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Overview
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QCD coupling evaluated at the Electroweak scale is a crucial ingredient in Standard Model phenomenology 

lattice determination of QCD coupling at Electroweak scale dominated by step-scaling calculation 

lattice results dominate over non-lattice determinations 

is there another possible scheme that can be competitive with step-scaling, for consistency check?



step-scaling: RG scale set through lattice volume

alternative: gradient flow scheme, in the infinite volume limit, at fixed 

continuum extrapolation

connects to Harlander et al 3-loop Gradient Flow beta-function

g2(2L)� g2(L)
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gradient flow scheme, flow time t

with fixed ratio of flow time to lattice size
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is a separate stage
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beta-function through derivative
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infinite volume limit at fixed t

followed by extrapolation to continuum
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goal: connect weak to strong coupling through non-perturbative 
measurement of beta-function throughout 

need additional information in strong coupling regime to express 
ratio of scale change in physical units e.g. using hadronic mass 
spectrum 

infinite volume beta-function requires 2-stage 
procedure towards the continuum limit
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Set-up
apply new procedure to SU(3) gauge theory with Nf = 3 massless quarks 

use experience from beta-function studies of BSM models Nf = 10 and 12 

lattice action: staggered fermions with 4 levels of stout smearing rho = 0.12 
                     tree-level improved Symanzik gauge action  

anti-periodic boundary conditions in all directions 

first test: explore weak renormalized coupling regime, is it possible to make contact with 
perturbation theory 

set of lattice ensembles with 5 bare couplings 

hypercubic lattice volumes L   with L /a = 24, 32, 40, 48, 64  

25 ensembles in total 

initial target: renormalized coupling in the range g   ~ 1 — 2

4

2

idea of derivative beta-function for gradient flow has previously been explored  
by Fodor et al arXiv:1711.04833, and Hasenfratz et al arXiv:1910.06408
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Monte Carlo ensembles range from over 20,000 trajectories on smallest volume (L = 24) to 
2,000 trajectories on largest volume (L = 64)

all ensembles are in the topological charge sector Q = 0, no tunneling to other sectors at 
weak coupling
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standard, bare coupling = 6
improved, bare coupling = 6



use 5-point stencil to approximate derivative 

O(✏4)
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to order at target t value

the gradient flow renormalized coupling is measured at equally spaced intervals in flow time

g2(✏), g2(2✏), ..., g2(n✏), ...
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✏ = 0.05
<latexit sha1_base64="eH4srEj7nWrtU+sX+iiLuPiEi0E=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZmpim6EohuXFewD2qFk0kwbmkmGJCPUoV/ixoUibv0Ud/6NaTsLbT1wuYdz7iU3J0w408bzvp2V1bX1jc3CVnF7Z3ev5O4fNLVMFaENIrlU7RBrypmgDcMMp+1EURyHnLbC0e3Ubz1SpZkUD2ac0CDGA8EiRrCxUs8tdWmiGZcCXSOv4l303LJtM6Bl4uekDDnqPfer25ckjakwhGOtO76XmCDDyjDC6aTYTTVNMBnhAe1YKnBMdZDNDp+gE6v0USSVLWHQTP29keFY63Ec2skYm6Fe9Kbif14nNdFVkDGRpIYKMn8oSjkyEk1TQH2mKDF8bAkmitlbERlihYmxWRVtCP7il5dJs1rxzyrV+/Ny7SaPowBHcAyn4MMl1OAO6tAAAik8wyu8OU/Oi/PufMxHV5x85xD+wPn8Aciwkds=</latexit>

with this is sufficiently accurate

(also compared with 3-point and 7-point stencils)

