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Outline

A. Introduction: Gauge-invariant renormalization scheme (GIRS)

B. Study of multiplicative renormalization with GIRS:
Application to the fermion bilinear operators

Ol"(x) = J(I)Fﬂ/’(u’ﬂ), r= 17'7577;47'75')/”70';41/ = [’7#771/]/2

C. Study of operator mixing with GIRS:
Application to the QCD traceless energy-momentum tensor (EMT)

=G a ~a 1 a a

Ty = FupFyp- EduVFMFpm

—F 1/- g - - 1 _ —

Tpu = Z[E(wf’y;LDuwf+¢f'YUDu¢f)_Eéuu (wf’Yprwf)]
f

D. Conclusions and future prospects

Present work: Phys. Rev. D 103, 094509 (2021), arXiv:2102.00858
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Renormalization

Direct calculation is not
feasible nonperturbatively!

/

L MS
—_—> ‘ MS correlation functions ‘

Lattice correlation functions

ZL,Is\‘ ’ Intermediate scheme (IS) ‘ /CIS,MS

Calculable Must be applicable in both Conversion factor:
nonperturbatively! continuum (dimensional Regularization
regularization (DR)) and independent.
lattice. E.g., RI/MOM. Calculable in DR up to

some perturbative orders.
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Gauge-invariant renormalization scheme (GIRS)

e Older studies of coordinate space renormalization prescriptions:

1. V. Gimenez et al., PLB598 (2004) 227

2. K. G. Chetyrkin, A. Maier, NPB844 (2011) 266

3. K. Cichy, K. Jansen, P. Korcyl, NPB865 (2012) 268, NPB913 (2016) 278
4. M. Tomii, N. H. Christ, PRD99 (2019) 014515

e Consider on-shell Green’s functions of gauge-invariant operators at different
spacetime points in coordinate space, e.g.,

(01(2)02(v)), (z #y)

e Impose renormalization conditions of the following form (similar to
RI/MOM):

(O1'(@)05' (1)) = ljpyj-1 = {O1(@)02(W))" |y o1 =

m

Zo, (ap, 9(a)) Zo, (an,9(a)) {Or1(2)O2 () j—y)-1 = (Ol(z)OQ(U))treehz_y\:i’

where OlR =Z0,0;.
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Gauge-invariant renormalization scheme (GIRS)

e Good features:

1.
2.

3.
4.

No need for gauge-fixing = No problems with Gribov copies.

When mixing occurs, gauge-variant(GV) operators can be excluded from the
renormalization procedure.

Contact terms are automatically excluded (1/u # 0).

Perturbative matching of GIRS and MS scheme is possible at high
perturbative orders (in most cases).

e Practical issues/Challenges:

1.

2.

3.

Green’s functions in coordinate space require calculation of diagrams with one
extra loop.

When mixing occurs, n > 2-point Green’s functions are often needed (typically
more noisy).

Narrow renormalization window:

Aqcp < p<a ™, ,u=|x—y|_1=(|n|a)_1,n“EZ.

¢ Extensions of GIRS:
In our work: Integration (sum, on the lattice) over time slices (t-GIRS):

Idsi (01(2,)02(0,0)),  t+0
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Application of GIRS to fermion bilinears
o Fermion bilinear operators:
Or(z) = ¥@)T%(x),  T'= 1,9, % ¥5%u> v = [V, 10 1/2
o Renormalization factors:
off = z2Rof | (B = regularization scheme, R = renormalization scheme)

¢ Renormalization condition:

(OF™3 (2)OF ™5 (0)) ]2z = (Or(2)Or(0))| =z

L,GIRS (Or(z)0r(0))**°
=|Zp’ -J AL AL
(Or(2)0r(0))
Alternatively,
Jd35<olt—GIRS(£’t)ot GIRS(O 0) Jd3~ o GIRS( 7t)OIE—GIRS(67 0))trcc o

tree
)

