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Study of real-time dynamics

 Complex Langevin
 3+1D φ4 theory PRL95,202003(2005) Berges et al. 

 3+1D SU(2), Schwinger-Keldysh (SK)  PRD75,045007(2007) Berges et al. 

 Lefschetz thimble
 1+1D φ4 theory PRD95,114501(2017) Alexandru et al.

 0+1D φ4 theory JHEP06(2019)094 Mou et al.

 Quantum computations
 QED2 arXiv2001.00485 Chakraborty et al., ….

 Gauge Ising Yamamoto PTEP2021(2021)013B06

 Tensor networks
 Hamiltonian approach  PRD100,094504(2019) Lin et al., 1+1D Thirring model

 Lagrangian approach Lattice 2019 ST 1+1D φ4 theory using Feynman prescription

⇒ Today, I introduce different approach and show results of time-
correlator



Closed time formalism

Latticecontinuum

In the following

Schwinger 1961
Keldysh 1964

Alexandru et al. 2016
Hoshina et al. 2019 



Path integral

time

Minkowski MinkowskiEuclid Euclid

Minkowski

Euclid



Path integral

space

time

Minkowski MinkowskiEuclid Euclid

1+1 D

Minkowski

Euclid



Path integral

e.g. In Minkowski space region

⇒ multiple oscillating
integral
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Deformation of integration path for 
scalar field

⇒ integrand of path integral is localized
⇒ Path integral turns out to be convergent

Rewrite in terms of convergent integral
using Cauchy’s integral formula

Basic idea

But, the integrand is complex…

Original path

Deformed path



Gauss Hermite quadrature

weight

Zeros of 𝑁-th Hermite polynomials

Replace integral to discrete sum for all scalar fields

2018 Sakai et al. Truncation order

: 𝑁 × 𝑁 matrix  
⇒ Singular value decomposition (SVD)



Singular value of 𝐴 anisotropic parameter
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Singular value of 𝐴 anisotropic parameter
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Singular value of 𝐴 anisotropic parameter
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How to make tensor (1+1D)

Tensor consists of the unitary matrices and singular values

unitary matrix

Singular value

Bond dimension of 𝑖, 𝑗, 𝑘, 𝑙 is determined adaptively
according to a required precision

SVD

for



Tensor network of the system
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Real-time correlator for 𝑁𝑠 = 2

• Required relative accuracy：10-4

• Max bond dimension ~ 200

• coarse-graining is not applied
• for checking initial tensor



Real-time correlator for 𝑁𝑠 = 64

• Dcut: truncation order for coarse-graining
• Required relative accuracy：10-4
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Summary

 Derive tensor network (TN) representation of closed-time 
formalism for real scalar theory

 Demonstrate real-time correlator at 𝑁𝑠 = 2 and 64

 Entanglement tends to be stronger for Weak coupling / 
anisotropic case. How to improve in such case?

 Better coarse-graining scheme for 𝑁𝑠 > 2 ?

 Computation of spectral function

Future



Backup



Tensor network of the system

Minkowski MinkowskiEuclid Euclid

space

time Entanglement is stronger in Minkoswki space region

1+1D



Check of initial tensor
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Time-correlator for 𝑁𝑠 = 2

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  2  4  6  8  10  12  14  16

<
f
(t

)f
(0

)>

t/a

exact Re
exact Im
xa=2 Re
xa=2 Im
xa=3 Re
xa=3 Im

b=4, l=10, m=1


