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Flux Tubes and Confinement

Reaching a detailed understanding of color 

confinement is still a central goal for nonperturbative 

studies of QCD.

It is known since long that, in lattice numerical 

simulations, tubelike structures emerge by 

analyzing the chromoelectric fields between static 

quarks.


Such tubelike structures naturally lead to a linear 

potential between static color charges and, 

consequently, to a direct numerical evidence of 

color confinement.

[Credit: APS/Joan Tycko]
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To explore on the lattice the field configurations produced by a static quark-antiquark pair —> connected correlation function (*)

Di Giacomo, Maggiore, Oleínik , NPB347(1990)441

UP = Uµ⌫(x) plaquette in the  (μ,ν) plane

Kuzmenko, Simonov, PLB494(2000)81

Di Giacomo, Dosch, Shevchenko, Simonov, Phys.Rept.372(2002)319

L Schwinger line N number of colors

(*)
Skala, Faber, Zach, NPB494(1997)293

h iqq̄ h i0average in the presence of a 
static quark-antiquark pair vacuum average (expected to vanish)
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d

Full profile of the flux tube by 
varying the plaquette 
orientation and the position 
along the line connecting the 
status sources

Flux Tubes on the lattice
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Results for SU(3):       [M. Baker, P. Cea, V. Chelnolov, L.C., F. Cuteri, A. Papa, arXiv:1810.07133,  arXiv:1912.04739]

Preliminary results for    QCD with (2+1) HISQ flavors  for SU(3)      

SU(3) Wilson action

Lattice scale:   <latexit sha1_base64="vSc7JmKsMMrvgXm+l7yd6YQzrJc="></latexit>

a(�) = r0⇥exp
⇥
c0 + c1(��6) + c2(��6)2 + c3(��6)3

⇤

r0 = 0.5 fm

c0 = �1.6804 , c1 = �1.7331

c2 = 0.7849 , c3 = �0.4428

[S. Necco, R. Sommer, arXiv:hep-lat/0108008]

Smoothing of the gauge configurations:     1 HYP t + n APE 3d       with  60 ≤ n ≤ 120

The quark-antiquark field strength tensor on the lattice 

<latexit sha1_base64="f7BisyJxb5GOGcZ1JSeCkg3BAI4="></latexit>
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for example, if the Wilson Loop lies on the plane  and :̂μ = 4 ̂ν = 1

• plaquette  in the plane 


• plaquette  in the plane 


• plaquette  in the plane 


• plaquette  in the plane 


• plaquette  in the plane 


• plaquette  in the plane 

UP ( ̂μ = 4, ̂ν = 1) ⟶ Ex

UP ( ̂μ = 4, ̂ν = 2) ⟶ Ey

UP ( ̂μ = 4, ̂ν = 3) ⟶ Ez

UP ( ̂μ = 2, ̂ν = 3) ⟶ Bx

UP ( ̂μ = 3, ̂ν = 1) ⟶ By

UP ( ̂μ = 4, ̂ν = 2) ⟶ Bz

SYMMETRY: The color fields takes on the same 

values at spatial points connected by rotations 

around the axis on which the sources are locatedq q̄

<latexit sha1_base64="Vdbdbj230l3H/A4pTfmlzzvScsU="></latexit>

HYP1t ! (↵1 = 1.0, ↵2 = 1.0, ↵3 = 0.5) APE ! ↵APE = 0.25

Measurements at several values of the distance  between the static sources ( )d 0.37 fm ≤ d ≤ 1.19 fm
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The case of SU(3) pure gauge theory
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β = 6.240 d = 1.14 fm

[M. Baker, P. Cea, V. Chelnolov, L.C., F. Cuteri, A. Papa, arXiv:1810.07133,  arXiv:1912.04739]
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[M. Baker, P. Cea, V. Chelnolov, L.C., F. Cuteri, A. Papa, arXiv:1810.07133,  arXiv:1912.04739]

SU(3)
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The confining field of the QCD flux tube

The chromomagnetic field is everywhere much smaller than the longitudinal 
chromoelectric field and is compatible with zero within statistical errors.