_ | gLa-GIRS _ V [ &3z (Or(2,£)0r(0,0)
t [ &3 (OR(Z,D)OE(0,0))
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Application of GIRS to fermion bilinears

e Continuum calculation (DR): ® = Op
sy X rY X5 Y
X4 »Y i : @
d1 d2 d3
“tree-level” O(go) contribution “one-loop” (’)(g2) contributions

2
Ne {1 s COF

(01 (@) 015 (0)) = oy e

(2+61In(a’z%) + 12vp - 121n(2)) + O(gﬁ/l—s)i|,

2
MS MS MS, .\, MS N, 93s OF 4
(0557 (x) O457°(0)) = =(O71 ~(2)O1 ~(0)) - cav m{lﬁ 1\1{271-2 + O(Qm)}
_ — N 9 Cr
MS MS _ c Ty Ty MS 4
(O, (@) 0~,°(0)) = TEE (22)3 {(%V -2 22 )(1+3 1672 )}' Olgps)s
2
S S _MS, ., MS N x, @y 93 OF 4
(0553, (2) O35, (0)) = (05,7 (2)05.7(0) +env — (12)3[(%—2 e+ Oloys) |
MS MS .
(Oow,(m) ocrpg(o)) = —m[@up o = 0puo Sup) —
T, To Ty Tp Ty To Ty Tp
2 (Bup o™ =g g = Sup g 4o g )]

2
9515 OF
{1+ MS

- (6 -2In(a’z%) - dvp +41n(2)) + O(gf\/l—s)],

where cgy =0 (1) for NDR (HV) prescription of ~s.
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Application of GIRS to fermion bilinears

e Conversion to MS:

DR,MS L,MS
(GIRS NS _ Zy _ 2y’
r = _DR,GIRS ~ _L,GIRS’
Zr Zr

e Conversion factors from t-GIRS to MS:

Nonzero contributions for I' = {1, s, vi, V5%, 044, 045}

C
~GIRS,MS 9 F_1 o 4
Col = 1+ %( §+61n(,u.t)+6’yE)+o(gm)7
CtGIRSMS M -1 6D +6vp +8e )+o< 2 )

Ons 1672 2 # e m s
Ct-GIRSNS M 3) ) oty

On; 167r 2 MS

_ 2 < Cr

t-GIRS,MS  _ 9vs VF (3 4

Ovs57; = 1T 167r 2 +4CHV)+O(QMS)’

Ct-GIRSMS  _ 1+@ 25 o in(ah) - 2ve | + Olgt o)

Ooy; = 1672 \ 6 e e s

2

Ct-GIRSME  _ 9us OF (25 21n(ak) - 2 o(gs

Ooyj N T16x2 (6 n(it) = 27p |+ Oloygs)-
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Energy-Momentum Tensor (EMT)

¢ Gauge-invariant symmetric energy-momentum tensor (EMT) of
QCD: Decomposition into traceless and trace parts [X. Ji, PRD 52 (1995)
271]

T () = Ty (@) + Ty () + TS () + T (),
7G — — «—
where T;“,(J,’) = F{p,pFu}pa Tp.u(w) = Zf wf’Y{uDu}wfa
~ Suu N 8w _
T (2) = =22 e p By, Tih(2) = (14 7m) BEm Y, by,

{..}= symmetrlzatlon over Lorentz indices p, v and subtraction of the trace.

e Nucleon matrix elements of traceless EMT: [X. Ji, J. Phys.G24, (1998)
1181]

—G(F) o
(NG, ST IN GG, s)) =
G G(F 1PL0o0)pq GF AUuv .
() [ A6 g Py + B T 4 o () B L),
where P = (p' +p)/2, g=p - p.
G(F
()9 = a5 0), 7= L[ AS(0) + AZo(0) + B (0) + By(0)]

average momentum fraction nucleon spin
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Renormalization of EMT

e Set of mixing operators in the case of traceless EMT: [S. Caracciolo,
P. Menotti, A. Pelissetto, NPB 375 (1992) 195]:

O1,, = T =F;,F), —d6 vFpoFpg,
OQW/ = Z|: (wf'Y,u ud’f"'wf'}’u ,uwf) ,uu(wf'yp pwf):|7
f
1 2
Osp = a[(8HA3+8VAZ)8pAZ—Eé,w@,,Ai@UAZ}

_ {Eaaﬂ(pyc)“ +30,(Dpe)” - %auua“ap(z)pc)a} ,

1
Osp = “a [(AZBV + AZBM) (BPAZ) ~d

2
76WA26PBJAZ}
—a a —a a 2 —a a
+|0u¢ Dyc” +0,8 Dyc — aaw,apc D,c |,
6S o 05 2 a 05

a
Osuw = Augzz + Absze — 30w s

e Previous calculations based on RI/MOM schemes:
Partial solution: Gauge-variant operators (O3 uvs Oap05 Os /w) are neglected
or included using lattice perturbation theory
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Application of GIRS to EMT

e Green’s functions in GIRS:
We consider on-shell Green’s functions of gauge-invariant operators in
coordinate space (similar to the application of GIRS to the fermion bilinears):

B.g, (Th(@)Toe(y)), (z#y)

e Mixing matrix: (off-diagonal elements p # v)
Gauge-variant operators do not contribute in such Green’s functions.

73;’:}2 =(ZGG ZGF) 7:”,;/
T, Zrc  Zrr)\T,,

¢ Renormalization conditions:
» 3 conditions from two-point functions: (i # v, p # o)

=G —G =G =G tree
(T @) T ¥ (ONaee = (T (@)T e (0)) loea,
—F yal —F —F tree
(T, S (@) T ¥ (OName = (Thn(@)T e (0)) loma,
—G F —G —F tree
(T, @) T ¥ (Oame = (T (@)Tpo(0)) oz = 0.
» A 4th condition necessarily from three-point functions: (u # v)
E.g.,
— tr
(OFTS ()T, S5 (0) O™ (=2)) | aes = (O (2)T oy (0)Opi (=) e = 0.
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Application of GIRS to EMT

e Solution to the system of renormalization conditions:

. — tree
L,GIRS <TSV(E>T,?G<0>>
Zda = —G ,_—C 2’
(T (2)T 55 (0)) = 2(T uV(I)Tpa(O»Rl +(T W(Z)Tpa(o)m
ZégIRS _ _ZégIRSRlv
Z;C(;;IRS _ —Z;FgIRSRz,
_ — tree
L.GIRS <T5V(E>T§a<o>>
ZFF = —F ,_—F
(T 10 ()T 5 (0)) = 2(T W(x)Tpa(O))Rz +(T uu(x)Tpa(O»
=G _
where Ry = (Or ")ZZV(O)OF:(—M)’ (T#,,(z)Tm,(O)) Rl(T,“,(ac)Tng(O))‘
(O (@)T |1 (00 (7)) (TG0 (3)T 55 (0))~R1 (TG ()T per (0))

e Conditions in t-GIRS:
Nonzero contributions for uy=p=i,v=0=7j,1# j and e.g., I' = ;, = Vi

3+ =G t-GIRS, ~ —G t-GIRS 7

[ @3 TGOS TG OIS0 00 = e,
3+ =Ft- F

J’dsz (Tijt GIRS(Z t)T; ;5 i GIRS(O,O))H:{ = tree,
3+ 7Gt-GIRS  ~ ,\77F t-GIRS 7

[a*a @ @ DT @.0leg = tree,

J'd?’i (0475 (3, )T OS5, 0) 0% RS (-3, —1))],-¢ = tree.
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Application of GIRS to EMT

e Continuum calculation (DR): Two-point functions

—F

=G
“Tree-level” O(g°) contributions: : Q =T, n=T,,

“One-loop” O(g?) contributions:

200
PG G

— S 2 2

—G MS, \=G MS,., _2(Ng-1) 9ms (4Nr (1 2 2 20N, 4

i @0 ™ 0) = = T8 5 5 spo ()] 1-75 3 (S (A% 2)+2ym-21n(2) )+ =572 )+ Olg3rg) |,

2
—F MS, \=F MS, _ N¢Ny 9Ms 16Cg [ 59 2 2 4
T @I T 0 = 0 T s () - s = (Fag (e )+2yE-21n(2))+ Oloyrg) |
MS MS N.N 92 16C 1

