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Tensor Network Scheme

What is Tensor Network (TN) Scheme?

Theoretical and numerical methods for high precision analyses
of many body problems with tensor network formalism   

Advantages of Tensor Renormalization Group (TRG)

Free from sign problem and complex action problem in Monte Carlo method
Computational cost for LD system size ∝ D×log(L)
Direct treatment of Grassmann numbers
Direct evaluation of partition function Z itself

Applications in particle physics：
Finite density QCD, QFTs w/ θ-term, Lattice SUSY etc.

Also, in condensed matter physics
Hubbard model (Mott transition, High temp. superconductivity) etc.
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Collaborations are dynamically changed depending on 
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TRG Approaches to QFTs (1)

2D models
Real φ4 theory：

Shimizu, Mod.Phys.Lett.A27(2012)1250035,
Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP05(2019)184

Complex φ4 theory at finite density：
Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP02(2020)161

U(1) gauge theory+θ：
YK-Yoshimura, JHEP04(2020)089

Schwinger, Schwinger+θ：
Shimizu-YK, PRD90(2014)014508, PRD90(2014)074503,

PRD97(2018)034502 
Gross-Neveu model at finite density：

Takeda-Yoshimura, PTEP2015(2015)043B01
N=1 Wess-Zumino model：

Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP03(2018)141

・Free from sign and complex action problems 
・Development of numerical algorithms for scalar, fermion, gauge theories 
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TRG Approaches to QFTs (2)

3D models
Free Wilson fermion：

Sakai-Takeda-Yoshimura, PTEP2017(2017)063B07, 
Yoshimura-YK-Nakamura-Takeda-Sakai, PRD97(2018)054511

Z2 gauge theory at finite temperature：
YK-Yoshimura, JHEP1908(2019)023

4D models
Ising：Akiyama-YK-Yamashita-Yoshimura, PRD100(2019)054510
Complex φ4 theory at finite density：

Akiyama-Kadoh-YK-Yamashita-Yoshimura, JHEP09(2020)177
NJL model at finite density：

Akiyama-YK-Yamashita-Yoshimura, JHEP01(2021)121
Real φ4 theory：

Akiyama-YK-Yoshimura, arXiv:2101.06953

⇒ Now our research theme is moving from 2D models to 4D ones



NJL model at zero density in the continuum 

NJL model at finite density on the lattice w/ Kogut-Susskind fermion

𝜇：chemical potential
𝑚：fermion mass
𝑔!：coupling constant of 4 fermi interaction
𝑎：lattice spacing

NJL Model at Finite Density 
Akiyama+, JHEP01(2021)121

the partition function or the path-integral itself. In the thermodynamic limit the pressure

is directly related to the thermodynamic potential so that the equation of state can be

easily obtained with the TRG method.

In this paper we investigate the phase structure of the Nambu–Jona-Lasinio (NJL)

model [16, 17] at finite temperature T and chemical potential µ on the lattice developing

the Grassmann version of the ATRG algorithm. The Lagrangian of the NJL model in the

continuum is defined as follows:

L =  ̄(x)�⌫@⌫ (x)� g0
�
( ̄(x) (x))2 + ( ̄(x)i�5 (x))

2
 
, (1.1)

which has the U(1) chiral symmetry with  (x) ! ei↵�5 (x) and  ̄(x) !  ̄(x)ei↵�5 . This

is an e↵ective theory of QCD which describes the dynamical chiral symmetry breaking:

once the strength of the coupling constant g0 exceeds a certain critical value the system

generates a non-trivial vacuum with h ̄(x) (x)i 6= 0. The chiral phase structure of the

NJL model on the T -µ plane is discussed by some analytical methods, e.g., the mean-field

approximation (MFA) [18] and the functional renormalization group (FRG) [19]. Figure 1

shows a schematic view of the expected phase structure, whose characteristic feature is

the first-order chiral phase transition in the dense region at very low temperature [20].