The dominant component of the chromoelectric field is longitudinal.


The transverse components of the chromoelectric field are also smaller than the 
longitudinal component but can be matched to the transverse components of 

an effective Coulomb-like field    satisfying the conditions:⃗E C( ⃗r )

β = 6.370 d = 0.85 fm
[M. Baker, P. Cea, V. Chelnolov, L.C., F. Cuteri, A. Papa, arXiv:1810.07133,  arXiv:1912.04739]

1. The transverse component  of the chromoelectric field is 

identified with the transverse component  of the perturbative 
field





Ey

EC
y

EC
y ≡ Ey

2. The perturbative field    is irrotational





EC

curl EC = 0

<latexit sha1_base64="+3TbxpH+CI5ZhDIPFZG7VXN578M="></latexit>

ENP
x = Ex � EC

x
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The string tension and the width of the chromoelectric flux tube
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p
w2 =

sR
d2xt x2

tEx(xt)R
d2xt Ex(xt)

We can compute the (square root of the) string tension as:

This determination can be done:


1) by a direct numerical integration


2)  analytically, by fitting the numerical data for the transverse 

distribution of   to the Clem  parameterization of the 

field surrounding a magnetic vortex in a superconductor: 

ENP
x (xt)

We can compute the mean square root width of the flux tube:
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QCD with (2+1) HISQ flavors

preliminary results
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QCD (2+1) HISQ flavors  -   Lattice setup   
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We want to compute the flux tube 
operator (as defined for the SU(3) pure 
gage case): 

Highly Improved Staggered Quark action with tree level improved Symanzik gauge action (HISQ/tree)  with 2+1 flavors


Line of constant physics (LCP) determined (*) by fixing the strange quark mass to its physical value    at each value of the gauge coupling .   The light-quark 

mass has been fixed at       ( )   (*) Bazavov et al (HotQCD Collaboration), PRD 85, 054503 (2012), arXiv:1111.1710


MILC code for producing configurations and for making the measurement of the flux tube operator


Scale setting —> “  scale” as in Bazavov et al. arXiv:1111.1710)


Smoothing of the gauge configurations:   1 HYP on temporal links +  n HYP3d on space links


Configurations at several values of lattice spacing and lattice size:

ms β
ml = ms /20 mπ = 160 MeV

r1

<latexit sha1_base64="HVVFc9apwgQFskgdaOmHZAVYJkc="></latexit>
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• 


•

244, β = 6.445, a(β) = 0.145 fm

324, β = 7.158, a(β) = 0.074 fm

484, β = 6.885, a(β) = 0.095 fm

2029 configurations

3330 configurations

779 configurations
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Smoothing of the gauge configurations
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1 HYP smearing on temporal links        +            HYP3d smearing on spatial linksnIt would be desirable to construct fat links that are local
enough not to destroy short distance quantities yet smooth
enough to show the desired improved chiral or flavor behav-
ior of fat link actions. In this paper we describe a smearing
transformation, hypercubic blocking, along these lines. This
transformation improves flavor symmetry as much as three
levels of APE blocking but mixes links from hypercubes
attached to the original link only. The static potential changes
only at small distances r/a!2 where lattice artifacts are any-
how large. This paper deals with the definition and quenched
properties of the hypercubic fat link action. In a recent paper
!6" we showed how to simulate fat link dynamical systems.
We were able to simplify and modify this algorithm in such
a way that dynamical simulations with the hypercubic action
are possible and efficient. We used the dynamical hypercubic
action to study finite temperature QCD with four flavors of
staggered quarks !19".
This paper is organized as follows. In Sec. II we define

