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Framework: Hamiltonian Formalism

PHYSICAL REVIEW D VOLUME 11, NUMBER 2 15 JANUARY 1975

Hamiltonian formulation of Wilson’s lattice gauge theories

John Kogut*
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14853

Leonard Susskind®

Belfer Graduate School of Science, Yeshiva University, New York, New York
and Tel Aviv University, Ramat Aviv, Israel .
and Laboratory of Nuclear Studies, Cornell University, Ithaca, New York

(Received 9 July 1974)

Wilson’s lattice gauge model is presented as a canonical Hamiltonian theory. The structure of the
model 1s reduced to the interactions of an infinite collection of coupled rigid rotators. The
gauge-invariant configuration space consists of a collection of strings with quarks at their ends. The
strings are lines of non-Abelian electric flux. In the strong-coupling limit the dynamics is best described

in terms of these strings. Quark confinement is a result of the inability to break a string without
producing a pair.
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Quantum simulation of LATTICE-QCD: A BRIEF STATUS REPORT

Quantum Computing/Simulating QCD - Gauge theory,
SU(3) in 3+1 dimension

Too complicated to start with!

Slmple yet similar theories: B U(1) gauge theory: Quantum Electrodynamics (QED)

Simple theory: discrete gauge theories Z  gauge theory; Z, gauge theory in 2+1 dimensions
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Quantum simulation of LATTICE-QCD: A BRIEF STATUS REPORT

Simplest, non-abelian gauge theory: SU(2) gauge theory
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Readily available toolbox: Classical com putatiOn
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Simplest theory toanalyze: = SU(2) LGT in 1+1 dimension
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Computational technique: Exact diagonalization
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Renewed interest in Hamiltonian LGT

Purely Bosonic Formalism

PHYSICAL REVIEW D 99, 114511 (2019)

Removing staggered fermionic matter in U(N) and SU(N) lattice
gauge theories

Erez Zohar
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Kogut Susskind Formalism
[SU(2), staggered fermions
in1+1 d]

Solve Gauss Law,

Purely Fermionic
Formalism
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Variational study of U(1) and SU(2) lattice gauge theories
with Gaussian states in 1+ 1 dimensions
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Loop, string, and hadron dynamics in SU(2) Hamiltonian
lattice gauge theories

Global symmetry sector and boundary

condition must match

Indrakshi Raychowdhury"" and Jesse R. Stryker™'
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Identical Hamiltonian and spectrum

Minimal Angular Momentum

Identical Global Symmetry Properties

Loop-String-Hadron

Basis

Formalism

Alternate model: Quantum link model, topic of the next talk in this session




Pros.

Cons.

 Minimal and physical basis

e Additional cost for imposing Gauss’ law.

e Calculation involves SU(2) CG coefficients, SU(3)
generalization is nontrivial.

e Physical basis is linear combination of angular
momentum basis, exponential cost.

* No fermionic degrees of
freedom, useful in higher
dimensions.

e Additional U(1) gauge field is introduced (i.e additional
cut-off effect), at the cost of removing fermions using
Gauss law.

e All the non trivialities of angular momentum basis still
exists.

*No bosonic degrees of freedom,
no cut-off effect.

e Only valid in 1 spatial dimensional lattice with open
boundary condition.

* Minimal and physical basis.
* | ocal description of gauge
invariant Hilbert space

e States are 1-sparse.

* Valid for any dimensions and
any boundary condition.

* Involves extra lattice-sites and links in higher
dimension.
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Should be more useful for Hamiltonian simulation.
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(I) Hilbert-space construction,
(II) Hamiltonian generation,
(III)Observable computation.

Cumulative cost of Hamiltonian simulation

An explicit comparison: for N = 20,
Angular-momentum formulation (with /1 = N)
requires 160 orders of magnitude larger
computing resources than the LSH formulation,
while the fermionic formulation requires 20

orders of magnitude lesser resources than the
LSH formulation.




Conclusion:
— e

Loop-String-Hadron formalism is more convenient to work with, at least in lower dimension.

An explicit example: 2 staggered site lattice with open boundary condition
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Explicit calculations using the most convenient framework:
——————

N=6, PBC, the symmetry sector connected to strong coupling vacuum

~
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EXEIiCit calculations using exact diagonalization N=6, PBC, the symmetry sector connected to strong coupling vacuum

Effect of
finite cut-off

e 2

Important to analyze for any
bosonic
Hilbert space
such as, LSH or angular
momentum basis

v

Quantifying truncation error,
Asymptotic scaling
behavior matches previous
studies




Explicit calculations using exact diagonalization

| T—

N=6, PBC, the symmetry sector connected to strong coupling vacuum

—

In the real time dynamics
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In the spectrum

_— 5 s o 283 o t=20 O =100
k finite cut-off
ZZ: 7 v ————— 0 -qu

~0.05F | | | % r =1
| Important to analyze forany &| o
\%2 ‘04 bOSOnIC g 245? F—F—F
R Hilbert space £ | -
‘ml oo such as, LSH or angular i j : :
1l | 02 . | T & .
RS momentum basis S ot , © 0 T G .