This phase transition is our primary target to investigate, employing the chiral condensate

h ̄(x) (x)i as an order parameter. Since the chiral symmetry plays a crucial role in this

study, we use the Kogut–Susskind fermion to formulate the NJL model on the lattice.

The analysis of the phase structure with the TRG method would help us understand the

thermodynamic properties of dense QCD.

This paper is organized as follows. In Sec. 2 we explain the formulation of the lattice

NJL model with the Kogut–Susskind fermion and the algorithmic details of the Grassmann

ATRG (GATRG). Numerical results for the chiral condensate and the equation of state

are presented in Sec. 3. Section 4 is devoted to summary and outlook.

2 Formulation and numerical algorithm

2.1 NJL model on the lattice

We use the Kogut–Susskind fermion to formulate the NJL model on the lattice. Following

Refs. [21, 22], we define the model at finite chemical potential µ as

S =
1

2
a
3
X

n2⇤

4X

⌫=1

⌘⌫(n)
h
eµa�⌫,4�̄(n)�(n+ ⌫̂)� e�µa�⌫,4�̄(n+ ⌫̂)�(n)

i

+ma
4
X

n2⇤
�̄(n)�(n)� g0a

4
X

n2⇤

4X

⌫=1

�̄(n)�(n)�̄(n+ ⌫̂)�(n+ ⌫̂), (2.1)

where n = (n1, n2, n3, n4)(2 Z4) specifies a position in lattice ⇤, whose spacing is a. �(n)

and �̄(n) are Grassmann-valued fields without the Dirac structure. Since they describe

the Kogut–Susskind fermions, �(n) and �̄(n) are single-component Grassmann variables.
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NJL model as a prototype of QCD

First step is to check the first-order phase transition
at cold and dense region
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2nd Tricritical point

!!! ≠ 0 !!! = 0

Figure 1. Schematic view of expected phase diagram of the NJL model on the T -µ plane. Solid
and broken curves represent the first- and second-order phase transitions, respectively. Closed circle
denotes the tricritical point where the first-order phase transition line terminates.

where n = (n1, n2, n3, n4)(∈ Z4) specifies a position in the lattice Λ, with the lattice spacing
a. χ(n) and χ̄(n) are Grassmann-valued fields without the Dirac structure. Since they
describe the Kogut-Susskind fermions, χ(n) and χ̄(n) are single-component Grassmann
variables. ην(n) is the staggered sign function defined by ην(n) = (−1)n1+···+nν−1 with
η1(n) = 1. The partition function is defined in the ordinal manner:

Z =
∫ 


∏

n∈Λ
dχ(n)dχ̄(n)



 e−S . (2.2)

For vanishing mass m, eq. (2.1) is invariant under the following continuous chiral transfor-
mation:

χ(n) → eiαε(n)χ(n), (2.3)
χ̄(n) → χ̄(n)eiαε(n) (2.4)

with α ∈ R and ε(n) = (−1)n1+n2+n3+n4 .

2.2 Tensor network representation
We introduce the tensor network representation for eq. (2.2) in a similar way with refs. [10,
11].3 Hereafter, we set a = 1 for simplicity. Firstly, we expand the local Boltzmann weights

3See ref. [25] for a different TRG approach with the Kogut-Susskind fermion, where the TRG procedure
is applied to the Schwinger model after integrating out the fermion fields analytically.
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Phase Diagram of NJL Model at Finite Density
Akiyama+, JHEP01(2021)121

Expected phase diagram for NJL model Expected phase diagram for QCD
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TN representation 

Coarse-graining procedure: GATRG w/ Dcut=55

Parameters

𝑉 = 𝐿×𝛽 = 𝑎𝑁" × 𝑎𝑁# = 2$, ⋯ , (1024)$ 𝛽 = %
&

Periodic BC for spatial direction and anti-periodic BC for temporal direction
𝑎 is fixed at finite value  (𝑎=1)
𝑔! = 32 for coupling constant of four-fermi interaction

