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”Majorana spins” = Spins resulting from bosonizing Majorana fermions

I. Lattices and Hamiltonians




Ising Hamiltonian in terms of spin variables/operators
(one space-dimension only (d=1))

HIsing - — Z Ul(n) + )\0_3(n)0_3(n + ]-) = Hyin + Hpot

Hamiltonian of Majorana spins in two space dimensions

HMajorana - — Z 0_1(?:)0_1(]0) + 0'2(7/)0'2(.1:) + >\0'3(7:)0-3(.f)

1,11

Difference - elementary time step:

Ising - single flip Majorana - double flip



Challenge: Find euclidean action which does the same

Counting single flips on the Euclidean side

S1(s',8) =) (sn—s)? /4~ =) sps), (3)

Counting isolated double flips

1
8
Sy = o4 D (U4 snasl, ) (1 — snsl) (1 — spy1s, ) (1 + snias, ), (4)

They should have the lowest weight in the continuum time limit

B —>o00, e=e P50, B;=ex—0, T=1-—€H. (5)

Hence the two-row euclidean action
ﬁthin(S’a s) = Bt (p(S1 — 253) + S>) . (6)

does the job, p - a penalty parameter ( > 1).



Challenge II: 0202 couplings - the phases

Evolution of a "row” of two spins s = {s1,s2} — s’ = {s], s}

1T
o?0?|s1, 82) = notot|sy, s2) = exp (?(sl + 32)>a'10'1|31, S2),

— as in the o'o! case but with the phase factor.

e Add potential terms ( in the y— direction).
e Generalize for L, X L, plane of spins.
e Convolute for L; time slices.

—> Euclidean, three dimensional system of Ising-like spins.



The action

1T
Sip=BY 0N 4B, Y O8,+— > 00, ®

x,y,t $9y7t7C:Ey:1 :l:,y,t,cwy:_l
with

1
7
0y = g(sw,y,ﬁswﬂ,y,t) (148e—1,y,tS2—1,,t+1) (1 — Sa,yt S,y ,t4+1) (1 — St 1,y,tS+1,y,6+1) -

(9)

and

x,Y,t 8

(1 + 82-1,4,682—1,5,641) (1 — Sz,y,t82,y,641) (1 — Sei1,y,tS2+1,y,6+1)

D
+ 5(1 — Sy, tSwy,t+1)

02(82,:?/,12 _ _Swayat8w3y+17t° (10)



—> Euclidean, three dimensional system of unconstraint Ising-like spins.

—> Equivalent to Majorana fermions upon implementing constraints.
exp (—S3p(s’,8)) — (8'|1 — eHarajoranals) + O(€?) (11)

— Can be studied with “euclidean” methods.
— Asymmetric between space and time.

—> Monte Carlo — sign problem. Reweighting 7

. P zZ
< sign >=< — >p= — (12)
PA Z



V=4x4, p=2.
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Figure 1: Average sign in the three dimensional case.
o
®p =00 > constraints

e Bosonization constraints



II. Summary

e Majorana spins have different elementary evolution than Ising ones.
e Fuclidean formulation has been found.

e The sign problem is mild for small volumes.
MC studies at intermediate volumes seem feasible.

e Constraints, inherent to bosonization, might be attacked.

e Similar systems in higher dimensions could be explored.
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