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Overview
● Background and Motivation 

● Preliminary Results with 

Periodic B.C.

● Current Results with Fixed B.C.



Background and 
Motivation



Motivation
● In the continuum limit (𝑎 → 0), high-energy modes (𝜔 ∝

1

𝑎
) enter the simulation

● Problem: HMC Algorithm needs small step size for high-energy modes, 

needs many steps for low-energy, physical modes … Critical Slowing Down

● Upshot: In the continuum limit, gauge fields enter the action quadratically

Can apply Fourier Acceleration to eliminate Critical Slowing Down

𝑆𝑤𝑖𝑙𝑠𝑜𝑛 =
𝛽

3


𝑥,𝜇<𝜈

𝑅𝑒 𝑡𝑟[1 − 𝑃𝜇𝜈 𝑥 ]

→𝑈=𝑒𝑖𝐴 (𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇)(𝜕
𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇)
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Gauge-Fixing

● Fourier modes are mixed by gauge-symmetry. Need gauge-fixing to 

identify the modes

● Need Faddeev-Popov term to preserve gauge-invariant observables

𝐻 =

𝑘

𝑡𝑟[ 𝑃𝜇 −𝑘 𝐷𝜇𝜈 𝑘 𝑃𝜈 𝑘 ] + 𝑆𝑤𝑖𝑙𝑠𝑜𝑛 𝑈 + 𝑆𝐺𝐹 𝑈 + 𝑆𝐹𝑃[𝑈]
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Gauge-Fixing Action

“Inner Monte Carlo”: we evaluate 
𝜕𝑆𝐹𝑃

𝜕𝑈
stochastically using a Heatbath algorithm

𝑆𝐺𝐹 = −𝛽𝑀2 

𝑥,𝜇

𝑅𝑒 𝑡𝑟 𝑈𝜇 𝑥

𝑆𝐹𝑃 = ln∫ 𝑑𝑔 𝑒−𝑆𝐺𝐹1[𝑈
𝑔]

softly-fixed Landau gauge   [S. Fachin 1993] 

𝜕𝑆𝐹𝑃

𝜕𝑈
=

∫ 𝑑𝑔 𝑒−𝑆𝐺𝐹 𝑈𝑔 𝜕𝑆𝐺𝐹[𝑈
𝑔]

𝜕𝑈

∫ 𝑑𝑔 𝑒−𝑆𝐺𝐹 𝑈𝑔
=<

𝜕𝑆𝐺𝐹[𝑈
𝑔]

𝜕𝑈
>𝑔

𝐻 =

𝑘

𝑡𝑟[ 𝑃𝜇 −𝑘 𝐷𝜇𝜈 𝑘 𝑃𝜈 𝑘 ] + 𝑆𝑤𝑖𝑙𝑠𝑜𝑛 𝑈 + 𝑆𝐺𝐹 𝑈 + 𝑆𝐹𝑃[𝑈]

<
𝜕𝑆𝐺𝐹[𝑈

𝑔]

𝜕𝑈
>𝑔≈

1

𝑁


𝑖=1

𝑁
𝜕𝑆𝐺𝐹[𝑈

𝑔𝑖]
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Fourier Acceleration

● To achieve Fourier acceleration, choose the coefficients of the conjugate momenta (the 

“mass term”) as the inverse of coefficients of terms in the action quadratic in gauge-fields

● In the continuum limit, 𝐷𝜇𝜈 up to first order is:

𝐻𝑝 =

𝑘

𝑡𝑟[ 𝑃𝜇 −𝑘 𝐷𝜇𝜈 𝑃𝜈 𝑘 ]

𝐷𝜇𝜈 𝑘 =
1

𝑘2
𝑃μ𝜈
𝑇 +

1

𝑀2
𝑃𝜇𝜈
𝐿

𝑃𝜇𝜈
𝑇 𝑘 = 𝛿𝜇𝜈 −

𝑘𝜇𝑘𝜈
𝑘2

𝑃𝜇𝜈
𝐿 𝑘 =

𝑘𝜇𝑘𝜈
𝑘2
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Preliminary Results with 
Periodic Boundary 

Conditions



Gauge-Modes (𝐴 = ln𝑈)
● With gauge-fixing, perturbative gauge modes perform SHO motion with known frequencies

○ With regular HMC kinetic term, transverse modes have 𝑘-dependent frequencies:   𝜔𝑘 =
𝛽