have both Symanzik (S) and Wilson (W) discretizations of the gradient flow

have both Symanzik (S) and Clover (C) discretizations of the observable ht2Ei
<latexit sha1_base64="N3sY6sbSDXE/PjvKYmPG5tM8YQc=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRV0GVRBJcV7AOaWCbTSTt0MgkzN0IJBX/FjQtF3Pod7vwbp2kW2nrgwplz7mXuPUEiuAbH+baWlldW19ZLG+XNre2dXXtvv6XjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GF1P/fYjU5rH8h7GCfMjMpA85JSAkXr2oSeIHAiG4aGGb7Cn8lfPrjhVJwdeJG5BKqhAo2d/ef2YphGTQAXRuus6CfgZUcCpYJOyl2qWEDoiA9Y1VJKIaT/L15/gE6P0cRgrUxJwrv6eyEik9TgKTGdEYKjnvan4n9dNIbz0My6TFJiks4/CVGCI8TQL3OeKURBjQwhV3OyK6ZAoQsEkVjYhuPMnL5JWreqeVWt355X6VRFHCR2hY3SKXHSB6ugWNVATUZShZ/SK3qwn68V6tz5mrUtWMXOA/sD6/AHoJpTO</latexit>

sometimes use shorthand notation e.g. SSC or SSS 
(gradient flow—MC action—observable, with MC action always Symanzik)
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5 ensembles for each lattice volume give a range of renormalized couplings and 
derivative at each chosen t value
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-fn

 Nf = 3 fund  infinitesimal   L = 64   t = 2

g2 + g4 + g6:  2/dof = 0.402
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-fn

 Nf = 3 fund  infinitesimal   L = 64   t = 5

g2 + g4 + g6:  2/dof = 0.828

stage 1: pick a target value for the renormalized coupling e.g. g  = 2 
on each volume and for each t value, interpolate beta-function in g   to target point

��fn = t
dg2

dt
<latexit sha1_base64="9HC2fzp4Xk6THZFV2HZnq28vUUQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHcWJIq6EYounFZwT6gqWUymbRDJ5MwcyOUkL0bf8WNC0Xc+gPu/Bunj4W2HrhwOOde7r3HTwTX4Djf1tLyyuraemGjuLm1vbNr7+03dZwqyho0FrFq+0QzwSVrAAfB2oliJPIFa/nD67HfemBK81jewShh3Yj0JQ85JWCknl3yfAYk81SET0KZ40sM2AsVoVnQv6/mWQB5zy47FWcCvEjcGSmjGeo9+8sLYppGTAIVROuO6yTQzYgCTgXLi16qWULokPRZx1BJIqa72eSXHB8ZJcBhrExJwBP190RGIq1HkW86IwIDPe+Nxf+8TgrhRTfjMkmBSTpdFKYCQ4zHweCAK0ZBjAwhVHFzK6YDYpIAE1/RhODOv7xImtWKe1qp3p6Va1ezOAroEJXQMXLROaqhG1RHDUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWJ8/IP6aew==</latexit>

2

2

this replaces the tuning step, which is often used in step-scaling studies 
figures above are for Symanzik flow and Symanzik observable
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-fn
 Nf = 3 fund    g2 = 2   finite-volume   t = 2

infinite volume: 0.2238 +/- 0.00037

chi2/dof: 1
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-fn

 Nf = 3 fund    g2 = 2   finite-volume   t = 5

infinite volume: 0.2332 +/- 0.0013

chi2/dof: 0.736

stage 2: extrapolation to infinite volume at fixed t and at fixed renormalized coupling

L = 24

64

32
4048

L = 24
32

64 48
40

L = 64 volume practically at infinite-volume limit, even at larger t values

volume variation naturally larger at larger fixed t value

volume-dependence is completely consistent with 1/L4

choice of t range: avoid too small t (cutoff effects) and too large t (volume dependence)
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)

 correlation matrix g2 = 2.0, t1 = 2, L from 24 to 64 

infinite-volume results are strongly correlated across t values, being measured on same ensembles 

continuum extrapolation includes this correlation, to produce likely chi-squared and efficient error 
estimation