Algorithm and Parameters

JHEP01(2021)121

in the following manners to decompose the nearest-neighbor interactions:

exp
[

−eµδν,4

2 ην(n)χ̄(n)χ(n+ ν̂)
]

=
1∑

iν,1(n)=0

∫ (eµ
2 δν,4
√
2
ην(n)χ̄(n)dΦν(n)

· e
µ
2 δν,4
√
2
χ(n+ ν̂)dΦ̄ν(n+ ν̂) · Φ̄ν(n+ ν̂)Φν(n)

)iν,1(n)

, (2.5)

exp
[
e−µδν,4

2 ην(n)χ̄(n+ ν̂)χ(n)
]

=
1∑

iν,2(n)=0

∫ (e−µ
2 δν,4

√
2

ην(n)χ(n)dΨν(n)

· e
−µ

2 δν,4
√
2

χ̄(n+ ν̂)dΨ̄ν(n+ ν̂) · Ψ̄ν(n+ ν̂)Ψν(n)
)iν,2(n)

, (2.6)

eg0χ̄(n)χ(n)χ̄(n+ν̂)χ(n+ν̂)

=
1∑

iν,3(n)=0
(√g0χ̄(n)χ(n) ·

√
g0χ̄(n+ ν̂)χ(n+ ν̂))iν,3(n) . (2.7)

Secondly, integrating out χ and χ̄ at each lattice site n, we define

Tn;i4(n)i1(n)i2(n)i3(n)i4(n−4̂)i1(n−1̂)i2(n−2̂)i3(n−3̂)

=
∫

dχdχ̄ e−mχ̄χ
4∏

ν=1

(
eµ

2 δν,4
√
2
ην(n)χ̄dΦν(n)

)iν,1(n)(eµ
2 δν,4
√
2
χdΦ̄ν(n)

)iν,1(n−ν̂)

×
(
e−µ

2 δν,4
√
2

ην(n)χdΨν(n)
)iν,2(n)(e−µ

2 δν,4
√
2

χ̄dΨ̄ν(n)
)iν,2(n−ν̂)

(√g0χ̄χ)iν,3(n)

× (√g0χ̄χ)iν,3(n−ν̂)
(
Φ̄ν(n+ ν̂)Φν(n)

)iν,1(n) (Ψ̄ν(n+ ν̂)Ψν(n)
)iν,2(n)

. (2.8)

This serves as a change of variables from χ, χ̄ to the integer-valued fields iν = (iν,p)p=1,2,3
and alternative Grassmann variables Φν ,Ψν . Renaming x = i1, y = i2, z = i3, t = i4,
eq. (2.2) is expressed in the form,

Z =
∑

{t,x,y,z}

∫ ∏

n∈Λ
Tn;txyzt′x′y′z′ , (2.9)

which is the tensor network representation of this model.4 In current construction,
Tn;txyzt′x′y′z′ is factorized as

Tn;txyzt′x′y′z′ = In;txyzt′x′y′z′Sn;txyzt′x′y′z′Gn;txyzt′x′y′z′ . (2.10)
4In eq. (2.9), we omit arguments in tensor indices and introduce shorthand notations such as x′ =

x(n − 1̂), y′ = y(n − 2̂), z′ = z(n − 3̂), t′ = t(n − 4̂)

– 4 –

J
H
E
P
0
1
(
2
0
2
1
)
1
2
1

in the following manners to decompose the nearest-neighbor interactions:

exp
[

−eµδν,4

2 ην(n)χ̄(n)χ(n+ ν̂)
]

=
1∑

iν,1(n)=0

∫ (eµ
2 δν,4
√
2
ην(n)χ̄(n)dΦν(n)

· e
µ
2 δν,4
√
2
χ(n+ ν̂)dΦ̄ν(n+ ν̂) · Φ̄ν(n+ ν̂)Φν(n)

)iν,1(n)

, (2.5)

exp
[
e−µδν,4

2 ην(n)χ̄(n+ ν̂)χ(n)
]

