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TWISTED GRADIENT FLOW COUPLING OF SU(N) THEORIES

THE GRADIENT FLOW
Renormalization procedure where the gauge field  is replaced by a set of smooth, flow time 
dependent, fields  driven by the so-called “Flow equations”:

Aμ(x)
Bμ(x)

∂tBμ(x, t) = DνGνμ(x, t) Bμ(x, t = 0) = Aμ(x) SMOOTHING THE GAUGE FIELDS IN A RANGE 8t

Gauge invariant composite observables are automatically renormalized quantities for  

[arXiv:1101.0963]

t > 0

Renormalized couplings can be trivially introduced, as for example, with the energy density:

E(t) =
1
2

Tr (Gμν(x, t)Gμν(x, t))
THE COUPLING:    

λ(μ) = 𝒩 ⟨t2E (t)⟩
8t=μ−1
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TWISTED GRADIENT FLOW COUPLING OF SU(N) THEORIES

GEOMETRY AND BOUNDARY CONDITIONS
The twisted gradient flow (TGF) scheme is defined by introducing YM theories on an 
asymmetrical hyper-box of size . [arXiv:1903.08029 & arXiv:2001.03735]

SU(N)
l2 × (Nl)2

SHORT DIRECTIONS: TWISTED BOUNDARY CONDITIONS

 


 

Aμ(x + l ̂ν) = ΓνAμ(x)Γ†
ν,  for ν = 1,2

Γ1Γ2 = Z12Γ2Γ1

LONG DIRECTIONS: PERIODIC BOUNDARY CONDITIONS

l̃ ≡ N × l

Projecting within the sector of zero topological charge, the coupling definition adopted is:

λTGF(μ) =
128π2t2

3N𝒜(πc2)
< E (t) δQ >

< δQ >
8t=cl̃=μ−1
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Characterising the scheme (we use )c = 0.3



4SU(3) ANALYSIS

Finite size scaling allows to simulate large energy scales by linking the renormalization scale with 
the physical size of the box; consequently, we use the so-called step scaling function:

ΛTGF

μref
= lim

λTGF(μpt)→0 (b0λTGF(μpt))
−b1
2b02

exp ( −1
2b0λTGF(μpt) ) I(n)

TGF (λTGF(μpt)) × exp −∫
λTGF(μref )

λTGF(μpt)

dx
2βTGF(x)

σ(u) = λTGF(μ/2)
λTGF(μ)=u

EACH APPLICATION: 


∫
σ(u)

u

dx
βs(x)

= − 2 log 2

THE  PARAMETERΛ ΛTGF /μpt μpt /μref



SU(3) ANALYSIS
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r0 × ΛMS = 0.632(20)

8t0 × ΛMS = 0.603(17)
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We have determined  by running the TGF 

coupling, by doing the matching with SF data, 
and by matching with the 5-loop expansion of 

 scheme [arXiv:2107.03747]

ΛMS
μref

MS



6SU(5) ANALYSIS (WORK IN PROGRESS)

Extracted with the same procedure as SU(3), using the step scaling function to relate the high 
energy scale  and the perturbative one . μref μpt

THE  PARAMETERΛ

Same renormalization condition as SU(3), as  is the quantity with “good” N scalingλTGF



ΛMS
μref

= 0.215(16)



7FINITE VOLUME EFFECTS

TESTING FINITE VOLUME EFFECTS PER PLANES

L

NL

NL

We separate the computation per planes:


✓ TT: plane having non-trivial twist in both directions.


✓ PT: four planes sharing one direction with the twisted planes.


✓ PP: plane orthogonal to the twisted one. 

 is fixed by doing the matching between the coupling in the total computation and the 
coupling in each plane. The symmetry of the box is tested with the ratio:
μref

R(ΛTGF) =
ΛTGF(Plane)

ΛTGF(All)
 IN THE FULLY SYMMETRIC CASER → 1
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MATCHING BETWEEN PLANES AND TOTAL COMPUTATION

Plane
Total 0.418(17) ——————

TT 0.543(23) 1.299(74)

PT 0.385(16) 0.921(52)

PP 0.417(16) 0.999(55)

ΛTGF/μref R(ΛTGF)

FINITE VOLUME EFFECTS: SU(3)



1

λPlane(μ)
−

1
u(μ)

=
3

∑
n=0

ckuk + ( 1
L̃2 ) ×

Nl

∑
n=0

ρkuk

u(μ) = λT(μ)

All ratios close to 1
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FINITE VOLUME EFFECTS IN THE STANDARD SET-UP
A measure of the range of finite volume effects can be obtained by comparing TT and PP 
calculations, and more over its differences with the standard set-up at large values of . c

40 % DIFFERENCES AT STRONG COUPLING

L̃ = 12 |c=0.9  VS L̃ = 36 |c=0.3

FINITE VOLUME EFFECTS: SU(3)

NOT EXCEEDING 10 % LEVEL

 λTT VS λPP

RECALL:
μ−1 = cL̃
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MATCHING BETWEEN PLANES AND TOTAL COMPUTATION

Plane
Total 0.436(33) ——————

TT 0.545(44) 1.25(14)

PT 0.465(34) 1.07(11)

PP 0.401(31) 0.92(10)

ΛTGF/μref R(ΛTGF)

MORE ANALYSIS IS NEEDED, WITH EXTRA VALUES OF 
 COMING SOONN

FINITE VOLUME EFFECTS: SU(5) (WORK IN PROGRESS)

 for SU(3)
ΛTGF
μref

= 0.418(17)



CONCLUSIONS 11

‣ We have investigated the running coupling of  YM theories for several values of  using a finite size 
scaling technique that combines three main ingredients: a coupling based on the gradient flow, twisted 
boundary conditions and an asymmetrical geometry. 


‣ We have determine  in units of  and  for the case of , obtaining good agreement with the 
literature. We want to stress that very precise determinations of  can be made within this scheme, that 
can be used via a non-perturbative matching between QCD and the pure gauge theory using heavy 
quarks, into a very precise determination of , a key quantity for phenomenology in high energy 
physics. [arXiv:1912.06001]


‣ This scheme is specially suitable for extracting the  dependence of the -parameter, as the 
computation is cheaper than a brute force approach. We have presented some results for  and more 
values of  will be coming soon.


‣ We have explored the finite volume effects of these calculations. We computed  per planes in both 
 and , and the extracted ratios  are close to 1 in both cases. 

SU(N) N

ΛMS 8t0 r0 SU(3)
ΛMS

αs

N Λ
SU(5)

N

ΛTGF
SU(3) SU(5) R(ΛTGF)



THANKS 12

THANK YOU FOR YOUR ATTENTION. 
QUESTIONS?



13BACKUP

RATIO OF TGF AND MS

RATIO  AS A 
FUNCTION OF 

log (ΛTGF/ΛMS)
̂θ = k̄/N



14BACKUP

TOPOLOGY FREEZING
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 FM
a = 0.023524(96) 0.031141(11) 0.045691(92)

l̃ ∼ 1.1