the hypercubic blocking. The transformation has three tun-
able parameters. We describe how the parameters are opti-
mized and show that as the lattice spacing decreases the
transformation gets more effective, i.e., the number of smear-
ing levels can be kept fixed and small even as one ap-
proaches the continuum limit. We show that the hypercubic
action considerably improves the flavor symmetry of stag-
gered quarks in quenched simulations. The relative improve-
ment with respect to the standard action is about an order of
magnitude and increases as the lattice spacing decreases. In
Sec. III we present quenched results for the static potential.
We show that the hypercubic action allows the determination
of the Sommer scale r0 and the string tension # with better
accuracy compared to calculations done with the thin link
standard action. The distortion of the potential at small dis-
tances due to the hypercubic blocking is limited to distances
r/a!2 independent of the lattice spacing and rotational
symmetry is also improved. In Sec. IV we summarize our
results.

II. THE HYPERCUBIC BLOCKING

A. Definition and optimization of the hypercubic blocking

The fat links of the hypercubic blocking $HYP% are con-
structed in three steps. At the final level the blocked link Vi ,&
is constructed via projected APE blocking !20" from a set of
decorated links Ṽ i ,&;' as

Vi ,&"ProjSU(3)! $1#(1%Ui ,&

$
(1
6 )

%'*&
Ṽ i ,';&Ṽ i$ '̂ ,&;'Ṽ i$&̂ ,';&

† " , $1%

where Ui ,& is the original thin link and the index ' in Ṽ i ,&;'
indicates that the fat link at location i and direction & is not
decorated with staples extending in direction ' . The deco-
rated links Ṽ i ,&;' are constructed with a modified projected
APE blocking from an other set of decorated links, V̄ i ,&;+ '
as

Ṽ i ,&;'"ProjSU(3)! $1#(2%Ui ,&

$
(2
4 )

%+*' ,&
V̄ i ,+;' &V̄ i$ +̂ ,&;+ 'V̄ i$&̂ ,+;' &

† " , $2%

where the indices + ' indicate that the fat link V̄ i ,&;+ ' in
direction & is not decorated with staples extending in the +
or ' directions. The decorated links V̄ i ,&;+ ' are constructed
from the original thin links with a modified projected APE
blocking step

V̄ i ,&;' +"ProjSU(3)! $1#(3%Ui ,&

$
(3
2 )

%,*+ ,' ,&
Ui ,,Ui$,̂ ,&Ui$&̂ ,,

† " . $3%

Here only the two staples orthogonal to & ,' and + are used.
With the construction Eqs. $1%–$3% the fat link Vi ,& mixes
thin links only from hypercubes attached to the original link.
The hypercubic blocking is schematically represented in Fig.
1. The parameters (1 , (2 and (3 can be optimized to
achieve the smoothest blocked link configuration. The con-
struction Eqs. $1%–$3% can be iterated.
We could use a physical quantity like the level of flavor

symmetry restoration to optimize the parameters of the
blocking, but in a three dimensional parameter space that
approach is very computer intensive. Instead we have de-
cided to look at the underlying reason of flavor and chiral
symmetry violation. As we explained in the Introduction,
both the staggered fermions’ flavor symmetry violation and
Wilson fermions’ exceptional configurations can be under-
stood as fluctuations in the local plaquette. It is not the av-
erage, not even the average fluctuation of the plaquette that
causes the problems but the few largest plaquette fluctuations
that create dislocations. To minimize the largest fluctuations
we have to maximize the smallest plaquettes of the system.
We do this by considering the distribution of the smallest

FIG. 1. Schematic representation of the hypercubic blocking in
three dimensions. $a% The fat link is built from the four double-lined
staples. $b% Each of the double-lined links is built from two staples
which extend only in the hypercubes attached to the original link.
An important point is that the links entering the staples are pro-
jected onto SU$3%.

