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Renormalisation on the lattice

Renormalisation on the lattice poses challenges beyond those encountered in textbook discussions
Renormalisation procedures should be nonperturbative

%  Parameters of QCD Lagrangian typically renormalised by tuning physical parameters
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%  Composite operators require different approaches

- connect hadronic and perturbative scales

- matched to the MS-bar scheme via perturbation theory E g Rome-Southampton method NPB 445 (1995) 81

or Schrodinger functional NPB 384 (1992) 168

Study the feasibility of the gradient flow for defining a renormalisation procedure for local composite operators




Gradient flow and real-space renormalisation group

Block-spin transformation provides a real-space averaging or coarse-graining procedure

% leaves partition function invariant P, ( xb) — f ( ¢>
%  modifies parameters of the action and expectation values of operators g, — gz( )

In vicinity of a fixed point, scaling operators and two-point functions transform as

Gol(gi,x9) = (O(0)O(x0))

6 X1, G ; = b 2(d+7) G (b) b
O(g ,Io) O(gl ’:EO/ ) X >> b

Provides definition of the anomalous dimension of the operator/two-point function

d
Ao(gz(b)) = b@ log GO(gz(b)z fﬁo/b)

Gradient flow provides natural tool for coarse-graining - smears fields over a region ~ /87
Oy () = bW 120 (bay; 7)
Narayanan & Neuberger, JHEP 0603 064

Carosso, Hasenfratz & Neil, PRL 121 (2018) 201601 Lischer, JHEP 1008 071
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Renormalisation scheme: some preliminaries

Define the bare two-point functions

GolwaT) = / d*x (O(x, 24;7) Po () Gy (as;7) =

and introduce the bare double ratio

— Ro(rgy;7 =0

which renormalises as

—R Lo —
Ro(xy;7) = Z—oRo(x4; T)
%




Renormalisation scheme

Define the gradient flow scheme by imposing the renormalisation condition

Zo (W)Ro(zi;m)|

piT =c
2> 7/c

_ R(tree) (554; 7_)

which allows us to extract

7GF( - R(tree (x4;7) Gp(24;0
o \H
RO (334; T) W =c
3> 7/c
We further define the (nonperturbative) anomalous dimension
Yo = ~27-log Z§¥ (1)
dr
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Procedure

1. Calculate the renormalisation parameter nonperturbatively

—GF R(tree (x4;7)

7
o ) = R r) | e
2> 7/c

2. Calculate the anomalous dimension nonperturbatively

d
Yo = —2r——log Zg5" (1)

to move from low to high scales

3. Match to the MS-bar scheme using perturbation theory



Preliminary nonperturbative results
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nf=2 data from Hasenfratz & Witzel, PRD 101 (2020) 034514
nf=2+1 RBC/UKQCD DWF ensembles JHEP 1712 (2017) 008

—— N¢=2, 1-loop
--=- Nf=2, 2-loop
—— N¢=3, 1-loop
--=- N¢= 3, 2-loop

—#— Np=2+1,B=2.13,m=001
—~4— Np=2+1, =213, m=0.005
—— N;=2+1, =225 m=0004
—4— Nr=2+1, =225 m=0006
—— Ny=2+1,=2.25m=0008
—§— Np=2+1, =231, m=0002144

4 Ne=2,B=47
4 N;=2,B=438
4 Ni=2,B8=49
4 Ni=2,B8=50
4 N;=2,B8=52
4 Ni=2,B=56
4 N=2,B8=6.0
4 Ni=2,B8=62
4 Ni=2,8=70
4 N;=2,B8=85

PRD 83 (2011) 074508
PRD 78 (2008) 114509

Similar approach proposed in
Fodor et al., EP] Web Conf. 175 (2018) 08027

See also:
R. Harlander Tuesday O07:15

C. Peterson Wednesday 22:30

K. Holland Wednesday 22:45

J. Kuti Thursday 21:00

A. Hasenfratz Thursday 21:15
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Preliminary nonperturbative results
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See: M. Rizik Wednesday 07:30

