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Lots of interesting ML talks !!
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Thanks to collaborators!
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Agenda
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Fermions and Monte Carlo Sampling

Quick intro to flow-based sampling

Exact sampling schemes for theories with fermions

Constructing flows for these samplers, applications to Yukawa theory
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Fermionic Path Integrals and the Determinant
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S(ψ, ψ̄, ϕ) = SB(ϕ) + SF(ψ, ψ̄, ϕ)

Standard LFT protocol: numerically evaluate path integral expectation

hOi =
1

Z

Z
D� e�S(�)

O(�) �!

(
hOi ⇡

1
N

P
�⇠p O(�)

p(�) = 1
Z e�S(�)

<latexit sha1_base64="9lXdKgKPiG/LJHKDSP99VfsNzs4="></latexit>

Monte Carlo (HMC)
Fermions: 

NfX

f=1

 ̄fDf (�) f

<latexit sha1_base64="Qouwyqe2zmiSkgOAmJT6cNRYmK4="></latexit>

Z
D[ ,  ̄]e�SF ( , ̄,�) =

NfY

f=1

detDf (�) ! p(�) =
1

Z
e�SB

NfY

f=1

detDf

<latexit sha1_base64="NuMqP7tPLSuaSjAjx91P3Ge7RLs="></latexit>

 scales det D O(V3)
sampling this way intractableCan flows help?
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Common workarounds
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*Pseudofermions*

Operator/action preconditioningDeterminant estimators

•Hutchinson: trDf = Ex⇠N (0,1)

⇥
xTDfx

⇤

<latexit sha1_base64="/VafHJIhnCZfLtgtgULHcaqoIIw="></latexit>

detM =
1

ZN

Z
D ['R,'I ] e

�'†M�1'

<latexit sha1_base64="pdkNlgykyWzWFmCHBK8OtgVroKI="></latexit>

•even-odd conditioning: effective volume V → V/2

auxiliary boson field

“pseudofermion”

For two degenerate fermions, replace  with  Df M = Df1D
†
f1

<latexit sha1_base64="85xyzaxZGy8M6GW+4QhU2IlYbvc="></latexit>

SPF (�,') = '†M�1(�)' ⌘
NpfX

k=1

'†
kM

�1
k (�)'k

<latexit sha1_base64="Jyz49X8V0Wxf4CDrolPASyI22ro="></latexit>

(positive definite)

 encodes presence of fermions w/o determinantSPF

p(�,') =
1

Z
e�SB(�)�SPF (�,')

<latexit sha1_base64="Sg7rmyvf0JNgc++cLm3ZasKTviA="></latexit>

new joint distribution

•Hasenbusch action separation•Sohl-Dickstein: | det(Df )|�1 = Es⇠Sn�1 [||Dfs||�n]

<latexit sha1_base64="jDUmlI77E5WuEh5hVKXAvSbdNdI="></latexit>
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Aside: exact sampling with generative models
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Generative models (in our words)

fθ
emits model  that 
approximates target 

q(ϕ)
p(ϕ)

function or sampler that models the data generation process

ϕ

If  is tractable to compute, correctable with Markov chains/reweighting schemes q(ϕ)

Given our target densities , what exact sampling chains can we 
construct?

p(ϕ), p(ϕ, φ)

A(ϕ → ϕ′ ) = min (1,
q(ϕ)
p(ϕ)

p(ϕ′ )
q(ϕ′ ) ) ⟨O⟩ ≈

1
Z

1
n

n

∑
i

O(ϕi)wi where wi =
e−S(ϕi)

q(ϕi)
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Sampling schemes derived from the joint
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p(�,') =
1

Z
exp

�
�SB(�)� '†[M(�)]�1'

�

<latexit sha1_base64="/AryeWalUO9nCbl2crNoMIadJqw="></latexit>

Joint p(ϕ, φ)

Marginal p(ϕ) Gibbs p(φ |ϕ), p(ϕ |φ) Autoregressive p(ϕ)p(φ |ϕ)

p(�) =
ZN
Z

exp (�SB(�)) detM(�)

<latexit sha1_base64="3SaVTLvXr/JEsGVWU3LaD6w7bv4="></latexit>

p(� | ') =
exp

�
�SB(�)� '†[M(�)]�1'

�
R
d� exp (�SB(�)� '†[M(�)]�1')

<latexit sha1_base64="JxBamzRD8/FSujAxVhgs+/ZvVD8="></latexit>

p(' | �) = 1

ZN detM(�)
exp

�
�'†[M(�)]�1'

�

<latexit sha1_base64="syQTCmy0+wkIfICH9dvdHidDGFk="></latexit>

AM (� ! �0) = min

 
1,

e�SB(�0) detM (�0)

e�SB(�) detM(�)

q(�)

q (�0)

!

