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o Lattice calculations of parton distribution functions (PDFs) are a subject of
considerable interest and efforts

PDFs not directly calculable on the lattice, 2% = 0 doesn’t work in Euclidean space

X. Ji's ground-breaking proposal to consider equal-time versions of nonlocal
operators: quasi-PDFs [Ji, 2013]. Taking z = (0, 0,0, z3):

(oo p) = [ L= pli ) e (~ig (0247 () vO)1) )

PDFs are obtained from the large-momentum Ps; — oo limit of quasi-PDFs

A. Radyushkin introduced a coordinate-space oriented approach [Radyushkin, 2017]

P (2,2) = / T dve " (p] (=) 6 (0) |p) = / T dve T M (paza ). (2)
P(,0) = f (z)

loffe-time distribution (ITD) M (v, 23), with v = —(pz) = pszs [Braun, et al, 1995]
PDFs are obtained from z3 — 0 limit of psuedo-PDFs
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Pseudo-PDFs

@ We would like, small z3, to have 1/z3 analogous to the renormalization parameter
of scale-dependent PDFs f (m, ,u2) of the standard OPE approach

e 23 dependence comes not only from evolution logarithms: log (23475), but UV
logarithms: log (z?,u%v) as well

@ Since UV divergences have no v dependence at leading log, and if M (1/, z?,) is
multiplicatively renormalizable, can define reduced ITD [Orginos, et al, 2017]:

5 M (v, 23) M (0,25) ],
m (1/, 23) = (M (V7 0)|Z0> / <M (0’0)|p:07z:0 (3)

@ This leads to the evolution equation:

d
mm( C/ du B (ul/ Z3) (4)

@ Taking z3 — 0 to extract light-cone PDF is singular, and one needs to use matching
relations to go from Euclidean lattice data to PDFs
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Method of calculation

@ The gluon distribution calculation is complicated by gauge-invariance

o Effective to use external field method along with the Schwinger representation for
the propagator via the QCD heat kernel [Balitsky, Braun, 1988]

o External field method involves separating fields into a fluctuating quantum field with
virtualities between 2 and p? and a slowly varying “classical” field with virtualities
below p3 (A, = AL + A and ¥ = g + be)

1 Ccl,a ,a ,a abc q, q,c 2
L= 4g? (GHZJ + DALY — DAL + [UCAL AL )
+ (J/‘q + z;ch) (UD + AZ’G'YHta) (wq + wcl) +Lar + Lg (5)

gA, = Ay, Dy =08, —iAS, GLY = DAY — D AT 4 [ AL AL
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Method of calculation

@ The background field gauge: D“AZ = 0 is used for quantum fields

@ And the Fock-Schwinger gauge: z“ACl(z) = 0 is used for “classical” fields

= A%(z /dvvz“G L (vz) (6)

Schwinger representation for the propagator

/ dsexp [is (P? + ie)] @)

P2+ze

@ Gluon propagator in terms of external gluon fields (omitting €):

—92. 4a 1 ab Y e is(P2 i
g 21A#(z)Alb,(0) = (2] (W) |0) = —2/0 ds(z|e (P?9uv+2iG ) |0)
nz pnv
TR r@/2-2 [ o
= —igaB o (722)[1/271 + o2 (77;2)‘1/272 /0 du {2Gp(uz) — tuDeGP(uz)zpgas

iT(d/2 - 3)
1672 (—22)4/273

X /01 du /Ou dv [Gag(uz)G;(vz) — %iﬂDQGag(uz)]
+ O(twist 3) (8)

—2iga3/0 dvﬁvz/\GAg(uz)szps(vz)} -
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Vertex diagrams:

Linear divergences are ‘hidden’ inside the vertex diagram:

ya uﬁ(z)
LD [ o0 (552 Gt i st

ud—4 — g
+5(v) (ﬁ) (20 G (@2) — 2,Gaa () Gyg(vz)}
3—d

I'(d/2 - 2) 1 u -1 _
+ W du/ dv{ (u) {ﬁ . +d(v) {ﬁ} +} Gpua(uz)Gyp(vz)
(9)
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Matrix elements

Nucleon spin-averaged matrix elements with non-contracted indices

Miyaiwp(2,p) = (Pl Gua(2) [2,0] Gus(0) |p) (10)

with straight-line gauge link in the adjoint representation

1
o) = Pexp g [ dute — )" (we + (1= ) (a1)
0
with Lorentz decomposition

Myasup (2,p)

= (guvPaPs — GupPalv — JawPuPs + GapPubv) Mpp(v, 2%)

+ (Juv2az8 — GupZazy — JowZuzg + GapZuzn) Me: (v, 2°)
(9uvzaDp — GupZaPv — GavZubs + Gapzuby) Map(v, 2°)
(9uvPa?s — GupPazv — GavPuzs + JapPuzv) Mp: (v, 2°)
(puzapuzﬁ — PaZuPvZp — PuZaDp2v + pazupBZU) Moz (v, 22)
(

n
n
n
+ (guwgas — Gupgar) My(v, 2%) (12)
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Matrix elements

The light-cone distribution is obtained from

9% Mo ps(2—,p) = —2p7 Myp(v, 0) (13)

SO
1

—~Mpp(v,0) = %/ dxe_ixymfg(x) (14)

-1

Taking other projections, there are three multiplicatively renormalizable [Zhang et. al,
2018] quantities

(p| G3:(2)Gi3(0) [p) = —2My + 203 Mpp + 225 M. + 223p3 (M + My.)  (15)
(p| Goi(2)Gio(0) |p) = 2M + 20 My (16)
(p| Goi(2)Gi3(0) + G3i(2)Gio(0) [p) = 4popsMpp + 2pozs (Mpz + Mzp)  (17)

There are higher twist contaminations, but can isolate M,,, through:
Mogi0 + Mjii; = 2poMpp (18)

where Mj;.;; = —2M shares the same anomalous dimension as Mo;;so.
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Gluon-gluon result

Leading twist one-loop gluon calculation for Mo;;s0 + Mjiaj:

My (v, 2?2))
asN. 1 2 2 2 =
> o {(ETV + log (z3ppve™ /4) + 2) 6(u)
1 _
_/ du F (1 o) 4 2utdlog(w) 4_1°g(“)}
o 3 U .