=
1∑

iν,2(n)=0

∫ (e−µ
2 δν,4

√
2

ην(n)χ(n)dΨν(n)

· e
−µ

2 δν,4
√
2

χ̄(n+ ν̂)dΨ̄ν(n+ ν̂) · Ψ̄ν(n+ ν̂)Ψν(n)
)iν,2(n)

, (2.6)

eg0χ̄(n)χ(n)χ̄(n+ν̂)χ(n+ν̂)

=
1∑

iν,3(n)=0
(√g0χ̄(n)χ(n) ·

√
g0χ̄(n+ ν̂)χ(n+ ν̂))iν,3(n) . (2.7)

Secondly, integrating out χ and χ̄ at each lattice site n, we define

Tn;i4(n)i1(n)i2(n)i3(n)i4(n−4̂)i1(n−1̂)i2(n−2̂)i3(n−3̂)

=
∫

dχdχ̄ e−mχ̄χ
4∏

ν=1

(
eµ

2 δν,4
√
2
ην(n)χ̄dΦν(n)

)iν,1(n)(eµ
2 δν,4
√
2
χdΦ̄ν(n)

)iν,1(n−ν̂)

×
(
e−µ

2 δν,4
√
2

ην(n)χdΨν(n)
)iν,2(n)(e−µ

2 δν,4
√
2

χ̄dΨ̄ν(n)
)iν,2(n−ν̂)

(√g0χ̄χ)iν,3(n)

× (√g0χ̄χ)iν,3(n−ν̂)
(
Φ̄ν(n+ ν̂)Φν(n)

)iν,1(n) (Ψ̄ν(n+ ν̂)Ψν(n)
)iν,2(n)

. (2.8)

This serves as a change of variables from χ, χ̄ to the integer-valued fields iν = (iν,p)p=1,2,3
and alternative Grassmann variables Φν ,Ψν . Renaming x = i1, y = i2, z = i3, t = i4,
eq. (2.2) is expressed in the form,

Z =
∑

{t,x,y,z}

∫ ∏

n∈Λ
Tn;txyzt′x′y′z′ , (2.9)

which is the tensor network representation of this model.4 In current construction,
Tn;txyzt′x′y′z′ is factorized as

Tn;txyzt′x′y′z′ = In;txyzt′x′y′z′Sn;txyzt′x′y′z′Gn;txyzt′x′y′z′ . (2.10)
4In eq. (2.9), we omit arguments in tensor indices and introduce shorthand notations such as x′ =

x(n − 1̂), y′ = y(n − 2̂), z′ = z(n − 3̂), t′ = t(n − 4̂)

– 4 –

Akiyama+, JHEP01(2021)121

(𝑥 = 𝑖!, 𝑦 = 𝑖", 𝑧 = 𝑖#, 𝑡 = 𝑖$)
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Figure 3. Number density at m = 104 and g0 = 32 on 1284 and 10244 lattices as a function of
µ with D = 30. ∆µ = 4.0 × 10−3 in the vicinity of µc. Green line denotes the step function in
eq. (3.1).
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Figure 4. Fermion condensate at m = 104 and g0 = 32 on 1284 and 10244 lattices as a function of
µ with D = 30. Green line denotes the step function in eq. (3.2).

of µc = ln(2m) = 9.903, both for 〈n〉 and 〈χ̄(n)χ(n)〉 in the heavy dense limit. Note that
the results quickly converge with respect to D; the difference between lnZ(D = 25) and
lnZ(D = 30) has been already suppressed less than 2.1 × 10−3% in the vicinity of µc.