ANNA HASENFRATZ AND FRANCESCO KNECHTLI PHYSICAL REVIEW D 64 034504

034504-2

It would be desirable to construct fat links that are local
enough not to destroy short distance quantities yet smooth
enough to show the desired improved chiral or flavor behav-
ior of fat link actions. In this paper we describe a smearing
transformation, hypercubic blocking, along these lines. This
transformation improves flavor symmetry as much as three
levels of APE blocking but mixes links from hypercubes
attached to the original link only. The static potential changes
only at small distances r/a!2 where lattice artifacts are any-
how large. This paper deals with the definition and quenched
properties of the hypercubic fat link action. In a recent paper
!6" we showed how to simulate fat link dynamical systems.
We were able to simplify and modify this algorithm in such
a way that dynamical simulations with the hypercubic action
are possible and efficient. We used the dynamical hypercubic
action to study finite temperature QCD with four flavors of
staggered quarks !19".
This paper is organized as follows. In Sec. II we define

the hypercubic blocking. The transformation has three tun-
able parameters. We describe how the parameters are opti-
mized and show that as the lattice spacing decreases the
transformation gets more effective, i.e., the number of smear-
ing levels can be kept fixed and small even as one ap-
proaches the continuum limit. We show that the hypercubic
action considerably improves the flavor symmetry of stag-
gered quarks in quenched simulations. The relative improve-
ment with respect to the standard action is about an order of
magnitude and increases as the lattice spacing decreases. In
Sec. III we present quenched results for the static potential.
We show that the hypercubic action allows the determination
of the Sommer scale r0 and the string tension # with better
accuracy compared to calculations done with the thin link
standard action. The distortion of the potential at small dis-
tances due to the hypercubic blocking is limited to distances
r/a!2 independent of the lattice spacing and rotational
symmetry is also improved. In Sec. IV we summarize our
results.

II. THE HYPERCUBIC BLOCKING

A. Definition and optimization of the hypercubic blocking

The fat links of the hypercubic blocking $HYP% are con-
structed in three steps. At the final level the blocked link Vi ,&
is constructed via projected APE blocking !20" from a set of
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where Ui ,& is the original thin link and the index ' in Ṽ i ,&;'
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decorated with staples extending in direction ' . The deco-
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direction & is not decorated with staples extending in the +
or ' directions. The decorated links V̄ i ,&;+ ' are constructed
from the original thin links with a modified projected APE
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Here only the two staples orthogonal to & ,' and + are used.
With the construction Eqs. $1%–$3% the fat link Vi ,& mixes
thin links only from hypercubes attached to the original link.
The hypercubic blocking is schematically represented in Fig.
1. The parameters (1 , (2 and (3 can be optimized to
achieve the smoothest blocked link configuration. The con-
struction Eqs. $1%–$3% can be iterated.
We could use a physical quantity like the level of flavor

symmetry restoration to optimize the parameters of the
blocking, but in a three dimensional parameter space that
approach is very computer intensive. Instead we have de-
cided to look at the underlying reason of flavor and chiral
symmetry violation. As we explained in the Introduction,
both the staggered fermions’ flavor symmetry violation and
Wilson fermions’ exceptional configurations can be under-
stood as fluctuations in the local plaquette. It is not the av-
erage, not even the average fluctuation of the plaquette that
causes the problems but the few largest plaquette fluctuations
that create dislocations. To minimize the largest fluctuations
we have to maximize the smallest plaquettes of the system.
We do this by considering the distribution of the smallest

FIG. 1. Schematic representation of the hypercubic blocking in
three dimensions. $a% The fat link is built from the four double-lined
staples. $b% Each of the double-lined links is built from two staples
which extend only in the hypercubes attached to the original link.
An important point is that the links entering the staples are pro-
jected onto SU$3%.
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The connected correlator  exhibits large fluctuations at the scale of the lattice spacing, which are responsible for a bad signal-to-noise ratio. 