€IR

1 N2
(2 sttt ) [ au2 [ O] bt
0 +
The evolution kernel is:

Byy(u) = 2 [M] ) (20)
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Gluon-quark mixing

QPSMPP (v, 292,)

S ZE (L iog () ) 2 [ auaats@) ploswsd ) (21

€IR

with singlet combination:

i

Z G5 (0075 (23) — Py (23)7 97 (0)) (22)
7

Evolution kernel: Bgq(u) = 2u + 6()

Related to ITD through parametrization of the matrix element and oddness in z3:

- [ auB(w) (] Owz2) 1) = vy / dwByq ()T (wr) (23)
where
Byg(w) = / QuByy(u) = Byg(w) = 1+ (1 — w)® (24)
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Matching Relation

Relating reduced loffe-time pseudo-distribution to light-cone loffe time distribution

M(v, 23)Z4 (0, MZ)

= Ty(v, u?) / duZy (uv, p? ) {In (z%u262'7E/4) Byg(u)

+4 {“’Llog(“)LJrg[lzﬁh}

u

sC !
— (XQTF In (z§u2627E /4) /0 dwZs (wv, u?)Bgq(w) (25)

Bgq(w) has been given the plus-prescription here: 1+ (1 —w)? — [1+ (1 — w)2]+

Can be directly related to light-cone PDFs using:

1 .
7 (i) = 5 [ dwe™ay (@), Ty 0.) = (o), (26)

New kernel form:
R T 1 g =, 2
M(v, 23) :/ deRgg (zv, 23u?) +/ dxMqu (zv, 22 p?) (27)
0 ()12 0 ()12
Need to independently calculate <CC>H2, and calculate or estimate singlet quark function
ZS (’LUI/, lu’2)
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Matching Relation

New kernels found by cosine transformation only, because sine part integrates to zero due to
evenness of = fg(z, u?):

1
R(y):/o duB(u) cos(uy) (28)

Gluon kernel given by:

asNe
Rgg (y,2314%) = cosy — o {m (22u2e®'P /4) Rp(y) + Rr(y) + Rc(y)} (29)

Evolution log Constant

Mixing kernel given by:
asN,
Rgq (y,230%) = === In (34%*72 /1) R (y) (30)

R (y) = 4Re [iye™3F3 (1,1, 1,2, 2,2 —iy)|

12 4 12 6 11 8 4
Ro (1) = =13 + 5 +cos(y) (201 + 3 = 5+ ¢ =29 = 2108(0) ) +sin(y) (28i00) + % — ° )
y Yy Yy y 6 Yy Yy
4 4 2 7 4 4
Re (y) = —— + cos(y) (4Ci(y) + - 5t -4y 410g(y)) + sin(y) <4Si(y) + = - *)
Y Y Y 2 Y Y
2 4 cos(y) R < 2 1)
R = - = _ = - =
5 (Y) " 3 sin(y) ey
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Conclusions and ongoing work

Important points:
° R(y, 22, u2) kernels are given by explicit perturbatively calculable expressions
o Lattice data and LC PDFs directly relatable

o Taking some parametrization of f,(z, 1?) and fs(z, u?) distributions, one can
fit parameters and a; from the lattice data for M(v, 23)

o Essentially same procedure as that used in the “good lattice cross sections”
approach [Ma, Qiu, 2018]

Ongoing work:
@ Paper on gluon helicity pseudo-distribution coming soon
o Currently working on transverse quark pseudo-distribution

@ Also working on gluon “condensate” calculation: (p| G*¥(2)G . (0) |p)
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Helicity distribution (preliminary)

The gluon helicity distribution can be obtained from projections of the matrix element:
Myasws (2:0) = (P, 5| Gua (2) [2,01G s (0) Ip, ) (31
where the dual tensor is defined as éuﬁ = %euﬁpAGp)‘.
A promising combination is:
mMo4;i0(2,p) + Myisij (2, p)
g°Nec 16 ( 1

2
82 6 a + log (2367)) (moizio(2,p) + myisij(2,p))

2N, 1 du  4log(l —
+9 C/ 46(u)—2uu+2(f—u) —[#—&-M}
82 Jo o1 i a a 4

n (% ~log (zge"’)) |:{4uﬂ+ 2[u?/a), } - (— +6> 6(11)”

X (mog;io(uz, p) + myjiij(uz, p)) (32)

moizio (2, p) + myisij (2, p) = 2p3po [M§Z’ (v, 2%) = (1 +m?/pg) vMpp (v, 22)] which

approaches the LC amplitude, M( ) ( ) — v Mpp (1/, 22), as p3 — 0o.
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David Richards, Eloy Romero, Frank Winter

o Oak Ridge: Balint Joé

o William and Mary: Carl Carlson, Colin Egerer, Tanjib Khan, Christopher Monahan,
Kostas Orginos, Raza Sufian

@ Old Dominion University: WM, Anatoly Radyushkin
@ Columbia University: Joe Karpie
@ Aix Marseille University: Savvas Zafeiropoulos

o Peking University: Yan-Qing Ma
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