<latexit sha1_base64="2PkS7+zprGfO88zS+B0YU3kozTQ="></latexit>

AA (�,' ! �0,'0) = min

✓
1,

p (�0,'0)

p(�,')

q(�)q('|�)
q (�0) q ('0|�0)

◆

<latexit sha1_base64="ID5DPMlKpKZMY3yuWfSyUYeY3V0="></latexit>

AJ (�,' ! �0,'0) = min

✓
1,

p (�0,'0)

p(�,')

q(�,')

q (�0,'0)

◆

<latexit sha1_base64="12RiuX/5D0RM+l0ytBpug27zVZw="></latexit>

AG (� ! �0 | '0) = min

✓
1,

p (�0,'0)

p (�,'0)

q (� | '0)

q (�0 | '0)

◆

<latexit sha1_base64="FmaCmA/3hZK8cQNH2M+cO2X8GOA="></latexit>



July 29, 2021

Flow-based generative models
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q(ϕ) = rz( f −1(ϕ)) det
∂f
∂z

−1
Let  such that 

. 
f : 𝒳 → 𝒳

ϕ = f(z) and z = f −1(ϕ)

How do we realize a model ?q(ϕ)

then

tells us how to reweight a sample 
 under prior to define new 

density
ϕ

Efficient parameterization:  should be equivariant to symmetries f p(ϕ)

q⇤ = argmin
q2Q

DKL(q||p)

<latexit sha1_base64="d/ofEF/6v5j4EZbWxK5AEn+8+9c="></latexit>

optimal ?q(ϕ)

For staggered 
pseudofermions

+ +

+

+

+
+

+ +

ϕ

x →

t→

+ +

+

+

+
+

- -

φ

x →

t→

periodic P-field antiperiodic AP-field

need translation 
equivariance in fφ
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Constructing equivariant fermionic flows
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We build                                                 that transform:
convolutional couplings gi

linear operators  𝒲i

P-fields  P-fields→
AP-fields  AP-fields→

  ...  

  ...  

...

...

...

gi

Example:
flow for p(ϕ, φ)

𝒲i

linear operator for which 𝒲𝒲† ≈ DD†

Wi =

2

66664

a1 ±b1
b2 a2 0

. . . . . .
0

bL aL

3

77775

<latexit sha1_base64="OgQ8/0aru8a7GWaIKTl/6pN750g="></latexit>

convex potentials ui

∇ui

 transform  block is the gradient of 
strongly convex function

fi = ∇ui

see backup slides for the rest
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Application: 1+1 Yukawa
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1e–1

5e–1

C
√
(t

)

1e–1

5e–1

1 3 5 7 9 11 13 15

t

°5e–5

1

+5e–5

C
√
/C

H
M

C
√

1 3 5 7 9 11 13 15

t

°5e–4

1

+5e–4

¡-marginal Gibbs Autoregressive Fully Joint

1e–1

5e–1

C
¡
(t

)

1e–1

5e–1

2 4 6 8 10 12 14

t

°5e–1

1

+5e–1

C
¡
/C

H
M

C
¡

2 4 6 8 10 12 14

t

°5e–1

1

+5e–1

¡-marginal Gibbs Autoregressive Fully Joint

scalar correlator: Cϕ(t) =
1
V ∑

x
∑⃗

y

C(x, x + ( ⃗y , t))

fermionic correlator

SB(ϕ) = ∑
x∈Λ

[−2
d

∑
μ=1

ϕ(x)ϕ(x + ̂μ)+(m2 + 2d) ϕ(x)2 + λϕ(x)4]

Action

Dxy =
d

∑
μ=1

ημ(x)
δ(x − y + ̂μ) − δ(x − y − ̂μ)

2
+ δ(x − y)(mf + gϕ(x))

S = SB + SF

On L=16, t=16 lattice

• ’s range from 0.7 -> 8.7 depending on modelτint

• accept rates range  from 30% to 92%
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Takeaways
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A suite of methods for  flows and fermions that we 
hope you’ll help us explore further. Thanks !!
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Df =

✓
A B
C D

◆

<latexit sha1_base64="mBLfnX5T5FaqaoUJy25r5IDeamo="></latexit>

detDf = det
�
DB�1A� C

�
det(B)

<latexit sha1_base64="sV4+2o+0Xb/F+o7Tk9IBXsI7TXs="></latexit>

effective volume V → V/2

Even-odd conditioning
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Flow architectures for each target distribution
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  ...  

  ...  

  ...  

  ...  

  ...  

  ...  

  ...  Marginal

Autoregressive

Gibbs

Joint