3.3 Chiral phase transition

Having confirmed the efficiency of the GATRG algorithm in the heavy dense limit, let
us turn to the calculation with the light fermion masses. We first check the convergence
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Heavy Dense Limit as a Benchmark

Good consistency with analytical solutions

Heavy dense limit: 𝑚, 𝜇 → ∞ while 𝑒'/𝑚 kept fixed
Chiral condensate and number density in the heavy dense limit 

Analytical solutions are step function at 𝜇( = ln(2𝑚)
Chiral condensate Number density

Akiyama+, JHEP01(2021)121
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The last technique to be mentioned is the parallel computation, which reduces the
execution time of the GATRG. The essence of this technique in the ATRG is demonstrated
in ref. [28]; the computational cost per process of tensor contraction is reduced from O(D9)
to O(D8). As in refs. [16, 28], we employ the randomized SVD (RSVD) in the swapping
bond part. The accuracy of the RSVD is controlled by the oversampling parameter p and
q iterations of QR decomposition. Under the block diagonal representation, we apply the
RSVD with p = 4D and q = D to each block matrix.

3 Numerical results

3.1 Setup
We choose a large value of g0 = 32 for the four-fermi coupling in eq. (2.1), because the
FRG analysis in ref. [21] indicates the vanishing phase transition for smaller g0. The
partition function of eq. (2.9) is evaluated, using the GATRG algorithm on a lattice up to
the volume V = L4 (L = 2m,m ∈ N). We assume the periodic boundary conditions for x-,
y-, z-directions and the anti-periodic boundary condition for t-direction.

Before investigating the restoration of the chiral symmetry at vanishing fermion mass,
we check the efficiency of the GATRG algorithm by benchmarking with the NJL model
in the heavy dense limit, which is defined as m → ∞ and µ → ∞, keeping eµ/m fixed.
The heavy dense limit gives us an opportunity to compare numerical results with the exact
analytical ones.

3.2 Heavy dense limit as a benchmark
In the heavy dense limit, the number density 〈n〉 and the fermion condensate 〈χ̄(n)χ(n)〉
at vanishing temperature can be derived analytically as

〈n〉 = Θ(µ − µc), (3.1)

〈χ̄(n)χ(n)〉 = 1
m

Θ(µc − µ), (3.2)

where Θ denotes the step function and µc = ln(2m) [29].
Figures 3 and 4 show the numerical results for 〈n〉 and 〈χ̄(n)χ(n)〉 obtained by the

GATRG algorithm choosing m = 104 with D = 30. The number density is calculated by
the numerical derivative of the thermodynamic potential in terms of the chemical potential:

〈n〉 = 1
V

∂ lnZ(µ)
∂µ

≈ 1
V

lnZ(µ+ ∆µ) − lnZ(µ)
∆µ

. (3.3)

In the vicinity of µc, we have set ∆µ = 4.0×10−3. The fermion condensate is also obtained
via the numerical derivative of the thermodynamic potential in terms of m:

〈χ̄(n)χ(n)〉|m=104 = 1
V

lnZ(m+ ∆m) − lnZ(m)
∆m

∣∣∣∣
m=104

(3.4)

with ∆m = 1. Since there is little difference between the L = 128 and 1024 results, the
L = 1024 lattice is sufficiently large to estimate the thermodynamic limit at vanishing tem-
perature. The numerical results well reproduce the analytical ones, including the location
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via the numerical derivative of the thermodynamic potential in terms of m:
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Figure 5. Convergence behavior of thermodynamic potential as a function of D on V = 10244
with m = 0.01.

behavior of the thermodynamic potential by defining the quantity

δ =
∣∣∣∣
lnZ(D) − lnZ(D = 55)

lnZ(D = 55)

∣∣∣∣ (3.5)

on V = 10244. In figure 5, we plot the D dependence of δ at µ = 2.875, which is near the
phase transition point and µ = 4.0, which is in the dense region with the restored chiral
symmetry, as we will see below. Although both of them are in the cold and dense region
characterized with µ/T ∼ O(103), where the Monte Carlo simulation should be severely
hindered by the sign problem, good convergent behaviors are observed in the GATRG
calculation; near the transition point, δ is reduced to about 10−4 up to D = 55 and better
convergence behavior, δ ! 10−7, is observed at µ = 4.0. Hereafter we present the results
at D = 55.

