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The Power of EFT’s
The effective field theory paradigm dominates how we think about 

and do physics

We are most familiar with using it to integrate out physics at short 
distances when relevant length scales are large

However, it has applicability whenever there is an “environment” 
that is inaccessible to the experimenter.  



(Non)unitarity and EFT’s
In the case of Wilsonian EFT, energy and momentum 

conservation ensures low energy EFTs are unitary

BUT:  our “environment” could consist of: 
 light unobservable particles, stuff behind a horizon, or just 

something very complicated

Integrating out such environments will generically yield a  
non-unitary effective theory 

Open Quantum Systems



Information flow
In many scenarios, it is an excellent approximation that 

information flow is predominantly “one-way” from system 
to environment

E.g. A massive particle that decays to light modes  
(Phase space) 

Or: 
A system coupled to a bath of charge 

(Scrambling) 



Non-Hermitian H?
A large class of interesting effective field theories are well described 

by this particular kind of non-unitary dynamics:

i
d
dt

|Ψ⟩ = Ĥ |Ψ⟩ Ĥ = Ĝ + iK̂

• Systems at finite chemical potential 

• QFT at complex coupling 

• Fisher/Lee-Yang zeros probe phase structure 

• Novel non-unitary critical points - out of equilibrium dynamics 

• Topological terms 

• Etc.

Will “make sense” of this in a moment



The sign problem

Z = ∑ e−βH

Complex H leads to highly oscillatory numerical integrand 
Poor convergence…

Does not yield to standard Monte Carlo techniques

Does quantum computing offer an  
opportunity to solve this problem?

Quantum computers don’t do this:

i
d
dt

|Ψ⟩ = Ĥ |Ψ⟩ Ĥ = Ĝ + iK̂

Would usually go to a thermal Euclidean counterpart and 
compute the partition function



Coupling

Quantum operations

System Environment

ρsys → Trenv[UρAllU†] =
denv

∑
m

EmρsysEm
†

ρAll → UρAllU†

The E’s are the Kraus operators for non-unitary evolution 
of the non-isolated system



Orchestrating non-hermitian evolution
Design a system + environment model

Simplest non-Hermitian system: particle decay

 particles hard to detect 

 is system,  environment

ϕ

Φ ϕ

System measurements:   is there/not there (mixed state)Φ

ρ = (e−Γt 0
0 (1 − e−Γt)) ρsys → e−Γt/2ρsyse−Γt/2

Ĥ = − iΓ/2 ̂I

A quantum operation:   
ρ → E0ρE0

† + E1ρE1
† E0 = (e−Γt/2 0

0 0), E1 = (
0 0

1 − e−Γt 0)



Non-trivial system
 oscillation and decay:K0 − K̄0

Oscillation matrix , decay matrix Ĝ K̂ = − Γ̂/2
Non-hermitian evolution via Ĥ = Ĝ + iK̂

ρ = (ρKK̄ 0
0 1 − TrρKK̄) → (e−iĤtρKK̄eiĤ†t 0

0 1 − Trρ′ KK̄)
Quantum operation:

E0 = e−iĤt 0
0

0 0 0
, E1 =

02x2
0
0

1 − e−ΓKt 0 0
, E2 =

02x2
0
0

0 1 − e−ΓK̄t 0

 system lives in 2x2 block, evolves according to KK̄ Ĥ
 not strictly a density matrix - trace depleted,  

 maintain unitarity - 
ρKK̄

E1,2 Trρ = 1



The General Case:

Want ρ =
ρsys

⃗0
⃗0 T 1 − Trρsys

→
e−iĤtρsyseiĤ†t ⃗0

⃗0 T 1 − Trρ′ sys

Arbitrary Ĥ = Ĝ + iK̂

Issue:  if  has any positive eigenvalues,  might exceed oneK̂ Trρsys

Shift  by an imaginary constant such that  is a positive operator 
   

(only affects rate at which  is depleted)

Ĥ −K̂
K̂ → K̂ − Λ ̂I

Trρsys

E0 = (e−iĤt ⃗0
⃗0 T 0 ), Ei = (

0NxN
⃗0

⋯ 1 − e−Γit⋯ 0 )



Coupling

How to make a QO happen:

System Ancillaries

ρ → Trenv[UρAllU†] =
danc

∑
m

EmρsysEm
†

Ancillary system of at most dimension N+1, where N is 
dimension of system undergoing NH evolution
Ancillary measurement:  outcomes 0,…,N

Outcome 0:  ρ →
E0ρE0

†

TrE0ρE0
† Otherwise, system decayed

Process can be Trotterized - one QO per time step



Features in non-hermitian quantum systems
Exceptional points - eigenvectors are not orthogonal 

As hamiltonian parameters are varied,  
eigensystems can collapse 

Hamiltonian diagonalizable only up to Jordan block form 

Quantum 1D Ising model with imaginary longitudinal field

If , quantum phase transition at  as Θ = 0 hx = 1 Nsite → ∞
iK̂Ĝ

10

Second, the unitary part, Ŵ , is similar. Expanding to
linear order in �t and collecting similar terms,

Ŵ =
1

2
( + �̂z)⌦ e�iĜ�t +

1

2
( � �̂z)⌦ eiĜ�t

' ( ⌦ )� i�t(�̂z ⌦ Ĝ)

' e�i�t�̂z⌦Ĝ +O(�t2). (48)

Then, the Hermitian part of Ĥ can be simulated with
an expanded Hamiltonian where the Hermitian part is
coupled to the ancillary qubit through a �̂z interaction.
These forms allow Hamiltonian simulation regardless of
the form of Ĝ and K̂. If a qubit formulation for Ĝ and
K̂ can be found, those qubit interaction terms can be
expanded to include a �̂z, �̂y interaction, respectively, in
order to simulate the full Hamiltonian using the random-
walk method.

