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Motivation

The Collins-Soper kernel (CS kernel) was first introduced in
the factorization of the Drell-Yan process in the 80s
By now it has been shown that the CS kernel is universal for
other processes like semi-inclusive deep inelastic scattering
(SIDIS) at low energies
In general the CS kernel describes the scaling properties of
transverse momentum dependent distributions
The CS kernel receives nonperturbative corrections, which
makes it a good candidate for lattice QCD
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Matrix element

Musch, et. al., 1011.1213

Position space-bilocal nucleon
matrix element, with
momentum P and spin S which
is sensitive to transverse
momentum

W
[Γ]
f (b; L, v; P, S) =
1
2
〈
P, S|q̄f (b)Γ [b, b + Lv]

[b + Lv, Lv] [Lv, 0] q(0)|P, S
〉

bµ is orthogonal to vµ and P µ

therefore b · v = b · P = 0
Time equal matrix element
v0 = b0 = 0
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Factorization of qTMDs
For energetic hadrons and large L we can factorize the matrix
element Vladimirov, Schäfer, 2002.07527

W
[Γ]
f (b; L, v; P, S) =

1
P +

∫
dx

∣∣∣∣∣CH

(
|x|P +

µ

)∣∣∣∣∣
2

Φ[Γ′]
f←h(x, b; µ, ζ)Ψ(b; µ, ζ̄)+...

with
CH(...): perturbative coefficient function (NLO)
Φ[Γ′]

f←h(x, b; µ, ζ): physical TMD distribution with
Γ′ = γ+γ−Γγ−γ+

4
Ψ(b; µ, ζ̄): combination of soft factors
µ, ζ, ζ̄: factorization scales which fulfil the relation
ζζ̄ = (2xP +v−)2µ2
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Scale dependence of TMDs on µ and ζ

The dependence of the TMDs Φ[Γ]
f←h on the scales are given by

d ln Φ[Γ]
f←h(x, b; µ, ζ)
d ln µ2 = γF (µ, ζ)

2
d ln Φ[Γ]

f←h(x, b; µ, ζ)
d ln ζ

= K(b, µ)
2

with the ultraviolet anomalous dimension γF and the CS kernel
K(b, µ).
Thus the CS-kernel K(b, µ) relates different scales ζ of the
physical TMDs:

Φ[Γ]
f←h(x, b; µ, ζ) =

(
ζ

ζ0

)K(b,µ)/2
Φ[Γ]

f←h(x, b; µ, ζ0)
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Extraction of the CS kernel from ratios P +

Using the relations we can evolve two of these matrix elements at
different P to ζ0 and µ0:

R[Γ](b; L, v; P1, P2, S) =
W

[Γ]
f (b; L, v; P1, S)

W
[Γ]
f (b; L, v; P2, S)

=
(

P +
2

P +
1

)K(b,µ)

r[Γ] +O(λ)

where r[Γ] in NLO is given by

r[Γ] = 1 + 4CF
αs(µ)

4π
ln
(

P +
1

P +
2

)
[
1− ln

(
4P +

1 P +
2 |v−|2

µ2

)
− 2M[Γ]

f←h(b, µ)
]

+O(α2
s)

with non-perturbative contribution M[Γ]
f←h(b, µ)

Vladimirov, Schäfer, 2002.07527
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Non-perturbative factor M[Γ]
f←h

Where we assume M[Γ]
f←h(b, µ) to be a constant function in b and µ

M[Γ]
f←h(b, µ) =

∫
dx1 ln |x1|xK(b,µ)

1 Φ[Γ](x1, b; µ, ζ0)∫
dx2x

K(b,µ)
2 Φ[Γ](x2, b; µ, ζ0)

1 2 3 4 5

-5

-4

-3

-2

-1

0
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Technical details of the simulations

We use the H101 CLS ensemble with Nf = 2 + 1 flavors and
dynamical Wilson-Clover fermions

β L3 × T a mπ #cnfg
3.4 323 × 96 0.084fm 422 MeV 2000

4 sources per configuration and momenta
To improve the lattice signal, HYP- and quark momentum
smearing is applied
u-d Quark channel to cancel disconnected diagrams
We analyse only the first moments of TMDs (x-integrated)
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Lattice correlator parametrization

The correlators are grouped into Lorentz-invariant products of b,
P , Lv: (P 2, b2, (Lv)2, Lv · P ) and parametrized, e.g. for the
vector channel γµ in the most general form as

