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Three-point Function

Lattice QCD has advanced to the point
where we can now investigate small ef-
fects, such as the isospin violation due
to the mass difference between u and
d quarks, and corrections due to QED.
We calculate the decay

π+ → µ+ + νµ

by calculating a three-point function
involving a pion and muon propagating
through a simulated QCD+QED back-
ground field [2, 3].
We create a stationary pion at t = 0,
which decays at time τ , producing a
muon with momentum ~p which propa-
gates to a sink at time t. When τ lies
between 0 and t the three-point func-
tion will have a time dependence of the
form

Q(t, τ ,~p) ∝ e−mπτe−Eµ(~p)(t−τ)

The Lattice approach

Calculate the three-point functions

Qij;Aµ/Vµ
(t, τ ,~p)

=
∑

x

〈
e−i~p·~x Sµij (t,~p; τ ,~x)CAµ/Vµ,π(τ ,~x)

〉
There are 16× 8 of these, because the muon
propagator is a 4×4 matrix, and we consider 8
possible operators at the meson sink. Despite
the large number of observables, the number
of inversions is very modest.

Amputation
We have measure-
ments of the three
point function Q as
well as the pion
and fermion two-
point functions C
and S. This enables
us to separate the
QED effects on the
decay vertex from
the effects of dress-
ing the propagators
with photons.

Three-point Data

We compare the complete three-point function
〈S(t, τ)C(τ)〉 (orange curve) with the product of two-
point functions 〈S(t, τ)〉〈C(τ)〉 (blue curve). The ra-
tio gives the amputated πµν vertex.

Three-point Data

Ratio between the pho-
ton dressed pion ver-
tex, and the bare ver-
tex. The calcula-
tions are made with
a large QED coupling,
αQED ≈ 0.1.

Renormalisation
Renormalisation of the
weak vertex is no longer
the same as renormalisa-
tion of the axial current,
because there are ad-
ditional photon graphs
connecting to the muon.
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Soft Photons
I Accelerating charges

produce soft photons,
giving infra-red loga-
rithms in cross-sections.

I On a finite lattice we
have a cut-off due to
the lattice size.

I In the soft photon limit
it is reasonable to treat
the pion as a point
particle, and estimate
the infra-red contribu-
tion from tree-level per-
turbation theory.

Soft Photons
π+ → µ+ + νµ + γ. K+ → µ+ + νµ + γ.

Angular distribution of soft photons in meson decay.
θ is the angle between the muon and photon in the
meson rest frame.

The angular distribution of soft photons de-
pends on the velocity of the charged lepton.
In π+ decay the muon velocity is low, and
most photons are emitted at right angles to
the muon velocity. The pattern closely follows
the non-relativistic Larmor formula for an ac-
celerating charge.
In the kaon case the energy released is much
larger, and we now see that a colinear singu-
larity is starting to develop.