Perturbative analysis

Parallel perturbative calculations

% Perturbative matching to MS-bar scheme
% Perturbative analysis of tree-level discretisation effects

Proof-of-principle matching calculation: calculate matching coefficient
AZo = 25 (1) — Z55(1)

Standard momentum-space perturbative representation of correlators

- leads to challenging integrals at NLO
- oscillatory factor complicate numerical integration

Tree level
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https://indico.cern.ch/event/1006302/contributions/4375413/

Preliminary perturbative calculations

Consider first Recall: nonperturbative scheme defined via
Lij(1) = /d4w (Oi(2;7)0;(00)) Lij(ras7) = /d3X (Oi(x, 24;7)0;(0;0))
Results depend on choice of bilinear operator, but can be written

L) =00 {1+ 20 52— ) (L ogtopr) 402 ) + o 0] +0(")}

T N

operator-dependent scheme-dependent
constant finite part

LO correlator

Generates correct leading-order anomalous dimension, e.g. for the pseudoscalar case

. : RP(T) o QCQ(F) 4
vp = =270, log —Rg)(T) = —06g (i)’ + O(g)
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Conclusions

Gradient flow provides controlled, continuous smearing for fields on the lattice

Introduced the gradient flow scheme to nonperturbatively renormalise local composite operators

Nonperturbative

Gauge-invariant

Provides nonperturbative step-scaling procedure
Defined for both small- and large-volume regimes

* % %

Preliminary nonperturbative results available and perturbative analysis underway
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Thank you!

Chris Monahan

cjmonahan@wm.edu
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Gradient flow

Continuous one parameter mapping - evolves fields to classical minimum

8TBM = D,,GW + onDMé?VBV DMGW = @Gyo— — [Bw GW]

o-x = D,D"x — a0, B, X D, x = 0ux + Bux G = 0uB, — 0,B, + [B,, B,
Provides controlled, continuous smearing

%  Gauge invariant
%  Nonperturbative
%  Renormalised correlation functions remain finite, up to a multiplicative wavefunction renormalisation

Solving the flow equations at leading order

B,(p) = ¢ 7 Au(p) + O(g) Bylr=o = A,

X(p) = e 7h(p) + O(g) X|r=0 = ¢
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Preliminary perturbative calculations

For any bilinear i, we will need the NLO calculation for ¢ and the vector:

- o (F) - . 1 :
= C(Y;(r)g i {(Bf —4) [; + log(87rt)] —6log3+20log2 +2B? —2B; — 2+ 0(6)}

where B; = (2,-2,1,—1,0) and

2 dim(F 2—d /e 4 .. .
"éong?T)(&ft)z 2 ity + O(m), i,j=25,5
dim(F 2— 4(d— ..
k2 (fjggzt) fSﬂ)z d/2 dgd_dzg +O(m), i,j=PP
(0 2 dim(F 2 4(d—2 . 4
(00 = ) -k BB SR 2R, O, 1§ =V.V ()
.2 dim(F

— 4(d—6 N ..
AW(SW”Z %2 d%d—z%éﬂl’ + O("n! 6) i,j=AA (7#75: 71/"/"5)

2 dim(F — A(d—4) ¢[p co P
2 e (8mrt)2 -2 R D60 + O(m), i j =TT (0 o)

Renormalizing only the coupling, so that g2 = u?¢g? + O(g?), we have

~ . ,Co(F 1 .
L= pgg.) {1 + ¢? C(:’fr); {(B? —4) (Z + log(2%t) + A,E) —6log3 +20log2 +2B? — 2B, — 2 + (9(5)] + O(g“)} .
Using
I 5(F) B? — 4
8t _ s _gZCZ( ) 1

FO e

We have

5 C2F
vp = —2t9, log[Rp(t)/RY (t)] = —64° n?

+ O(gh).
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