⌃ = S ·R · S
<latexit sha1_base64="P3N7LJeCHm/Qtr9EPDyCErvrFy0=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmpgm6EohuX1doHdIaSyWTa0GQyJBmhDAU3/oobF4q49Sfc+Tem7Sy09cDlHs65l+SeIGFUacf5tgpLyyura8X10sbm1vaOvbvXUiKVmDSxYEJ2AqQIozFpaqoZ6SSSIB4w0g6G1xO//UCkoiK+16OE+Bz1YxpRjLSRevaB16B9juAlbEAPh0LDu7w3enbZqThTwEXi5qQMctR79pcXCpxyEmvMkFJd10m0nyGpKWZkXPJSRRKEh6hPuobGiBPlZ9MbxvDYKCGMhDQVazhVf29kiCs14oGZ5EgP1Lw3Ef/zuqmOLvyMxkmqSYxnD0Upg1rASSAwpJJgzUaGICyp+SvEAyQR1ia2kgnBnT95kbSqFfe0Ur09K9eu8jiK4BAcgRPggnNQAzegDpoAg0fwDF7Bm/VkvVjv1sdstGDlO/vgD6zPH0aIlgE=</latexit>

�2(b) = (Y �X · b)t ⌃�1 (Y �X · b)
<latexit sha1_base64="IAAcDT9uCps+CFDlfznl59VwK7A="></latexit>

Y: data         X: fitting function       b: fit parameters

b̂ = (Xt ⌃�1 X)�1 ·Xt ⌃�1 Y
<latexit sha1_base64="pcIvNbg8SjoDjcl2c42fRl0wJmE=">AAACMXicdVDLSgMxFM34rPU16tJNsBQqaJmpgm6EopsuK9qHdNqSSdM2NPMguSOUob/kxj8RN10o4tafMG1noa0eCJyccy/JOW4ouALLGhtLyyura+upjfTm1vbOrrm3X1VBJCmr0EAEsu4SxQT3WQU4CFYPJSOeK1jNHdxM/Nojk4oH/j0MQ9b0SM/nXU4JaKltlpw+gdgd4Sucw/UWYOcEO3e855FWfGqPJtc6Pk447QTwz9BD28xYeWsKvEjshGRQgnLbfHE6AY085gMVRKmGbYXQjIkETgUbpZ1IsZDQAemxhqY+8ZhqxtPEI5zVSgd3A6mPD3iq/tyIiafU0NO5sh6Bvpr3JuJfXiOC7mUz5n4YAfPp7KFuJDAEeFIf7nDJKIihJoRKrv+KaZ9IQkGXnNYl2PORF0m1kLfP8oXb80zxOqkjhQ7REcohG12gIiqhMqogip7QK3pD78azMTY+jM/Z6JKR7BygXzC+vgGnuqWh</latexit>
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-fn

 Nf = 3 fund    g2 = 2   infinite-volume   Symanzik flow and operator

a2 + a4 fit with correlation: 0.23267 +/- 0.001946
chi2: 0.249

3-loop GF: 0.23341

2-loop: 0.2485

1-loop: 0.22797

a2 + a4 fit ignore correlation: 0.23452 +/- 0.003365
chi2: 0.00087

stage 3: continuum extrapolation of infinite-volume results at fixed renormalized coupling 

including the correlation in chi-squared gives a more efficient estimate of the continuum 
error and a more natural chi-squared value

range of t-values chosen such that large cutoff effects at too small t excluded, and 
volume effects at larger t under control 
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alternate procedure:  

combine volume and continuum extrapolations  
into one step

slope in plane corresponds to choice of fixed ratio of  
flow time to lattice size

c2 =
8t

L2
<latexit sha1_base64="VWI4aXhscQnKVJ+CJHj8PWU2rl0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIo2I1QdOPCRQX7gDYtk+mkHTp5MHMj1BD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nu8WHAFlvVtLC2vrK6tFzaKm1vbO7vm3n5DRYmkrE4jEcmWRxQTPGR14CBYK5aMBJ5gTW90PfGbD0wqHoX3MI6ZG5BByH1OCWipZx7SroMvcceXhKYVyNLbrpP1zJJVtqbAi8TOSQnlqPXMr04/oknAQqCCKNW2rRjclEjgVLCs2EkUiwkdkQFraxqSgCk3nV6f4ROt9LEfSV0h4Kn6eyIlgVLjwNOdAYGhmvcm4n9eOwG/4qY8jBNgIZ0t8hOBIcKTKHCfS0ZBjDUhVHJ9K6ZDooMAHVhRh2DPv7xIGk7ZPis7d+el6lUeRwEdoWN0imx0garoBtVQHVH0iJ7RK3oznowX4934mLUuGfnMAfoD4/MHEQuUVw==</latexit>

