deca
Estimate FV correction Wi thy
from Kaon dominance: = This work T VR+Oun(r} = 0.28Mm")

. % La=2.2fm

/ dxeB =T | Y (x,0) — HE " (x,0)|

8

< [ dtxeE o | HE 6 0) - HE (3, 0)

BriK—ev.e *e ~)/1078
[+)]

¥ 4 :
Kaon contribution ! t t !
In bigger volume L, 2 % o & 5 %

Bigger volume L,

» This work: La=2.2fm is small, we need to correct this general FV
effects.

» Future: It can be ignored in larger lattice volume.
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Challenge 2: general finite volume effects

t > 0, r state X 0w A

— Strongl
Power-law FV effects suppresgs>éd
FV effects from on shell pion —) K - nntv, = vl L
in e state total phase space
contribution N P

General finite volume effects:
similar as in Kaon case, with 0(e ™»!)

-

» These FV correction formulas are under development.
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3. Results In twisted mass ensemble

Lable L3xT a! Neonf - mg AT

cA211b.53.24 243 x48 2.12GeV 51 0.3515(15)GeV ~ 0.5071(14)GeV 12

based on: arxiv: hap-lat/2103.11331

Unphysical m,, Physical m,,
Channel Mee CUL Lattice/10-8  ChPT/10~8 Exp/10~8

K > eveete™ > 140 MeV 3.29(35) 3.39 2.91(23)
K > uvete™  >140 MeV 11.08(39) 8.51 7.93(33)
e _ 0.94(8) 1.12 1.72(45)
K — pv,putu” — 1.52(7) 1.35 -

Already correct systematic effects with Kaon states
Residue errors:

1. Unphysical quark mass Future work:
2 EV effects from it m=) 1. Develop FV formulas of
3. Lattice artifacts 2. Ensembles with physical m mass
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4. Conclusion

We solve several technical problems in calculation of K — vl'l’

decay width.

We present a first calculation result in twisted mass ensemble

with m,, = 352MeV;

Future work is to develop the FV formulas of = contribution,

and to calculate in physical ensembiles.
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Why is general FV ~ 0(e™ ™)
f d*xeE1-iP X

If we ignore power-law finite volume effects from multi-
particle intermediate states (considered separately):

HIY (x,0) ~ HE# (x, 0)]

J—

2 H“V(TL — X, t) < 0(e~™L) Inside of lattice box
H,uV(x) _ H(L),MV(x) _ [#0

HMY (%, t) < 0(e™™L) Outside of lattice box

Exponentially suppressed — Exponentially suppressed of
of FV effects of H*V(x) general finite volume effects



How to correct it effects

. . LY v A
Exponentially \ y

i effects growing term < 1o \ /
In decay width |

~—

ldea: reconstruction

form factors (from lattice/GEVP/exp), nm phase shift
Lellouch-Luscher
formula
Finite volume results Infinite volume results

Effects at roughly 1o level of decay width, parameterization
dependence of form factors can be ignored

FV effects ~ 16— Q@O\M‘
A J . t"m
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