To extract the physical information carried by fluctuations at the physical scale (and, therefore, at large distances in lattice units)  we smoothed out 
configurations by a smearing procedure.   [HYP smearing, A. Hasenfratz, F. Knechtli, PRD D 64 034504 (2001)]

ρW

The flux tube operator  undergoes a non-trivial renormalization, which depends on  (the length of the Schwinger line)  as 
discussed in a recent work [N. Battelli. C. Bonati, arXiv:1903.10463], but the renormalization procedure outlined in 
arXiv:1903.10463 is prohibitively demanding from the computational point of view for Wilson loops and Schwinger lines with 
linear dimension of the order of 1 fm, where the interesting physics is expected to take place. 


We adopt here the approach to perform smearing on the Monte Carlo ensemble configurations before taking measurements.


Actually smearing behaves as an effective renormalization, effectively pushing the system towards the continuum, where 
renormalization effects become negligible. (The a posteriori validation of the smearing procedure is provided by the observation of 
continuum scaling: fields obtained in the same physical setup, but at different values of the coupling, are in perfect agreement in the 
range of parameters used in the present work)
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<latexit sha1_base64="zBoG8NoY5DaWLTIGhdVrpeNVg4k="></latexit>

HYP1t ! (↵1 = 1.0, ↵2 = 1.0, ↵3 = 0.5)

HYP3d ! (↵HYP3d

1
= 1.0, ↵HYP3d

3
= 0.5)
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Scaling a(β) = r1F(β) = (0.3106 × F(β))  fm F(β) =
c0 f(β) + c2( f(β))3(10/β)

1 + d2( f(β))2(10/β)

f(β) = (b0
10
β

)−b1/(2b0)2 exp(−
β

20b0
)

c0 = 44.06 , c2 = 272102 , d2 = 4281

N = 3, nf = 3 ⟶ b0 =
9

16π2
b2 =

1
4π4

[Bazavov et al (HotQCD Collaboration), PRD 85, 054503 (2012), arXiv:1111.1710]
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β = 7.158, d = 10a = 0.74 fm

 Ex  ENP
x

The non-perturbative  field in the QCD flux tubeEx

QCD (2+1) HISQ flavors ( )mπ = 160  MeV

<latexit sha1_base64="+3TbxpH+CI5ZhDIPFZG7VXN578M="></latexit>

ENP
x = Ex � EC

x
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β = 7.158, d = 10a = 0.74 fm

The non-perturbative  field in the QCD flux tubeEx

β = 7.158, d = 10a = 0.74 fm

QCD (2+1) HISQ flavors ( )mπ = 160  MeV
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Preliminary results for: string tension and width of the flux tube

<latexit sha1_base64="8qCirEtnNlLsddCtf1nydjyf71o="></latexit>

p
w2(NP) =

sR
d2xt x2

tE
NP
x (xt)R

d2xt ENP
x (xt)

<latexit sha1_base64="HlxV1v1Zi8GdheX2Iyals2c8VTM="></latexit>

p
�(NP) =

sZ
d2xt

(ENP
x )2(xt)

2

QCD (2+1) HISQ 
flavors 

QCD (2+1) HISQ 
flavors 
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In progress: systematic study for several distances between 
the quark sources

244, β = 6.445, a(β) = 0.145 fm

<latexit sha1_base64="CxahYbCJxBfkxUVkqPcV4gdnujo="></latexit>

distance between quark sources
in lattice units in physical units (fm)

5 0.723
7 1.013
8 1.158
10 1.447

324, β = 7.158, a(β) = 0.074 fm

484, β = 6.885, a(β) = 0.095 fm

<latexit sha1_base64="OjfcfI1S0i4IyqhdmuGSAr8ivnY="></latexit>

distance between quark sources
in lattice units in physical units (fm)

6 0.570
8 0.760
10 0.950
11 1.045
12 1.140

<latexit sha1_base64="O5d70apFL6eaV2iAsx/E9ZJKXH0="></latexit>

distance between quark sources
in lattice units in physical units (fm)

10 0.738
13 0.960
14 1.034
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BACKUP SLIDES
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The confining field of the QCD flux tube

