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Abstract
We investigate several Lanczos eigensolvers in the Grid and QUDA libraries.
We use them to calculate eigenvalues and eigenvectors of the HISQ Dirac operator
and analyze their performance.

Simulation environment
◦ Nf=2+1+1 MILC HISQ lattice: 243×64, a'0.12 fm, aml/ams=0.00507/0.0507
◦ Valence quark: HISQ staggered quarks
◦ CPU(Grid): Xeon E5-2650v2 (Octa-core, AVX)
◦ GPU(QUDA): NVIDIA Tesla K80 (Dual-GPU)
◦ Tolerance of residual of eigenvalue equation: 10−12.

Lanczos iteration
• Lanczos algorithm [1]: Hermitian H → tridiagonal T

◦ Kn(H, b) = span{b,Hb,H2b, · · · , Hn−1b}: Krylov subspace
◦ {qi’s}: basis of Kn(H, b), generated by Gram-Schmidt process
◦ Tn+1,n qn+1 = Hqn − Tn,n qn − Tn−1,n qn−1

◦ For Qn = (q1|q2| · · · |qn), Tn = Qn
†HQn

• Submatrix Tn has n eigenvalues approximate to some n eigenvalues of H.
(some: largest, smallest, least dense)

• As n increases, eigenvalues of Tn converge to true eigenvalues of H.
⇒ Lanczos iteration method

• Diagonalization of Tn: QR iteration method ⇒ Tn = VnΛVn†

• Eigenvector estimates (Ritz vector): Wn = QnVn where Wn = (w1|w2| · · · |wn)

• Eigenvalue estimates (Ritz value): Λi,i or Λ̃i,i ≡
〈wi|H|wi〉
〈wi|wi〉

• Residual:

∥∥∥H|wi〉 − Λ̃i,i|wi〉
∥∥∥√

〈wi|wi〉
(or divide by some normalization factor)

Polynomial acceleration
• Convergence speed of Lanczos iteration depends on eigenvalues’ density.
⇒ less dense, converge faster

• Polynomial acceleration [2]: manipulate eigenvalue density by applying a
polynomial. (does not alter eigenvectors)

• Chebyshev polynomial Cn(x)

◦ n: polynomial order
◦ α ≤ x ≤ βα ≤ x ≤ βα ≤ x ≤ β: ∼ cos(nx), bounded, dense ⇐ unwanted eigenvalues
◦ x < αx < αx < α or x > βx > βx > β: ∼ cosh(nx), diverge, sparse ⇐ wanted eigenvalues

• Eigenvalue convergence with Chebyshev polynomial by 1000 Lanczos iterations
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• Optimization of Chebyshev parameters are under investigation.

Implicitly restarted Lanczos
• Kn(H, (H − µ)b ) does not contain an eigenvector for eigenvalue µ.

• Implicit restart [3]: exclude unwanted eigenvalues

1. Run n steps of Lanczos on Kn(H, b).
2. Calculate n eigenvalue estimates. Choose k unwanted eigenvalues µi’s.
3. Rotate basis by which Lanczos restarts from (n − k)-th step as if the

starting vector was (H − µk) · · · (H − µ1)b.
⇒ Exclude unwanted eigenvalues µi’s.
⇒ Improve remaining (wanted) eigenvalues’ convergence.

• Grid’s ImplicitlyRestartedLanczos [4, 5] (MPI: 1, OpenMP: 8)
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d A few restarts may give a better or comparable performance to non-restarting.
d Optimizing Chebyshev polynomial and Krylov subspace are essential.

Thick restarted Lanczos
• Thick restart [6]: keep wanted eigenvalues

1. Run n steps of Lanczos on Kn(H, b).
2. Calculate n eigenvalue estimates. Find k (nearly) converged eigenvalues.
3. Rotate basis to be k Ritz vectors.
4. Restart constructing basis ofKn−k(H, qn+1) orthogonal to k Ritz vectors.
⇒ Keep converged eigenvectors. Restarted Lanczos searches on sub-

space orthogonal to them.
⇒ Improve remaining eigenvalues’ convergence.

• In practice, we keep a thick (converged + more) number of eigenvalues.

• Implement locking: deflate eigenvectors converged to machine precision

• QUDA’s TRLM [7, 8] (MPI(GPU): 2)
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d A proper number of restarting may improve the performance.⇒ Need tuning.
d Using less memory is also beneficial for GPUs.

Block Lanczos with Split Grid
• Block Lanczos: Lanczos with multiple starting vectors bi=1,··· ,u.

◦ Hermitian H → block-tridiagonal T

◦ Kn(H, b1) ∪ · · · ∪ Kn(H, bu)
= span{b1, · · · , bu, Hb1, · · · , Hbu, · · · , Hn−1b1, · · · , Hn−1bu}.

◦ Each iteration computes a set of basis from Hib1, · · · , Hibu.

• Split Grid: Split jobs into multiple smaller MPI grids so that each split grid
has smaller surface to volume ratio. ⇒ less communication per computation

• Block Lanczos with Split Grid [9]
: split operations of H to Hi−1b1, · · · , Hi−1bu (or previous basis set).

• Grid’s ImplicitlyRestartedBlockLanczos [4, 10]
(MPI: 8 (intra-node), OpenMP: 1)
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(SG: Split Grid)
(u: block size)
(k: Krylov subspace dim.)

d Block Lanczos converges slower, but Split Grid makes Dirac operation faster.
d May perform better on inter-node networks. (We plan to test!)

• QUDA’s BLKTRLM [7, 8]: In development. Wait for MRHS code implementation.

Conclusion
♠♠♠ Chebyshev polynomial improves Lanczos iteration’s convergence. It is essential

to tune its parameters considering computational performance and convergence.

♠♠♠ Chebyshev polynomial’s order and Krylov subspace’s dimension need to be tuned
to optimize restarted Lanczos algorithms’ performance.

♠♠♠ With an optimized Chebyshev polynomial, restarted Lanczos algorithms may not
perform significantly better than non-restarted Lanczos algorithm. However, it
still allows using less memory.

♠♠♠ Performance of the block Lanczos utilizing the Split Grid method is similar to
that of the unblocked Lanczos. (Need check on inter-node network.)

♠♠♠ MILC code[11] provides interfaces for Grid’s ImplicitlyRestartedLanczos and
QUDA’s TRLM.
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