W̃ [γµ](b; L; v, P, S) = P µã2 + m2
N (Lvµ)b̃1 − imN ϵµναβPνbαSβ ã12

− im3
N ϵµναβbν(Lvα)Sβ b̃8 − im2

N bµã3

+ mN ϵµναβPν(Lvα)Sβ b̃7 −m3
N (b · S)ϵµναβPνbα(Lvβ)b̃9

− im3
N ((Lv) · S)ϵµναβPνbα(Lvβ)b̃10

with nucleon mass mN . Musch, et al., 1111.4249
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Obtaining moments of TMDs in b-space

All ai and bi depend on (P 2, b2, (Lv)2, Lv · P )

W [f1](P 2, b2, (Lv)2, Lv · P ) = 2 a2 + rb1
S(b2, (Lv)2, Lv · P )

W [g1T ](P 2, b2, (Lv)2, Lv · P ) = 2a6 + (1− r)(b11 + rb14)
S(b2, (Lv)2, Lv · P )

W [h1](P 2, b2, (Lv)2, Lv · P ) = 2
a9 + rb15 − 1

2m2
N b2(a11 − rb17)

S(b2, (Lv)2, v · P )

r(P 2, Lv · P ) = m2Lv+

P +

Musch, et al., 1111.4249
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Obtaining moments of TMDs in b-space

7.5 5.0 2.5 0.0 2.5 5.0 7.5
Lv [GeV 1]

0.6

0.5

0.4
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0.2

0.1

0.0
W

[h
1]

P + = 2.27GeV

b = 3.83GeV 1

b = 2.55GeV 1
b = 1.70GeV 1

b = 1.20GeV 1
b = 0.85GeV 1

b = 0.43GeV 1
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Momentum ratios
Ratios at different momentum P
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Momentum ratios
Extrapolate L→∞

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
b [GeV 1]

0.70

0.75

0.80

0.85

0.90

0.95

1.00

1.05

R
[h

1]

R[h1] = W[h1](P +
1 ; b)

W[h1](P +
2 ; b)

{P +
1 , P +

2 } = {1.74, 1.25}GeV
{P +

1 , P +
2 } = {2.27, 1.25}GeV

{P +
1 , P +

2 } = {2.27, 1.74}GeV
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Calculation of M

Determine M[Γ]
f←h at fixed b ≈ 1GeV−1 by inverting r[Γ] for

different cutoffs

0.5 0.0

M[f1] = 0.20 ± 0.12

0 1 2 3

M[g1T] = 1.03 ± 0.24

1.5 1.0 0.5

L > 1.70GeV 1 {P +
1 , P +

2 } = {1.74, 1.25}GeV
L > 2.13GeV 1 {P +

1 , P +
2 } = {1.74, 1.25}GeV

L > 2.55GeV 1 {P +
1 , P +

2 } = {1.74, 1.25}GeV
L > 2.98GeV 1 {P +

1 , P +
2 } = {1.74, 1.25}GeV

L > 1.70GeV 1 {P +
1 , P +

2 } = {2.27, 1.74}GeV
L > 2.13GeV 1 {P +

1 , P +
2 } = {2.27, 1.74}GeV

L > 2.55GeV 1 {P +
1 , P +

2 } = {2.27, 1.74}GeV
L > 2.98GeV 1 {P +

1 , P +
2 } = {2.27, 1.74}GeV

L > 1.70GeV 1 {P +
1 , P +

2 } = {2.27, 1.25}GeV
L > 2.13GeV 1 {P +

1 , P +
2 } = {2.27, 1.25}GeV

L > 2.55GeV 1 {P +
1 , P +

2 } = {2.27, 1.25}GeV
L > 2.98GeV 1 {P +

1 , P +
2 } = {2.27, 1.25}GeV

M[h1] = 0.69 ± 0.12
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Calculation of CS kernel
Reconstruct K(b, µ = 2 GeV) by assuming M[Γ]

f←h(b, µ) constant
for all b
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Average of momenta combinations

Average the different momenta combinations {P +
1 , P +

2 } and the
different TMDs

1 2 3 4
b [GeV 1]

0.6

0.4

0.2

K
[F

]

1 2 3 4
b [GeV 1]

K = 0.06

F = f1, K = 0.06
F = g1T, K = 0.14

F = h1, K = 0.05
Combined, K = 0.06
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Comparison to other extractions

Comparison to phenomenological extractions and other lattice
computations
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Comparison to other extractions
Comparison to phenomenological extractions and other lattice
computations
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Yuan Li, et al., 2106.13027
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Conclusion

Agreement with other lattice extractions, lattice model
computations and pertubation theory
Systematic errors need to be reduced, i.e. better understood
Larger lattices need to be analyzed such that the b range can
be increased where the data can be trusted
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