VI. THE TRANSVERSE ISING MODEL WITH
AN IMAGINARY LONGITUDINAL FIELD

To put these above algorithms into practice, and test
the realizations proposed above, we consider a simple lat-
tice model whose Hamiltonian is non-Hermitian: the one
dimensional quantum Ising model with a real transverse
field and a purely imaginary longitudinal field 3,

ĤIsing = �
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We re-scale all the couplings by the nearest-neighbor cou-
pling, and will omit it in the following, i.e. set � = 1.

Brute force classical Monte-Carlo simulations on the
discretized imaginary time (Euclidean) partition function
(the 2D classical Ising model with an imaginary external
field) exhibits a sign problem and disastrous numerical
convergence due to the imaginary field. Due to its rela-
tive simplicity, however, the model admits study with an-
alytic methods, and much is known about the structure
of the phase diagram (see [2–5]). The model is thus an
ideal benchmark scenario for testing real-time evolution
algorithms.

With the longitudinal field set to zero and at large vol-
ume, the model exhibits a second order quantum phase
transition at hx = 1, where the system switches from a
disordered phase to an ordered (magnetized) one. In a
dual description, the transition occurs due to the con-
densation of topological “kink” excitations. The critical
point is associated with a conformal field theory where

3
This can also be understood, in discrete time evolution, as the

non-trivial part of the transfer matrix for the 2D Euclidean clas-

sical Ising model with an imaginary external field.

Figure 3. The exceptional line, (✓, hx)c for different system
sizes. In the infinite volume limit, the exceptional line deviates
from the ⇥ = 0 line at hx = 1

ungapped kink-antikink bound pairs mediate long-range
order, and the entropy of the ground state diverges along
with the correlation length in the thermodynamic limit.

The non-Hermitian extension of the model with imag-
inary longitudinal field offers another viewpoint on the
phase transition. For hx > 1, there is an “exceptional
line,” defined by ±⇥c(hx) along which the ground state
(defined here as the eigenvector(s) with smallest real
part), merges with the first excited state. This is not
a typical degeneracy or level crossing, but rather one at
which the non-Hermitian Hamiltonian can be diagonal-
ized only up to a Jordan-block form. Thus, the system
“loses” an eigenvector along this line. This corresponds to
a zero in the generating functional for correlation func-
tions (the vacuum to vacuum transition amplitude).

For |⇥| > ⇥c(hx), the ground state is degenerate in
its real part, but is separated into a pair of states with
energies that are complex conjugate paired. At large vol-
ume, the exceptional line converges toward the ⇥ = 0 line
at hx = 1, the location of the quantum phase transition
for the original Hermitian system. In Fig. 3, we show
the exceptional line for different system sizes. This is the
quantum analog of the Lee-Yang edge—zeros which lie
densely on a circle (as a function of ei�⇥) in the statis-
tical partition function in the large volume limit. Above
the critical hx, the zeros lie outside of a wedge enclosing
the real axis. As hx is reduced towards the critical point,
the wedge closes, and the zeros cluster densely in the im-
mediate vicinity of the real axis. In the thermodynamic
limit, the partition function in the hx-⇥ plane develops a
branch-singularity along the hx axis.

The zeros in the classical partition function map to
the line of exceptional points associated with the non-
Hermitian Hamiltonian. They also correspond to a non-
unitary critical point in the model; a CFT with central
charge c = �22/5 (see [5, 7]). The merger (and annihi-



The Exceptional Line
As  is varied, the two lowest states (by real part) 
collapse into Jordan block, then move off real axis 

Θ

This is for N=4 and hx = 1
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Figure 3. The exceptional line, (✓, hx)c for different system
sizes. In the infinite volume limit, the exceptional line deviates
from the ⇥ = 0 line at hx = 1

ungapped kink-antikink bound pairs mediate long-range
order, and the entropy of the ground state diverges along
with the correlation length in the thermodynamic limit.

The non-Hermitian extension of the model with imag-
inary longitudinal field offers another viewpoint on the
phase transition. For hx > 1, there is an “exceptional
line,” defined by ±⇥c(hx) along which the ground state
(defined here as the eigenvector(s) with smallest real
part), merges with the first excited state. This is not
a typical degeneracy or level crossing, but rather one at
which the non-Hermitian Hamiltonian can be diagonal-
ized only up to a Jordan-block form. Thus, the system
“loses” an eigenvector along this line. This corresponds to
a zero in the generating functional for correlation func-
tions (the vacuum to vacuum transition amplitude).

