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OUTLINE

• WHY                        

• HOW                      ( FEM  Classical  to QFE with UV CT) 

• PROGRESS             (Theory & Numerics) 

• NEXT STEPS           (Opportunities  and Challenges)



WHY 

¥Prove Lattice can deÞne QFT on Smooth  Manifolds

¥Conformal Field Theory  naturally live on Spheres

¥AdS/CFT connects bulk  Hyperbolic to CFT Spheres

¥Radial Quantization can accommodate exponentially 
growing scales  for BMS  Higgs theories
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*All ßat space perturbatively Renormalizable  QFT are general believed to be 
perturbatively Renormalizable on Smooth Riemann  Manifold:
see  M. Luscher, H. Osborn &Literature in 1990Õs et al. 



Lattice Radial Quantization to  BSM Theories

Potential advantage:

1 < t < aL =) 1 < ⌧ = log(r) < L

Goal for BSM theories?  Begin with exact CFT in the IR and 
study  spectral flow due to adiabatic “mass” deformation
of Dimensions to Masses as the Dilatation reverts to the 
Hamiltonian.



Constructing the Classical Simplicial Lattice 

Classical Simplicial Action
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REGGE:  Piecewise linear metric FEM:  Piecewise linear fields 
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Simplicial Complex/Delaunay Dual Complex + 
Regge ßat metric on each Simplex 

Actually fancier methods: Discrete Exterior 
Calculus (scalar), Spin connection (Fermion), 

Wilson links (gauge) , etc.
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FINITE ELEMENTS EXACTLY CONVERGE TO ALL CLASSICAL SOLUTIONS



 SPHERES AND CYLINDERS ARE NICE* 

Rd ! Sd

Sd R⇥ Sd�1 AdSd+1

MAXIMALLY SYMMETRIC SPACES  

• Conformal Field Theory are more easily studied on Sphere, Cylinders (Radial 
Quantization) and Hyperbolic Spaces (Gauge/Gravity Duality)
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But Dirac needs Spin Connection (Kahler Dirac doesnÕt)
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See next talk + 3 by Shoto Aoki 



UV: Gaussian FP
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TEST PROBLEM: PHI 4TH  CFT  IN 2D & 3D.
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Start with maximum regular Tessela1on

l = 0 (A),1 (T1) , 2 (H) are  irreducible 120 Icosahedral 
subgroup of O(3)

1/p + 1/q > 1/2 for regular positive curvature tessellation



FEM FIXES SPECTRAL DEFECTS  OF  LAPLACIAN ON SPHERE

For s = 8 Þrst  (l+1)*(l +1) = 64 eigenvalues

l, m

BEFORE FEM AFTER FEM 

Spectral Splitting of 120 element Icoshedral Group 



Restoring Isometries for  ON A SIMPLICIAL COMPLEX
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Hypercubic (FEM) Lattice Spherical Simplicial (FEM) 

QUESTION: Is renormalized perturbation theory at the UV Þxed point enough 
to uniquely/correctly  deÞne the IR Quantum Field Theory?

UV

IR

Now Add  One Loop CT

SEE NEXT TALK BY
EVAN  OWEN!
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NUMERICAL TEST against Exact c=1/2 Ising CFT

µ2 s rmin  r  rmax norm �✏ �2
✏ c

1.82241 9 0.25  r  0.75 0.2900 1.075 0.2536 0.4668
1.82241 9 0.30  r  0.70 0.2901 1.075 0.2533 0.4704
1.82241 9 0.35  r  0.65 0.2902 1.077 0.2533 0.4738
1.82241 9 0.40  r  0.60 0.2902 1.016 0.2427 0.4747
1.82241 18 0.25  r  0.75 0.2051 1.068 0.2563 0.4866
1.82241 18 0.30  r  0.70 0.2051 1.056 0.2544 0.4878
1.82241 18 0.35  r  0.65 0.2051 1.050 0.2535 0.4904
1.82241 18 0.40  r  0.60 0.2051 1.046 0.2526 0.4884
1.82241 36 0.25  r  0.75 0.1457 1.031 0.2528 0.4926
1.82241 36 0.30  r  0.70 0.1458 1.026 0.2519 0.4932
1.82241 36 0.35  r  0.65 0.1458 1.018 0.2508 0.4931
1.82241 36 0.40  r  0.60 0.1458 1.007 0.2486 0.4933

Lattice Sizes:  N = 32+ 10 s^2 sites 
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Now Verify against CFT Bootstrap Methods — find Central Charge etc

Phi^4 in 3D on R x S2 boundary of AdS3
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Test Restoration of Spherical Symmetry as a Ñ> 0 

Correlation Ratios of Icosahedral Irreducible Representations 
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Improvement Scheme 

Lattice Test against very precise CFT Bootstrap constraint  

Exact Ricci term
at lambda = 0



 

(2! ! 5ArcCos[1/ 3])/ (2! ) = 0 .0204336

AristotleÕ s 2% DeÞcit angle Error!

3 Spheres Starting  600 regular Tetrahedrons! 

Software Goal: Fast Code on o  
Regular  3D sub-grids 

The full symmetry group of the 600-cell is the Weyl group of H4. This is a group of order 14400 = 120*120.  
It consists of 7200 rotations and 7200 rotation-reflections. The rotations form an invariant subgroup of the 
full symmetry group.

S3 =! R " S3

https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher
https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher
https://en.wikipedia.org/wiki/Symmetry_group
https://en.wikipedia.org/wiki/Weyl_group
https://en.wikipedia.org/wiki/H4_(mathematics)
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Rotation_(mathematics)
https://en.wikipedia.org/wiki/Invariant_subgroup
https://en.wikipedia.org/wiki/Symmetry_group
https://en.wikipedia.org/wiki/Weyl_group
https://en.wikipedia.org/wiki/H4_(mathematics)
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Rotation_(mathematics)
https://en.wikipedia.org/wiki/Invariant_subgroup


 

Triangle Group Tesselation: 
Preserve Finite subgroup of the Modular Group 

Hyperbolic (e.g. Poincare Disk)  and Global AdS 

These Hyperbolic Tesselatoin are “Tensor Networks” : 
What can we do them as lattice Field Theories?

Hd ! AdSd

1/p + 1/q < 1/2  
Cameron Cogburn Thursday July 29 10:15

https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher
https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher


NEXT STEPS
1. Non-Perturbative Counter Terms  (Next Talk by Evan Owen) 

2. Asymptotic Freedom beyond super ren (O(N) in 2D & Gauge in 4D)

3. The 3 sphere for 4D Gauge theory on R x S3

4. AdSd+1:   Hyperbolic (R< 0)  map to CFTd (R>0)  (Judah Unmuth-Yockey  today, next 

talk + 2 by Muhammad Asaduzzaman  and Cameron Cogburn Thursday July 29 10:15)

5. SOFTWARE: GPT Toolkit on Simplicial Lattices?  (P. Boyle/C. Lehner et all we need your 

help! What about  all  Maximally Symmetric ManifoldsÑ content  R = -1, 0, 1)
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MAXIMALLY SYMMETRIC 
TRIANGULATIONS.

• Symmetry: Preserve maximal subgroup of isometries 
— very aid testing  and build correlators.

• Classical Convergence: Shape Regular  refinement to 
maximize “spectral fidelity” accelerated convergence 
and simplify quantum counter terms.

• Efficient Data Parallel Code: To refine with graphs that 
with regular geometries to enable fast data parallel 
code 