The chromomagnetic field is everywhere much smaller than the longitudinal 

chromoelectric field and is compatible with zero within statistical errors


The dominant component of the chromoelectric field is longitudinal


The transverse components of the chromoelectric field are also smaller than the 

longitudinal component but can be matched to the transverse components of an effective 
Coulomb-like field


<latexit sha1_base64="g12z+7L/VpSjv38cDUbEvairB6k="></latexit>

~EC(~r) = Q

✓
~r1

max(r1, R0)3
�

~r2

max(r2, R0)3

◆

<latexit sha1_base64="pvDSfN0qDnogaNqmISkiIxsObXU="></latexit>

~r1 ⌘ ~r � ~rQ , ~r2 ⌘ ~r � ~r�Q
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xt  (lattice units)
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fie
ld

 (l
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)

Ey
Coulomb fit to Ey
Ex
Coulomb-like content of Ex
Ez
Coulomb-like content of Ez

Ex
C evaluated 

 from the curl procedure

To the extent that we can fit the transverse components of the field  to those of  with an 

appropriate choice of  :

E EC

Q

the confining field of 
the QCD flux tube

<latexit sha1_base64="zmdZS9NzpVWruT3O1DZV2jAJu1E="></latexit>

~ENP ⌘ ~E � ~EC

β = 6.370 d = 0.85 fm

[M. Baker, P. Cea, V. Chelnolov, L.C., F. Cuteri, A. Papa, arXiv:1810.07133,  arXiv:1912.04739]
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The confining field of the QCD flux tube:  the curl procedure
To extract the confining part of the chromoelectric field in the data it is preferable to have a procedure which avoids the use of an explicit 

fitting function, and which can work close to the quark sources (*).

(*) Indeed close to the quark sources (two lattice spacings from the sources) for effects due to lattice discretisation and/or non-spherical  form of the effective charges the Coulomb fit 

procedure does not give a good description of the transverse components of the chromoelectric field.

In order to separate the field into ’perturbative’ and ’non-perturbative’ 
components. 

1) We identify the transverse component   of the field with the transverse component  of the perturbative field:       


2) We impose the condition that the perturbative field is irrotational:         

Ey EC
y EC

y ≡ Ey

curl EC = 0

The irrotational condition on a discrete lattice (on a plaquette):

<latexit sha1_base64="/gs1YyFjQq8n2mrZ+yPPimZFoaI="></latexit>

EC
x (x, y) + EC

y (x + 1, y) � EC
x (x, y + 1) � EC

y (x, y) = 0

Solve this equation for EC
x

<latexit sha1_base64="ip7G5EuZjwVd9SG96WqOD8pQMGY="></latexit>

EC
x (x, y) =

ymaxX

y0=y

(Ey(x, y
0) � Ey(x + 1, y0)) + EC

x (x, ymax + 1)

<latexit sha1_base64="cWIOthkbum0QHq7+sriTD5J9NxU="></latexit>

EC
x (x, ymax + 1) = 0We further assume:
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After the estimation of the perturbative longitudinal field   one can subtract it from the total field , obtaining the non-perturbative component: EC
x Ex

The non-perturbative  component of the  field:Ex

β = 6.370 d = 0.85 fm

[M. Baker, P. Cea, V. Chelnolov, L.C., F. Cuteri, A. Papa, arXiv:1810.07133,  arXiv:1912.04739]

SU(3) Wilson action Scale:   
<latexit sha1_base64="vSc7JmKsMMrvgXm+l7yd6YQzrJc="></latexit>

a(�) = r0⇥exp
⇥
c0 + c1(��6) + c2(��6)2 + c3(��6)3

⇤

r0 = 0.5 fm

c0 = �1.6804 , c1 = �1.7331

c2 = 0.7849 , c3 = �0.4428

S. Necco, R. Sommer, arXiv:hep-lat/0108008 

Smearing:  1 HYP t + n APE 3d
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Table 3 The Clem parameters describing the non-perturbative field transverse section going through the midpoint between the quark and antiquark
positions. The data for the fit is obtained using the curl subtraction procedure, taking the perturbative field at ymax+1 equal to zero

