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Electric and Magnetic Polarizabilities
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Charged Pion Polarizabilities:

χPT

απ
+

E = −βπ
+

M = (2.8± 0.2)× 10−4
3

fm (3)

Experiment

Experiment απ
+

E (10−4fm3)
γp→ γnπ+ 20 ± 12
γπ+ → γπ+ 2.0± 0.6± 0.7
γγ → π+π− 2.2± 1.1

Background Field Method

Multiply the SU(3) links by U(1) links

Uµ(x) = eiqAµ(x)

Aµ(x) = −Ex4δµ,3
(4)

For charged hadrons

C(t) 6=Ae−Et (5)

Continuum effective correlator:

C(t) =
1

2

∫ ∞
0

ds

√
qE

2π sinh(qEs)
e−

1
2
m2s− 1

2
qEt2 coth(qEs) (6)

But, it can’t be used on the finite lattice (L 6=∞, a 6= 0).
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Schwinger Mechanism (vacuum instability)

E produces charged pairs

These are accelerated forever unless they hit a wall!
↓

Dirichlet boundaries in the field direction
&

weak electric fields.

Relativistic particle with spin zero in 2D

Discretize the effective action on a lattice of size L× T

SE =
1

2
a2
∑
n,m

φnKnmφm (7)

with
Knm = [4 + (am)2]δnm −

∑
µ̂>0

[
δn+µ̂,m e−iqaAµ(n) + δn−µ̂,m e+iqaAµ(m)

]
(8)

Effective model is the propagator:

G0(x, t;Aµ, L̃) = K−1
(x,t);(x,t)s

(9)
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Comparison of the effective mass from the model and the continuum function
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Lattice QCD propagator for π+:

G(x, t;Aµ, L) =
∑
y,z

〈0|Ô(x, y, z, t)Ô†(xs, ys, zs, ts)|0〉, Ô = d̄γ5u (10)

Distance between the walls: L̃ for the effective correlator and L for the QCD correlator.

Dirichlet walls at x = 0 and x = L in the lattice QCD box and at x = (L− L̃)/2 and
x = (L+ L̃)/2 in the effective model.
Time boundaries are t = 0, and t/a = (Nt + 1) for both.
Position of the sources are aligned in both.

χ2 ≡ δ†C−1δ with the residues δi ≡ 〈yi〉 − fi (11)

Cij ≡ 〈(yi − 〈yi〉)(yj − 〈yj〉)∗〉 (12)

χ2 invariant under y′ = Ty and f ′ = Tf .

Under a gauge transformation, (A, φ)→ (A′, φ′) with

A′µ(x, t) = Aµ(x, t) + [Λ((x, t) + µ̂)− Λ(x, t)]/a

φ′(x, t) = eiqΛ(x,t)φ(x, t) ,
(13)

we have
G(x, t;A′µ, L) = eiq[Λ(x,t)−Λ(xs,ts)]G(x, t;Aµ, L) . (14)

The same holds for G0 so χ2 is invariant under Eq. 13.
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y(t) =

xf∑
x=xi

L(x, t)G(x, t;Aµ = 0, L)

f(t) = A
xf∑
x=xi

L(x, t)G0(x, t;Aµ = 0, L̃) .

(15)

L(x, t) =

x−a∏
x′=xi

e−iqaAµ(x′,t) , (16)

Under gauge transformations in Eq. 13:

L′(x, t) = eiq[Λ(xi,t)−Λ(x,t)] L(x, t)

y′(t) = eiq[Λ(xi,t)−Λ(xs,ts)] y(t)
(17)
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am dependence on the model size

y0(t) =

xf∑
x=xi

L(x, t)G(x, t;Aµ = 0, L) yE(t) =

xf∑
x=xi

L(x, t)G(x, t;Aµ, L)

f0(t) = A
xf∑
x=xi

L(x, t)G0(x, t;Aµ = 0, L̃, am)

fE(t) = (A+ ∆A)

xf∑
x=xi

L(x, t)G0(x, t;Aµ, L̃, am+ δam)

(18)

C =

(
C00 C0E
CE0 CEE

)
(19)
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Zero field wave functions
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Wave functions in the presence of the electric field
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δam =
1

2
απ±aE

2 (20)
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Conclusion

LQCD offers the opportunity to compute and understand hadron polarizabilities from
quark-gluon dynamics.

Neutral hadron calculations produced the results for αn that are consistent with χPT
calculations.

Charged hadrons present new challenges because they are accelerated by electric fields.

We constructed a fitting function that incorporates the finite-volume effects for charged
hadrons and gives results that are gauge-invariant.

It can be used to extract electric polarizabilities for charged pions.
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