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Main goal:
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in a 𝜒𝑆𝐹 setup:

Massless
continuum 
QCD with 
SF boundaries

Massless
continuum 
QCD with 
𝜒𝑆𝐹 boundaries

equivalent

Chiral non-singlet trasformation of fermion fields

Sint, arXiv 1008.4857



How does a comparison to SF look like?

We have a direct precursor to look at! (arXiv 1802.05243)

Both:
• Massless QCD, Nf=3
• Λ*+, ≲ 𝜇 ≲ -!

.
~ 2 𝐺𝑒𝑉 :  GF-coupling ; -!

.
≲ 𝜇 ≲ 𝑀/: SF-coupling

• →… But same renormalisation condition for the mass!
• 𝑂 𝑎. -effects in the bulk, 𝑂(𝑔01𝑎)-effects at time boundaries
• Same configurations (same SF regularisation for the sea quarks)

But…

𝛽!"< 2GeV
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𝛽#"

< 2GeV

> 2GeV

𝜏!"
𝜏#" > 2GeV

#𝑚(𝜇)#𝑚(𝜇)

< 2GeV



New setup 1802.05243 setup
𝜒𝑆𝐹 boundary conditions 𝑆𝐹 boundary conditions
→ mixed action approach

Symanzik counterterms needed to improve the action:

bulk: 𝑐!"

time boundaries: "𝑑#𝑐$
time boundaries: "

𝑐$
𝑐̃$

counterterms for the operators: 𝑐%,𝑐&…

→ Automatic 
𝑂 𝑎
improvement!!
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• In practice, we used also 𝑐%& : same bulk action for sea and valence quarks (not
for O(a) imp.)

• Price: need extra renormalisation parameter 𝑧' to restore parity

• tuning of 𝑧' ↔𝑔()* 𝑥+ = 0

• Chiral limit: take 𝑘,%- from 1802.05243

• A check :

• If you tune 𝑘,
.%- together with 𝑧' from

/𝜕+𝑔()*(𝑥+)=0 , 
results are unaffected



Renormalisation conditions:
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Σ/0 with Y= 𝜒𝑆𝐹, 𝑆𝐹 have the same continuum limit 𝜎/ 𝑢
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Chiral non-singlet trasformation of 
fermion fields



• 1!
2
~ 2 𝐺𝑒𝑉 ≲ 𝜇 ≲ 𝑀&

• Simulations at 8 values of 𝑢, at 3 lattice 
spacings L/a=6,8,12 (also 16 at the 
switching scale 𝜇+/2)

• Plaquette gauge action, O(a) non-
perturbatively improved fermion action

• We extract 𝜎/ 𝑢 from a global fit in 
𝑢 and a/L

Σ/ 𝑢,
𝑎
𝐿

= 𝜎/ 𝑢 + 𝜌/(𝑢)(
𝑎
𝐿
)2

High energy: setup and data
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• Good agreement with perturbation
theory…

High energy : results

0.0 0.5 1.0 1.5 2.0 2.5
u

0.90

0.92

0.94

0.96

0.98

1.00

æP

1-loop pt

2-loop pt

¬SF

• ….and also with 1802.05243 !
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• Λ?@A ≲ 𝜇 ≲ 1!
2
~ 2 𝐺𝑒𝑉

• Simulations at 7 values of 𝑢, at 3 lattice 
spacings L/a=8,12,16

• Lüscher-Weisz gauge action, O(a) non-
perturbatively improved fermion action

• Work in progress! Preliminary results

Low energy: setup and data
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Low energy: results

𝑀BCD =
𝑀BCD

F𝑚(µEF)
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F𝑚(𝜇KL*)

• 𝜇KL*/ (1!
2
) not necessarily a factor of 2 → use of 𝜏(𝑔̅) could be more handy

• We extract 𝜏(𝑔̅)/𝛽(𝑔̅) from a global fit in 𝑢 and a/L

Σ/ 𝑢, L
M
= 𝜎/ 𝑢 + 𝜌/(𝑢)(

L
M
)2 , with 𝜎/ 𝑢 = 𝑒𝑥𝑝 −∫ )

N())𝑑𝑥 O(P)
Q(P)

• 𝑅(KL*) = 5R(1!/2)
5R(1"#$)

= 𝑒𝑥𝑝 −∫ N()!)
)"#$ 𝑑𝑥 O(P)

Q(P)

𝝌𝑺𝑭 𝑺𝑭
0.5203(61) 0.5226(43) 



Conclusion
• Satisfactory comparison with 1802.05243  
⟶ a non-trivial check for universality of 

the 2 theories!