β d (fm) ϕ µ (fm−1) α κ χ2
r

6.47466 0.37 3.474(4) 4.999(9) 1.192(4) 0.808(4) 318

6.333 0.45 3.83(3) 5.30(6) 1.55(3) 0.576(15) 12.0

6.240 0.51 4.028(11) 6.039(26) 2.141(20) 0.375(5) 43.5

6.500 0.54 4.370(15) 5.71(4) 2.02(3) 0.406(9) 4.46

6.539 0.69 4.50(7) 6.25(20) 2.47(16) 0.309(27) 0.03

6.370 0.85 5.40(25) 6.7(9) 4.0(1.1) 0.17(7) 0.06

6.299 0.94 5.2(4) 7.8(1.9) 5.5(2.8) 0.10(7) 0.02

6.240 1.02 8.0(7) 4.4(8) 2.4(9) 0.33(17) 0.18

6.218 1.06 6.6(7) 6.0(1.8) 4.0(2.4) 0.16(13) 0.05

6.136 1.19 5.5(1.6) 81(27) 7(5) × 102 8(9) × 10−5 0.17

Table 4 The string tension estimated using the non-perturbative field
from the curl procedure by employing different methods (from left to
right: numerical integration of the field, analytical integration of the
Clem function with parameters given in Table 3, estimation of fields

at sources). In the last column we report also the value of the string
tension obtained by numerically integrating Eq. (8) and using the non-
perturbative field from the Coulomb subtraction ECoulomb

x

β d (fm)
√

σint (GeV)
√

σClem (GeV)
√

σ0 (GeV)
√

σCoulomb (GeV)

6.47466 0.37 0.4591(3) 0.4659(3) 0.53426(22) –

6.333 0.45 0.5020(19) 0.5045(20) 0.5313(6) –

6.240 0.51 0.5409(10) 0.5430(10) 0.5340(4) –

6.500 0.54 0.5582(9) 0.5687(10) 0.5410(7) 0.491 (25)

6.539 0.69 0.583(4) 0.596(5) 0.5526(28) 0.468 (4)

6.370 0.85 0.633(16) 0.640(17) 0.528(7) 0.412 (17)

6.299 0.94 0.617(23) 0.620(24) 0.527(11) 0.598 (7)

6.240 1.02 0.75(4) 0.77(4) 0.520(17) 0.616 (7)

6.218 1.06 0.69(4) 0.62(3) 0.482(19) 0.599 (24)

6.136 1.19 0.67(11) 0.67(12) 0.56(5) 0.593 (28)

of the string tension and the mean square root width using the
Clem parameters given in Table 3 to get the values denoted

as
√

σClem and
√
w2

Clem.
(One remark should be made for the width – while we

know that the value of EC
x (x, ymax + 1) in Eq. (7) is small

(O(y−2
max)), in the numerator of Eq. 12 this small constant

will be multiplied by y2 (y3 after the integration over polar
angle), which will cause the error introduced to increase with
ymax. Indeed, the comparison with the analysis done taking
ENP
x (x, ymax) = 0 shows large discrepancies in this case.)
Finally, we evaluated Eq. (11) for the string tension, σ =

ENP
x (xl = 0, xt = 0), using the curl procedure to determine

the magnitude of the non-perturbative field at the sources.
Our results are gathered in Tables 4 and 5 , where we use

the notation σ0 ≡ EN P
x (xl = 0, xt = 0) and in Figs. 9, 10.

