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Vector correlator

Π(q)µν =

∫
d4xe iq·x〈Vµ(x)Vν(0)〉
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Fig. 6.1. Connected (left-hand side plot) and disconnected (right-hand side plot)
pieces of a meson correlator

theorem (5.36) for each of the two flavors (compare also (5.54)). This step is
often referred to as fermion contraction.

The Dirac operators Du, Dd for u and d quark differ only by the value
of the mass parameter (compare (5.51)). Often the small difference between
the u and the d quark masses is ignored and one uses Du = Dd, i.e., exact
isospin symmetry. It is, however, important to keep in mind that also in this
case, only Grassmann variables with equal flavor can be contracted with each
other.

The result in the last line of (6.12) has a simple interpretation: The propa-
gator D−1

u (n|m) propagates a u quark from space–time point m to the point n,
while the propagator D−1

d (m|n) transports a d quark in the opposite direc-
tion. Such a contribution is referred to as connected piece and is depicted in
the left-hand side plot of Fig. 6.1. We remark that each of the individual lines
in this figure symbolizes a collection of fermion lines (cf. Fig. 5.1).

In the correlator of an iso-singlet operator OS = (uΓu + dΓd)/
√

2, such
as (6.6), also another type of contribution appears. The fermion contractions
for this correlator are obtained by following the same steps as in (6.12),

〈
OS(n)OS(m)

〉
F

= −1

2
tr

[
ΓD−1

u (n|m)ΓD−1
u (m|n)

]

+
1

2
tr

[
ΓD−1

u (n|n)
]

tr
[
ΓD−1

u (m|m)
]

(6.13)

+
1

2
tr

[
ΓD−1

u (n|n)
]

tr
[
ΓD−1

d (m|m)
]

+ u ↔ d .

The first type of contribution are the connected pieces we have already dis-
cussed. However, one also gets propagators D−1

u (n|n), D−1
u (m|m) which trans-

port a u quark from a space time-point back to the same point. Such terms
are called disconnected pieces and are depicted in the right-hand side plot of
Fig. 6.1. Numerically these contributions need more computational effort and
higher statistics than the connected parts and many studies avoid considering
such mesons or drop the disconnected pieces.

We remark that the interpolator OT,Iz=0 = (uΓu−dΓd)/
√

2 for the Iz = 0
component of the iso-triplet differs from the singlet interpolator only by a
relative minus sign between the u and the d terms (compare (6.5) and (6.6)).
The corresponding correlator is like in (6.13), but with a minus sign in the
third term. In the case of exact isospin symmetry, Du = Dd, the disconnected
pieces cancel. The resulting correlator is the same as for the other members

[Gattringer and Lang, 2010]

〈Vµ,s(n)Vν,s(m)〉F = 〈ψs(n)γµψs(n)ψs(m)γνψs(m)〉F
= −tr[γµD−1(n|m)γνD

−1(m|n)]

− tr[γµD
−1(n|n)]tr[γνD

−1(m|m)]

(1)

∑

z

D(n, z)φ(z) = η(r)(n), r = 1, ...,Nr

〈〈η(n)η†(m)〉〉 := lim
Nr→∞

1

Nr

∑

r

η(n)(r)η(r)(m)
†

= δn,m

(2)
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Noise and Low mode averaging

High Gauge noise at long distance, scaling ∝ e2(mρ−mπ)t

Stochastic noise from random sources

Stochastic noise scaling improvements: One-end trick, dilution
schemes, low-mode averaging

Low mode averaging:

Calculate N lowest eigenvectors of the Dirac operator

Split quark propagators into low and high eigenmode contributions
ψ = ψlow + ψhigh

Calculate ψlow using the eigenvectors, ψhigh stochastically

[DeGrand and Schaefer, 2004]
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Distillation

Idea: Low-mode averaging, but cheaper

Instead of Dirac operator, use the gauge-inavariant spatial Laplacian

52
mn (t) = −6δmn +

3∑

j=1

(
Uj(m, t)δm+ĵ ,n + U†j (m − ĵ , t)δm−ĵ ,n

)
(3)