G MS —F MS MS F ~2 2 4

(T M @) T o M5 (0)) = ﬁswg(x{@g 3 ( - 5 +n(a%a®) + 29 - 21n(2)) + o<gM—s>},
TpTyTpx x x Ty T x x x x

where  sp1p0 (%) = (8upOuo+8,000p)+8 “(;2)5 72 (8, ;2%5,“, ’x2”+5u,, ‘;2"+5W ‘;2”).



Application of GIRS to EMT

e Continuum calculation (DR): Three-point functions

AN
7\
A

G

= —=F
“Tree-level” O(g") contribution: =Ty, "=T,,, ®=0r

“One-loop” (’)(gz) contributions:

\/s::‘;/\,
/X

Diagrams having the arrows of the fermion lines in counterclockwise direction must also be considered.

v

2
A

A
A

2

MS, =G MS, MS NcNy  9ys 8C 1 2 2 2
(O3 @ M 0005, M (-apy = —=Ls GC( 2f)5 12/71; S (2shid oo -85k oo +5id pr ) (-1 701491 4152 %))
Yy x

1 3 [4 3
+§SEW]PU+ZS[ ]p 7sEL,Jpg+ O(gi/[—s)},

g IS N.N gars 8C _
(0} MS ()T, M5 (0) 0.y, MS (-2)) = cif{(QSLIAPG—SSE?V]‘UU+SE§JPU)[I—£7F(—3.201491+1n(p212))]

476 (22)® 1672 3
2
935 8Cp 11 [1] 9 [4] [3] 4
“l6x2 3 [ 1 Shipo T gSuvpo - Sm/po]‘*' O(gm)},
1 TpuTy 2 TuTyTplo 3 T, T Ty T Ty Ty x, T
whore il BTV, s [ o aswe meEs s wwve s s
z (z2) x x z x

4
sL,lpg =6upduve +S8ucdup- (see our paper for other choices of bilinear operators) 14/16



Application of GIRS to EMT

e Conversion to MS:

GIRS,MS GIRS,MS DR,MS DR,MS DR,GIRS DR,GIRS\ ~1
Caa Car Zga Zagr ete] Zar
GIRS,MS GIRS,MS DR,MS DR,MS DR,GIRS DR,GIRS
Cra Crpr Zra Zpp Zra ZpF
L,MS L,MS L,GIRS L,GIRS\ 1
Zga  Zar Zga ZaF
L,MS L,MS L,GIRS L,GIRS

e Conversion factors from t-GIRS to MS:

2
t-GIRS,MS Iyis 110 2 _2-2 4
chs - 1- 25 [?Nc +0.236288N + 3 Ny In(2°f )} +O(gh5)s
2
t-GIRS,MS INIs 8., 22 4
Cor = 50| - 7.818365 - g n(A*)] + Oloy).
2
t-GIRSMS _ _ 9us 222 4
s = — Nf[1.933961 S In(°F )]+0(9M—S),
2
t—GIRS,MS INIS 8. 229 4
Chr = 1= 5 0x[ - 2777072 + 5 (@) | + Oleigg)-
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Conclusions and future prospects

The application of GIRS in the renormalization of fermion bilinears and of
traceless EMT is being studied.

Extensions of GIRS (integration over timeslices) are being explored.

One-loop conversion factors between different variants of GIRS and MS are
extracted, via two-loop computations.

Studies of GIRS by lattice simulations are in progress.

Further applications of GIRS:

» Gluino Glue in Supersymmetric Yang-Mills Theory on the lattice:
see talk by M. Costa

» Supercurrent in Supersymmetric Yang-Mills Theory on the lattice:
see poster by A. Skouroupathis, I. Soler Calero

» Trace part of EMT: More complicated renormalization!
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THANK YOU!
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