We investigate the chiral phase transition employing the chiral condensate 〈χ̄(n)χ(n)〉,
as an order parameter, which is defined by

〈χ̄(n)χ(n)〉 = lim
m→0

lim
V →∞

1
V

∂

∂m
lnZ, (3.6)

in the cold region. We calculate 〈χ̄(n)χ(n)〉 with the numerical derivative of thermodynamic
potential and the chiral extrapolation with the corresponding results at finite mass in the
thermodynamic limit.8 In this study, the partial derivative in eq. (3.6) is numerically

8It is possible to evaluate the chiral condensate with the impurity tensor method [17, 30]. Since eq. (2.9)
consists of eight types of tensor, there are eight configurations of an impurity tensor. Consequently, the
computational cost is eight times larger than that of coarse-graining eq. (2.9). One can also evaluate the
number density discussed below with the impurity tensor method, which requires four times larger cost
than that to coarse-grain eq. (2.9) .
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𝜇 Dependence of Chiral Condensate

Jump around 𝜇 ≈ 3.0 ⇒ First-order phase transition
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Figure 4. Chiral condensate at m = 0.01 and 0.02 on 10244 lattice as a function of µ with D = 55.
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Figure 5. Chiral condensate extrapolated in the chiral limit as a function of µ with D = 55 on
1284 and 10244 lattices.

with the impurity tensor, following the ideas in Refs. [15, 26]. This is also the case with the evaluation of

number density discussed below.
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3.2 Chiral phase transition

We investigate the chiral phase transition employing the chiral condensate h�̄(n)�(n)i, as
an order parameter, which is defined by

h�̄(n)�(n)i = lim
m!0

lim
V!1

1

V

@

@m
lnZ, (3.2)

in the cold region. We calculate h�̄(n)�(n)i with the numerical derivative of thermodynamic

potential and the chiral extrapolation with the corresponding results at finite mass in the

thermodynamic limit6. In this study, the partial derivative in Eq. (3.2) is numerically

evaluated via

@

@m
lnZ ⇡ lnZ(m+�m)� lnZ(m)

�m
, (3.3)

with �m = 0.01. In Fig. 4 we plot the µ dependence of the chiral condensate at m = 0.01

and 0.02 on the L
4 = 10244 lattice. The signals show slight fluctuations as a function

of µ around the transition point. Away from the transition point, we have found little

response in h�̄(n)�(n)i to changes in mass. Figure 5 presents the results in the chiral limit

obtained by the chiral extrapolation with those at m = 0.01 and 0.02 on two volumes of

L
4 = 1284 and 10244. It is hard to find the di↵erence between the L = 128 and 1024 results.

This allows us to consider the L = 1024 result to be essentially in the thermodynamic

limit. We observe the discontinuity from a finite value to zero for the chiral condensate at

µc = 3.0625± 0.0625, which is a clear indication of the first-order phase transition.

3.3 Equation of state

Equation of state is a relation between the pressure and the particle number density. Here

we presents both results as a function of µ, respectively. In the thermodynamic limit, the

pressure P is directly obtained from the thermodynamic potential:

P =
lnZ

V
, (3.4)

where the vast homogeneous system is assumed. In Fig. 6 we plot the µ dependence of the

pressure at m = 0.01. We find a kink behavior at µc = 3.0625 ± 0.0625, where the chiral

condensate shows the discontinuity. Note that the m = 0.02 result shows little di↵erence

from the m = 0.01 one.

The particle number density is obtained by the numerical derivative of pressure in

terms of the chemical potential:

hn(µ)i = @P (µ)

@µ
⇡ P (µ+�µ)� P (µ)

�µ
. (3.5)

The µ dependence of hni is shown in Fig. 7. We observe an abrupt jump from hni = 0

to hni = 1 at µc = 2.9375 ± 0.0625. This is another indication of the first-order phase

transition. The small shift of µc compared to the chiral condensate case is attributed to

the definition of the numerical derivative in Eq. (3.5).