The data shown in Fig. 9 give a consistent value of
√

σ for
all values of the separation d, with scatter that increases with
d as the resolution diminishes. The values of

√
σ lie close to

0.465 GeV, the value used in the parameterization Ref. [44]

Let us review the basis of our calculations. Our hypothesis
is that the string tension is determined by the field E we
measured (the ‘Maxwell picture of confinement’). We have
determined σ from both the transverse structure of the flux
tube (Eq. (8)) and its longitudinal structure (Eq. (11)) as
shown in Fig. 6c, in which the non-perturbative field has
been isolated.

We emphasize that, as discussed in Sect. 3, the ‘Maxwell
picture of confinement’ cannot be used to obtain the Coulomb
correction to the string tension. This implies that the fluctu-
ating fields not measured in our simulations must contribute
to the Coulomb force.

On the other hand, the Coulomb correction has been
obtained by recent direct simulations of the stress energy-
momentum tensor in Yang-Mills theory [39]. The Yang-Mills
stress tensor accounts for the contributions of fluctuating
fields but cannot be directly related to measured fields, in
contrast to the Maxwell stress tensor Txx = (1/2)E2

x , deter-
mining the string tension (see Eq. (A.9)).

123
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Table 5 The flux tube width estimated using the non-perturbative field
from the curl procedure by employing different methods (from left to
right: numerical integration of the field, analytical integration of the
Clem function with parameters given in Table 3). In the last column

we report also the value of the width obtained by numerically integrat-
ing Eq. (12) and using the non-perturbative field from the Coulomb
subtraction ECoulomb

x

! d (fm)
!

w2
int (fm)

!
w2

Clem (fm)
!

w2
Coulomb (fm)

6.47466 0.37 0.31696(6) 0.4795(6) –

6.333 0.45 0.3598(7) 0.477(3) –

6.240 0.51 0.3838(3) 0.4543(9) –

6.500 0.54 0.31716(15) 0.4727(18) 0.313(11)

6.539 0.69 0.3061(5) 0.457(6) 0.3020(23)

6.370 0.85 0.3712(24) 0.497(21) 0.343(16)

6.299 0.94 0.393(5) 0.483(29) 0.384(7)

6.240 1.02 0.448(6) 0.63(5) 0.417(11)

6.218 1.06 0.444(9) 0.56(5) 0.448(21)

6.136 1.19 0.43(7) 0.46(6) 0.51(4)
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Fig. 9 The square root of the string tension obtained using several
different procedures: (i) by numerical integration of Eq. (8) with the non-
perturbative field obtained from the curl procedure (Sect. 4); (ii) from the
non-perturbative field obtained from the curl procedure evaluated and
evaluated at sources; (iii) by numerical integration of Eq. (8) with the
non-perturbative field obtained from the Coulomb subtraction (Eq. (4))

6 Conclusions and outlook

In this paper we have determined the spatial distribution in
three dimensions of all components of the color fields gen-
erated by a static quark–antiquark pair. We have found that
the dominant component of the color field is the chromo-
electric one in the longitudinal direction, i.e. in the direction
along the axis connecting the two quark sources. This fea-
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Fig. 10 The mean square width of the flux tube obtained using several
different procedures: (i) by numerical integration of Eq. (12) with the
non-perturbative field obtained from the curl procedure (Sect. 4); (ii)
by numerical integration of Eq. (12) with the non-perturbative field
obtained from the Coulomb subtraction (Eq. (4))

ture of the field distribution has been known for a long time.
However, the accuracy of our numerical results allowed us to
go far beyond this observation. First, we could confirm that,
as observed in [38], all the chromomagnetic components of
the color field are compatible with zero within the statistical
uncertainties. Second, the chromoelectric components of the
color fields in the directions transverse to the axis connect-
ing the two sources, though strongly suppressed with respect
to the longitudinal component, are sufficiently greater than
the statistical uncertainties that they can be nicely reproduced
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Smearing and renormalization
[comparison with   N. Battelli, C. Bonati, arXiv:1903:10463]
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The smearing behaves as one 
effective renormalization, 
driving the parameters towards 
the values extracted from the 
renormalised field.  