Use lowest N eigenmodes to form distillation projector

�(t) = V (t)V †(t) =
N∑

k=1

v (k)(t)v (k)†(t) (4)

[Peardon et al., 2009]

Insert 1−�(t) + �(t) into correlator C at source and sink. Then:

C (t) = Cdist(t) + Crest(t) + Ccross(t) (5)

Number of required Dirac solves is now Ndist + 2Ns
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Distillation

Implemented for the connected contribution in OpenQ*D, Laplacian
solved with Primme(Preconditioned Iterative MultiMethod Eigensolver)

[Wu et al., 2016]

Tests in OpenQ*D on 30 configurations from two CLS data sets with two
flavours of dynamical O(a) improved Wilson fermions. Computed with

periodic boundary conditions and stochastic wall sources

[Campos et al., 2020]

Config V β κ mπL a [fm] mπ [MeV]
E5 64x323 5.30 0.13625 4.7 0.0658(7)(7) 437
A5 64x323 5.20 0.13594 4.0 0.0755(9)(7) 331

[Della Morte et al., 2017] [Fritzsch et al., 2012]
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Vector-Vector correlator with distillation

E5 vector correlator, 24 sources
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Vector-Vector correlator with distillation

E5 vector correlator by parts, 24 sources

July 30, 2021 7 / 12



Vector-Vector correlator with distillation

E5 vector correlator precision, 24 sources
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Distilled sub-space contribution

E5 vector correlator Cdist subspace, 24 sources
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Laplacian Solver performance scaling

Ndist Cdist Dirac solver Lap. solver Lap. solver Orthogonalisation Lap. solver MatVec
20x4 1.18e+02 s 4.63e+01 s 3.51e+00 s 3.11e+01 s
40x4 2.53e+02 s 1.04e+02 s 1.08e+01 s 6.87e+01 s
80x4 4.84e+02 s 2.43e+02 s 4.18e+01 s 1.52e+02 s

160x4 1.12e+03 s 7.77e+02 s 2.51e+02 s 3.46e+02 s
320x4 2.82e+03 s 2.14e+03 s 1.14e+03 s 7.40e+02 s
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Distilled sub-space A5

A5 vector correlator Cdist subspace
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Conclusion

Idea: Use gauge-covariant Laplacian modes instead of Low mode
averaging with Dirac modes

The contribution of the eigenspace to the vector-vector correlator
grows too slowly with the number of eigenmodes

Also tested with the pseudoscalar, similar result

Stick with Low mode averaging
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Backup: distillation subspace gauge noise

E5 vector correlator Cdist noise scaling
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Backup: pseudoscalar

A5 pseudoscalar Cdist noise scaling
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Backup: Insertion

〈ψA
s (t)γµψ

B
s (t)ψ

B
s (t ′)γνψ

A
s (t ′)〉F

= 〈ψA
s (t)γµ (1−�(t) + �(t))ψB

s (t)ψ
B
s (t ′)γν

(
1−�(t ′) + �(t ′)

)
ψA
s (t ′)〉F

= 〈ψA
s (t)γµ (1−�(t))ψB

s (t)ψ
B
s (t ′)γν

(
1−�(t ′)

)
ψA
s (t ′)〉F

+ 2〈ψA
s (t)γµ�(t)ψB

s (t)ψ
B
s (t ′)γν

(
1−�(t ′)

)
ψA
s (t ′)〉F

+ 〈ψA
s (t)γµ�(t)ψB

s (t)ψ
B
s (t ′)γν�(t ′)ψA

s (t ′)〉F
=

1

Nr
tr[γ5γµ (1−�(t))D−1(t, t ′)η(r)(t ′)

η†
(r)

(t ′)γνγ5

(
1−�(t ′)

)
D−1†(t ′, t)]

+
2

Nr
tr[γ5γµ�(t)D−1(t, t ′)η(r)(t ′)η†

(r)
(t ′)γνγ5

(
1−�(t ′)

)
D−1†(t ′, t)]

+ tr[γ5γµV
†(t)D−1(t, t ′)V (t ′)γνγ5V

†(t ′)D−1†(t ′, t)V (t)]
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