fixed ratio flow time to lattice sizea2

t
<latexit sha1_base64="zPKwzr4sqmrWSuYQOrWfRKg0Osk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAcka5idzCZDZh/O9AbCst/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1vq7C2vrG5Vdwu7ezu7R+UD49aOkoU400WyUh1PKq5FCFvokDJO7HiNPAkb3vj25nfnnClRRQ+4DTmbkCHofAFo2gkt+crylL6WMtSzPrlil215yCrxMlJBXI0+uWv3iBiScBDZJJq3XXsGN2UKhRM8qzUSzSPKRvTIe8aGtKAazedH52RM6MMiB8pUyGSufp7IqWB1tPAM50BxZFe9mbif143Qf/aTUUYJ8hDtljkJ5JgRGYJkIFQnKGcGkKZEuZWwkbU5IAmp5IJwVl+eZW0alXnolq7v6zUb/I4inACp3AODlxBHe6gAU1g8ATP8Apv1sR6sd6tj0VrwcpnjuEPrM8fFO6STQ==</latexit>

a2

L2
<latexit sha1_base64="k3jb0OqE1zIQK4SCzwR3gcLEmN0=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZmpgi6Lbly4qGAf0I4lk2ba0EwyJBmhDv0SNy4UceunuPNvTNtZaOuBezmccy+5OWHCmTae9+2srK6tb2wWtorbO7t7JXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjq6nfuuRKs2kuDfjhAYxHggWMYKNlXpuqRspTDL8UJ1kt7b13LJX8WZAy8TPSRly1HvuV7cvSRpTYQjHWnd8LzFBhpVhhNNJsZtqmmAywgPasVTgmOogmx0+QSdW6aNIKlvCoJn6eyPDsdbjOLSTMTZDvehNxf+8TmqiyyBjIkkNFWT+UJRyZCSapoD6TFFi+NgSTBSztyIyxDYJY7Mq2hD8xS8vk2a14p9Vqnfn5dpVHkcBjuAYTsGHC6jBDdShAQRSeIZXeHOenBfn3fmYj644+c4h/IHz+QN+YpL6</latexit>

at sufficiently small values of c, the remnant 
finite-volume dependence should be very small

will show example at c = 0.1, which corresponds on largest volume L = 64 to t = 5.12  
— matches with the t-range in the previous method
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-fn
 Nf = 3 fund    g2 = 2   SSS tree improved   c = 0.1

continuum: 0.2322 +/- 0.0024

2/dof: 0.435

3-loop GF: 0.23341

2-loop: 0.2485

1-loop: 0.22797
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-fn

 Nf = 3 fund    g2 = 2   SSC tree improved   c = 0.1

continuum: 0.2318 +/- 0.0024

2/dof: 0.426

3-loop GF: 0.23341

2-loop: 0.2485

1-loop: 0.22797

choice c = 0.1 

consistent results with different discretization of observable: Symanzik (S) and Clover (C)

Fodor et al arXiv:1406.0827
tree-level improvement of the renormalized coupling through finite-lattice sums
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-fn

 Nf = 3 fund    g2 = 2   SSC no improvement   c = 0.1

continuum: 0.2354 +/- 0.0031

chi2/dof: 0.697

3-loop GF: 0.23341

tree-level improvement is a large effect for fixed c method and the Clover observable 

without improvement, results approach continuum result but with much larger cutoff effects 

tree-level correction for Symanzik observable is much less visible 

c = 0.1:     L = 24, t = 0.72        L = 40, t = 2.0          L = 64, t = 5.12 

no surprise that smaller L has large cutoff effect, given the corresponding small t values
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previous analysis was at g = 2 

similar good agreement of infinite-volume determination with perturbation theory at weaker  
renormalized coupling g = 1.5 

continue to see consistency between infinite-volume method and fixed ratio approach at c = 0.1 
and same coupling 

for orientation: the value g = 1.5 corresponds to          = 0.12            coupling at Electroweak scale
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-fn