6
k

𝛽 = 100, 44 lattice, regular HMC kinetic energy term 5/16



Gauge-Modes (𝐴 = ln𝑈)
● With gauge-fixing, perturbative gauge modes perform SHO motion with known frequencies

○ Fourier Acceleration kinetic term eliminates 𝑘-dependence of transverse mode frequencies: 𝜔𝑘 =
𝛽

6

𝛽 = 100, 44 lattice, Fourier acceleration kinetic energy term 6/16



Periodic Box Results

● 𝛽 = 10, 84 lattice with periodic boundary conditions. Compare integrated autocorrelation 

time for the plaquette and Wilson flowed energy, flow time of 4

● HMC

● GFFA
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Periodic Box Results

● 𝛽 = 10, 84 lattice with periodic boundary conditions. Compare integrated autocorrelation 

time for the plaquette and Wilson flowed energy, flow time of 4

● HMC

● GFFA

GFFA achieves ≈5x factor acceleration
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Polyakov Phases and 𝑍3 Symmetry

● Recall: 𝑃𝜇 → 𝑒2𝜋𝑖/3𝑃𝜇 is symmetry of action … 𝒁𝟑 symmetry

● Evolution (HMC vs GF; Inner MC sweeps= 𝟒𝟎):

● Gauge-fixed evolution doesn’t respect the 𝑍3 symmetry?
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Polyakov Phases and 𝑍3 Symmetry

● Recall: 𝑃𝜇 → 𝑒2𝜋𝑖/3𝑃𝜇 is symmetry of action … 𝒁𝟑 symmetry

● Evolution (HMC vs GF; Inner MC sweeps= 𝟏𝟎𝟎𝟎):

● Gauge-fixed evolution doesn’t respect the 𝑍3 symmetry?

● Monte Carlo estimate of 𝑆𝐹𝑃 may fail to adequately compensate lack of 𝑍3 symmetry in 𝑆𝐺𝐹
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Change of Setting

● 1000 Inner MC sweeps are impractical

● Relevance of Polyakov phase?

● Ultimately want to work with fixed boundary conditions

● Upshot: Eliminate 𝑍3 symmetry
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Fixed Boundaries and 
Current Results



Looking Forward

● Ultimate goal: apply Fourier Acceleration to physically relevant, 

nonperturbatively large volumes

● Fourier acceleration requires:

○ Free modes … Continuum limit (𝑎 → 0)

○ Perturbative gauge … Small volume (𝐿 ≪
1

Λ𝑄𝐶𝐷
)

● Divide large volume into smaller perturbative sub-volumes; and apply Fourier 

Acceleration independently in each sub-volume
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Setup & Evolution Scheme

● Evolve one of the cells

● Lattice with fixed boundary conditions

● Setup:

● 1- Entire Lattice equilibriated using Wilson action

● 2- Sample 𝑔(𝑥) according to  and apply it to lattice.

This fixes Landau gauge in the cell and “squeezes” any nonperturbative effects into the fixed 

boundary links

● Evolve the cell according to  

𝐻 = σ𝑘 𝑡𝑟[ 𝑃𝜇 −𝑘 𝐷𝜇𝜈 𝑘 𝑃𝜈 𝑘 ] + 𝑆𝑤𝑖𝑙𝑠𝑜𝑛 𝑈 + 𝑆𝐺𝐹 𝑈 ∈ 𝐵 + 𝑆𝐹𝑃[𝑈 ∈ 𝐵]

exp{ −𝑆𝐺𝐹 𝑈𝑔 ∈ 𝐵 − 𝑆𝐹𝑃 [𝑈
𝑔 ∈ 𝐵] }
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Current Results (𝛽 = 10)

● Comparison of plaquette autocorrelation function on the 104 cell inside 124 lattice

● Observable of interest: autocorrelation time 𝜏𝑒𝑥𝑝

● Fit autocorrelation function to exponential 𝑓 𝑡 = 𝑒−𝑡/𝜏𝑒𝑥𝑝

a) HMC, 𝜏𝑡𝑟𝑎𝑗 = 0.5 b) GFFA, 𝜏𝑡𝑟𝑎𝑗 = 0.7
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Current Results (𝛽 = 10)
● 64 cell inside 84 lattice:

● HMC

● GFFA

● 104 cell inside 124 lattice:

● HMC

● GFFA
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Conclusion
● 64 cell inside 84 lattice:

● HMC

● GFFA

● 104 cell inside 124 lattice:

● HMC

● GFFA

GFFA achieves ≈2x factor acceleration … expect more on larger volumes
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Thank You! 