S]Lﬂ —().6? g 280} % O

by L | S | o . o
Quantifying truncation error, o O oS8
Asymptotic scaling s [ SR
A . . 2.86} x = 400
| | __behavior matches previous B 4 S

The dashed lines denote the first A values at which the \
A

corresponding scaled energies become equal or less

studies

When possible, the points are fit to N' = Ae Z* + C and
the colored regions associated with each t are excluded from
such fits.

than 10% of their values at A = 8 (which are

approximated as the infinite cut-off) x: dimensionless Cgupling



Continuum limit:

 bulk limit — outside the scope of exact diagonalization
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Explicit calculations using exact diagonalization

Cogti_nuum_[mit:

 bulk limit™ outside the scope of exact diagonalization
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Tensor network simulations of a manifestly
gauge-invariant SU(2) lattice gauge theory
formulation

Other technique: tensor network calculation: talk by Bapat, A

Thursday, July 29, 2021 9:15 PM (15 minutes)



Explicit calculations using exact diagonalization
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Other technique: tensor network calculation: talk by Bapat, A
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Hamiltonian simulation of non-Abelian LGT demands for convenient framework and basis.

With the original Kogut-Susskind formalism: beyond Schwinger model is extremely difficult.

Among many available formalisms of the theory, the Loop-String-Hadron formalism is
demonstrated to be particularly useful.

Immediate and straightforward applications both in analog and dig'ital simulation has
demonstrated profound advantages over any other framework

PHYSICAL REVIEW RESEARCH 2, 033039 (2020) arX|V20091 39069 UMD-PP-020-8

Cold Atom Quantum Simulator for String and Hadron Dynamics in Non-Abelian
Solving Gauss’s law on digital quantum computers with loop-string-hadron digitization Lattice Gauge Theory
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Looking forward:
LSH formalism of QCD

You




Backup slide# 1 d=1

Hamiltonian, describing dynamics of loops, strings and hadrons.

H(LSH) _ H}LSH) 4 HEDLSH) 4 H](\}I,SH)
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X 5 | , The strong-coupling vacuum of the LSH Hamiltonian is
_ given by
H(LSH) —m 1) (i (z) + g (), ni(x) =0, for all z,
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Backup slide# 2

LSH Formulation: key ingredients

Local SU(2) invariant Hilbert space »n, € {0, 1}

@}e{)

Impose a cut-off j

| ny, n;, 1) | 115, b3, 31)

at matter gauge vertex in any dimension at pure gauge vertexind > 1

m { ,-j} e {0, 2j)

Local constraint on each link: Abelian Gauss’ law
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Backup slide# 3 d> 1
Qubit Cost Analysis

Qubit Cost Comparison (d = 2)
100 150

Qubit Cost Comparison (d = 3)
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Comparing to Quantum Link Model: SU(2) in 1+1d rrosserd ste s rrosgered stew?
o () \ et (2) o (a+1) \ oi(z+1)
(QLM) (QLM) | 77(QLM) | 77(QLM) | r7(QLM) () L) () " (i)
H = H, "4+ H,”"" +Hp +Hy ok T By, B@ Br(®) iy Brl@+ )
M) (z) M (a+1)
Na _ Ta a M a |M] B ()B4 1) lF ()R (5
G (:C) = —EL(Z') _I‘ ER(CIZ — ].) -I‘ CL ]T(x)TS,S’CS/ (:E) <?L] e ?R”Ex:::i) CE o JfR]TEm:I)>
| _ ) A (QLM) # (LSH) "~ o | | | )
HE =1 37 | @) @) (@ +1) + e Spectrum of H Spectrum of Finite dimensional Hilbert
B : : : space, popular as the
_ AIMIt (N AL (o AR M) Exponentially expensive than LSH in 1+1d _ _
th @A @A @+ D@+ 1) +he ) P yexp . framework for simulating
o gauge theories.
HOM — log(R) = 0.050 + 0.996N — 0.01N?
2 0 In 1+1d, with open
Q0 "
. . boundary conditions
QUM _ 98N (B2 0 1) 4 B2 S 4 . ,
g Z (Bl = 1) + B (o) LSH/KS Hilbert space
_ 3% 35 [( o 1) 4P o 1 20 | | | | has much smaller
' 2 4 6 3 dimensions.
2n[ Ju— -1) ! N J _ .
- QLM in higher dimension
(L] ALl () — on Ll = ratio of the dimension of the physical Hilbert space in
" ( iy (@) + Ay (z) - 20 the QLM to that in the KS formulation (or equivalently may become USGf.Ul to
the LSH formulation) when the cutoff is set to its sat- simulate the physics of
urating value with OBC. interest.
Z [n[SM] (z) + nl(z) + nlB (:U)] = const. * HM = 5 Z [det Uz, z+ 1)+ h.c.] LSH is efficient and
s=1,{ accurate for near term
L ~| L AR ~|R . .
= 62[ M @) (@)e (@ + 1) (@ + 1) +he] quantum simulations.
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