• Future: four fermions operators. O(a) 
improvement of 𝜒𝑆𝐹 really useful here!

Stay tuned to Giulia Maria de Divitiis talk!
(next talk)

In the meantime: apply the analysis to other bilinear operators…

For example the tensor operator!



Some side dishes…



How do we choose fits? 

• High energy: we choose

• Low energy: we choose
•

I would like… To go directly to the running of the masses To reconstruct the anomalous dimension 𝜏(𝑔̅)

Full control of 
the 

extrapolations

• 𝜎$ 𝑢 = lim
+→-

Σ$ (𝑔-.,
+
/
) u by u fit

• 𝑅(0) = ∏12-
0 𝜎$ 𝑢1

• 𝜎$ 𝑢 = lim
+→-

Σ$ (𝑔-.,
+
/
) lim

+→-
Σ$ (𝑔-.,

+
/
) u by u fit

• 𝜎$ 𝑢 = 𝑒𝑥𝑝 −∫ %
3(%)𝑑𝑥 4(5)

6(5)

• 𝑅(0) = 𝑒𝑥𝑝 −∫ %!
3(%")𝑑𝑥 4(5)

6(5)

To exclude
some data 

points/ ≠ u for
≠ a/L 

• Σ$ 𝑢, +
/
= 𝜎$ 𝑢 + 𝜌$(𝑢)(

+
/
). global fit in 

u, a/L
• 𝑅(0) = ∏12-

0 𝜎$ 𝑢1

• Σ$ 𝑢, +
/
= 𝜎$ 𝑢 + 𝜌$(𝑢)(

+
/
)., with 𝜎$ 𝑢 as

above (global fit in u, a/L )

• 𝑅(0) = 𝑒𝑥𝑝 −∫ %!
3(%")𝑑𝑥 4(5)

6(5)



Were there some more checks on 𝜒𝑆𝐹 before this one? 

• First tests on automatic O(a) 
improvement (quenched setup) →

• Perturbation theory plugged in →

• Tests centred on Σ/ →

• Dynamical fermions! Z( and ZS with high 
precision →

A quick (partial) review:

arXiv 1012.2500

arXiv 1603.00046

arXiv 1208.4591/.4661

arXiv 1808.09236

Some references



What is 𝜒𝑆𝐹 exactly? How do you derive it from 
SF?
• A very quick answer: it is a renormalization scheme that derives from SF 

scheme through a chiral non-singlet trasformation of the fermions

TUB %
& TV

5TU5T'B(%&)
with 𝑅 𝛼 = 𝑒W

(
&X)O

*

• It allow us to exploit the mechanism of automatic O(a) improvement: 
< 𝑂5657 >=< 𝑂5657 >897: +𝑂(𝑎.)

• In SF, we can’t:



• The redefinition of the fermions modifies the symmetries as well

• New chirally-rotated parity!

• Now we are on the lattice: Wilson fermions

• → we need to restore 𝑃Y ! 

• That is the role of the boundary counterterm multiplied by 𝑧'

• Correspondance between SF and 𝜒𝑆𝐹
is restored on the lattice

What is 𝑧(? Or: what happens to 𝜒𝑆𝐹 on lattice?



Some more things you’ll find in the proceeding/paper-1

Z*/ Z( in low energy regime.
WI: a previous result based on a 
Ward Identity method
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Z*/ Z( in high energy regime.
Dotted line: perturbative results



Some more things you’ll find in the proceeding/paper-2

Σ( /ΣY in low energy regime.

Σ( /ΣY in high energy regime.
On curves: data after subtraction of 
1-loop terms
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