For |⇥| > ⇥c(hx), the ground state is degenerate in
its real part, but is separated into a pair of states with
energies that are complex conjugate paired. At large vol-
ume, the exceptional line converges toward the ⇥ = 0 line
at hx = 1, the location of the quantum phase transition
for the original Hermitian system. In Fig. 3, we show
the exceptional line for different system sizes. This is the
quantum analog of the Lee-Yang edge—zeros which lie
densely on a circle (as a function of ei�⇥) in the statis-
tical partition function in the large volume limit. Above
the critical hx, the zeros lie outside of a wedge enclosing
the real axis. As hx is reduced towards the critical point,
the wedge closes, and the zeros cluster densely in the im-
mediate vicinity of the real axis. In the thermodynamic
limit, the partition function in the hx-⇥ plane develops a
branch-singularity along the hx axis.

The zeros in the classical partition function map to
the line of exceptional points associated with the non-
Hermitian Hamiltonian. They also correspond to a non-
unitary critical point in the model; a CFT with central
charge c = �22/5 (see [5, 7]). The merger (and annihi-

In the large volume limit, the contour of exceptional points 
corresponds to a line of non-unitary CFTs.  C = -22/5 (Cardy 1985)

The  quantum critical point lives at the merger of critical lines at hx = 1 ±Θc

Lee-Yang edge singularity in a quantum system



Measuring non-unitary criticality
Example: The Rényi entropies measure entanglement

“Ground state” entanglement at critical line is maximal14

Figure 9. The second-order Rényi entropy, S2 calculated on a Ns = 4 lattice in the hx-⇥ plane. Here the Trotter step size was
�t = 0.01 and S2 was measured on the 350th step. (left) The exact evolution; (middle) The calculation using the phase-damping
method, selecting the best out of 350 runs for each point in parameter space; (right) The fidelity between the exact evolution
and the algorithm.
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Figure 10. Gate implementation for the random time walk Ising model in Eq. (49) with two system qubits and one ancillary
qubit. V diagonalizes the �y Pauli matrix, and H is the standard Hadamard gate. The three circuits correspond, respectively,
to the longitudinal field, the transverse field, and the nearest neighbor interactions.

and the probabilities can be seen in Fig. 12. It’s clear
while there is an inherent asymmetry in the probabilities,
they are approximately 50-50% up to O(�t).

Nevertheless, the algorithm maintains quantitative
agreement with the exact evolution. An example of mea-
sured observables—the average spin along the x- and z-
directions–can be seen in Fig. 13. Here, we have plotted
the error-free measurements (blue crosses) one can expect
in the computation as a function of the actual number
of Trotter steps that will be taken in the computation,
along with the exact spin value (orange line) that mo-
ment in physical time (See Fig. 11). We plot the actual
error associated with these observables in Fig. 14.

VII. CONCLUSION

We have presented three algorithms to simulate non-
Hermitian Hamiltonian evolution on quantum computers
using unital channels in conjunction with post-selection.
Both the System in Decline and the damping channel al-
gorithms have the maximal approach in terms of proba-
bility of success of a single Trotter step to simulating the
non-Hermitian Hamiltonian of interest. The additional
quantum jumps in these algorithms take one away from
the desired evolution, but if the imaginary coupling in the
model is small or large relative to the real couplings, the
approximate Hamiltonian that is simulated can possess
similar characteristics.
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Figure 9. The second-order Rényi entropy, S2 calculated on a Ns = 4 lattice in the hx-⇥ plane. Here the Trotter step size was
�t = 0.01 and S2 was measured on the 350th step. (left) The exact evolution; (middle) The calculation using the phase-damping
method, selecting the best out of 350 runs for each point in parameter space; (right) The fidelity between the exact evolution
and the algorithm.
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We have presented three algorithms to simulate non-
Hermitian Hamiltonian evolution on quantum computers
using unital channels in conjunction with post-selection.
Both the System in Decline and the damping channel al-
gorithms have the maximal approach in terms of proba-
bility of success of a single Trotter step to simulating the
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approximate Hamiltonian that is simulated can possess
similar characteristics.

 S2

When eigenvalues are complex, 
System is driven into state with  

largest complex part

In large  region, ground state is 
an attractor

Θ

Can be inferred from parity measurements 
Islam et. al. 2015 



Conclusions and outlook
• Any non-hermitian Hamiltonian can be accommodated in a 

unitary system + environment model 

• thus realized on quantum hardware without sign problem 

• Constructed a simple quantum operator set that can be 
implemented with quantum algorithms  

• there are others - see Bharath Sambasivam’s talk 

• Opportunity to study novel features of open (complexities) 
lattice field theories - Hamiltonian exceptional points  
singular features in partition function 

• Future:  spin/clock/O(N) models at finite , topological terms, 
hardware implementation (see Michael Hite’s talk),  
QITE application (Motta et. al. 2019/Kamakari et. al. 2021)

↔

μ