6It is also possible to evaluate the chiral condensate with the impurity tensor method [15, 26]. Since

Eq. (2.9) consists of eight types of tensor, however,we need to coarse-grain several kinds of tensor network
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𝜇 Dependence of Number Density

Jump around 𝜇≈3.0 ⇒ Another evidence of first-order phase transition
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Figure 6. Pressure at m = 0.01 as a function of µ on 1284 and 10244 lattices.
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Figure 7. Particle number density at m = 0.01 as a function of µ on 1284 and 10244 lattices.

4 Summary and outlook

We have investigated the restoration of the chiral symmetry of the NJL model in the

dense region at very low temperature employing the Kogut–Susskind fermion action on

the extremely large lattice of V = 10244, which is essentially in the thermodynamic limit

at zero temperature. The first-order phase transition is clearly observed using the chiral
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3.2 Chiral phase transition

We investigate the chiral phase transition employing the chiral condensate h�̄(n)�(n)i, as
an order parameter, which is defined by

h�̄(n)�(n)i = lim
m!0

lim
V!1

1

V

@

@m
lnZ, (3.2)

in the cold region. We calculate h�̄(n)�(n)i with the numerical derivative of thermodynamic

potential and the chiral extrapolation with the corresponding results at finite mass in the

thermodynamic limit6. In this study, the partial derivative in Eq. (3.2) is numerically

evaluated via

@

@m
lnZ ⇡ lnZ(m+�m)� lnZ(m)

�m
, (3.3)

with �m = 0.01. In Fig. 4 we plot the µ dependence of the chiral condensate at m = 0.01

and 0.02 on the L
4 = 10244 lattice. The signals show slight fluctuations as a function

of µ around the transition point. Away from the transition point, we have found little

response in h�̄(n)�(n)i to changes in mass. Figure 5 presents the results in the chiral limit

obtained by the chiral extrapolation with those at m = 0.01 and 0.02 on two volumes of

L
4 = 1284 and 10244. It is hard to find the di↵erence between the L = 128 and 1024 results.

This allows us to consider the L = 1024 result to be essentially in the thermodynamic

limit. We observe the discontinuity from a finite value to zero for the chiral condensate at

µc = 3.0625± 0.0625, which is a clear indication of the first-order phase transition.

3.3 Equation of state

Equation of state is a relation between the pressure and the particle number density. Here

we presents both results as a function of µ, respectively. In the thermodynamic limit, the

pressure P is directly obtained from the thermodynamic potential:

P =
lnZ

V
, (3.4)

where the vast homogeneous system is assumed. In Fig. 6 we plot the µ dependence of the

pressure at m = 0.01. We find a kink behavior at µc = 3.0625 ± 0.0625, where the chiral

condensate shows the discontinuity. Note that the m = 0.02 result shows little di↵erence

from the m = 0.01 one.

The particle number density is obtained by the numerical derivative of pressure in

terms of the chemical potential:

hn(µ)i = @P (µ)

@µ
⇡ P (µ+�µ)� P (µ)

�µ
. (3.5)

The µ dependence of hni is shown in Fig. 7. We observe an abrupt jump from hni = 0

to hni = 1 at µc = 2.9375 ± 0.0625. This is another indication of the first-order phase

transition. The small shift of µc compared to the chiral condensate case is attributed to

the definition of the numerical derivative in Eq. (3.5).

6It is also possible to evaluate the chiral condensate with the impurity tensor method [15, 26]. Since

Eq. (2.9) consists of eight types of tensor, however,we need to coarse-grain several kinds of tensor network
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Summary

What we have achieved so far
• Studies of various 2D models
− Show that the TRG method is free from sign problems
− Development of algorithms for scalar, fermion gauge theories

• Studies of 4D models 
− Ising model
− Complex φ4 theory at finite density
− NJL model at finite density
− Real φ4 theory

Current status
• Research theme is moving from 2D models to 4D ones 
• A new research direction: Hubbard model in condensed matter physics
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