 Nf = 3 fund    g2 = 1.5   SSS tree improved   c = 0.1

continuum: 0.1313 +/- 0.0017

2/dof: 0.869

3-loop GF: 0.13212

2-loop: 0.1369

1-loop: 0.12823
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-fn

 Nf = 3 fund    g2 = 1.5   infinite-volume   Symanzik flow and operator

a2 + a4 fit with correlation: 0.13034 +/- 0.001445
chi2: 0.23

3-loop GF: 0.13212

2-loop: 0.1369

1-loop: 0.12823

a2 + a4 fit ignore correlation: 0.13073 +/- 0.002421
chi2: 0.00051

2

2

↵s
<latexit sha1_base64="fQFQ26Crymgf7FY2AWTKPFjxqyg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIR93S9X3Ko7B1klXk4qkKPRL3/1BjFNIyYNFah113MT42eoDKeCTUu9VLME6RiHrGupxIhpP5vfOyVnVhmQMFa2pCFz9fdEhpHWkyiwnRGakV72ZuJ/Xjc14bWfcZmkhkm6WBSmgpiYzJ4nA64YNWJiCVLF7a2EjlAhNTaikg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTaAg4Ble4c15dF6cd+dj0Vpw8plj+APn8wcaNpAC</latexit>
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Outlook

determination of QCD coupling at Electroweak scale                     requires: 

(1) making contact with perturbation theory at weak coupling to high accuracy 
and 
(2) connecting to a physical scale at strong coupling

test study of part (1) for SU(3) with Nf = 3 massless quarks looks promising,  
reaching ~ 1% error in the beta-function in the continuum limit for g   ~ 2

continuing to part (2) for this approach looks worthwhile, and could be competitive with step-
scaling determination

↵s(Mz)
<latexit sha1_base64="H7Egohk1XhFuAJGpqlV4bQaE3RI=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSRV0GPRixehgv2ANoTJdtMu3Wzi7qZQS3+HFw+KePXHePPfuG1z0NYHA4/3ZpiZFyScKe0439bK6tr6xmZuK7+9s7u3Xzg4bKg4lYTWScxj2QpQUc4ErWumOW0lkmIUcNoMBjdTvzmkUrFYPOhRQr0Ie4KFjKA2ktdBnvTRV6U7/+nMLxSdsjODvUzcjBQhQ80vfHW6MUkjKjThqFTbdRLtjVFqRjid5DupogmSAfZo21CBEVXeeHb0xD41StcOY2lKaHum/p4YY6TUKApMZ4S6rxa9qfif1051eOWNmUhSTQWZLwpTbuvYniZgd5mkRPORIUgkM7fapI8SiTY55U0I7uLLy6RRKbvn5cr9RbF6ncWRg2M4gRK4cAlVuIUa1IHAIzzDK7xZQ+vFerc+5q0rVjZzBH9gff4AHlCRqw==</latexit>
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thank you



Extra slides
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-fn

 Nf = 3 fund  infinitesimal   L = 48   t = 2

g2 + g4 + g6:  2/dof = 0.254
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-fn

 Nf = 3 fund  infinitesimal   L = 48   t = 5

g2 + g4 + g6:  2/dof = 0.0229
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-fn

 Nf = 3 fund  infinitesimal   L = 40   t = 2

g2 + g4 + g6:  2/dof = 0.47
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-fn

 Nf = 3 fund  infinitesimal   L = 40   t = 5

g2 + g4 + g6:  2/dof = 0.447
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more examples of interpolation at fixed volume and t value



tree-level improvement through finite-lattice sum at each fixed t value via

arXiv:1406.0827

choice of lattice gauge action for gradient flow, MC simulation, and action density observable

tree-level improvement does not include fermion effects 

more likely to be useful for smaller Nf value Nf = 3 than in BSM studies with Nf = 10 or 12
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gradient flow beta-function to 3-loop order and connection to MS-bar scheme

Harlander et al arXiv:1905.00882
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