
P-Wave Two-Body Bound and Scattering States in a Finite Volume
including QED

Gianluca Stellin1,2 and Ulf-G. Meißner1,2,3,4

Eur. Phys. J. A 57, 1, 26 (2021)
1 Helmholtz Institut für Strahlen- und Kernphysik, Universität Bonn, Nußallee 14-16, 53115 Bonn, Germany

2 Bethe Center for Theoretical Physics, Universität Bonn, Nußallee 12, 53115 Bonn, Germany
3 Institute for Advanced Simulation, Insitut für Kernphysik and Jülich Center for Hadron Physics, Forchungszentrum Jülich, 52425 Jülich, Germany

4 Ivane Javakhishvili Tbilisi State University, 0186 Tbilisi, Georgia

Abstract
The mass shi�s for two-fermion bound and scattering P-wave states subject to the long-range interactions due to QED in the non-relativistic regime are presented. Introducing a short range force coupling the spinless fermions to one unit of angular momentum in the
framework of pionless EFT [1, 2], we first report the two-body scattering amplitudes with Coulomb corrections in the infinite-volume context. Motivated by the research on particle-antiparticle bound states, we show the T-matrix elements and the leading scattering
parameters for fermions of identical mass and opposite charge. Second, we immerse the system into a cubic box with periodic boundary conditions and we display the finite-volume corrections to the energy of the lowest bound and unbound T−1 eigenstates. In
particular, power law contributions proportional to the fine structure constant and resembling the recent results for S-wave states are found [3]. Higher order terms inα are neglected, since the gapped nature of the momentum operator in the finite-volume environment
allows for a perturbative treatment of the QED interactions. Some hints concerning the extension of the analysis to D-wave short-range interactions are eventually given.

Motivation & Objectives
The main goal is the analytical understanding of the distortions induced by a finite cubic configuration space on the energy eigenvalues and eigenfunctions of two fermions subject to both strong and electromagnetic (EM) interactions. The motivations underlying this work are twofold, thus reflecting its internal structure:

I Internal structure of the protonium.

I Infinite Volume: Extension of the nonperturbative treatment of EM (Coulomb) interactions on top of pionless EFT in ref. [1] to the context of P-wave fermion-fermion and fermion-antifermion scattering

Applications: low energy proton-proton scattering in the repulsive case and protonium (pp̄ states) in the attractive case

I Finite Volume: Extension of the mass-shi� formulae for bound and scattering states in a cubic box with periodic boundary conditions as in ref. [3] to short-range interactions coupling the fermions to one
unit of angular momentum

Applications (Lattice QCD + QED) [4]: bound states of like hadrons appearing at unphysical values of the pion masses (currently observed only in the S-wave channel in absence of QED) in the repulsive case
and hadronic molecules in the attractive case. These are bound states found in the vicinity of a two-particle threshold. Such two-hadron systems are observed in S-wave, but the the hidden-charm pentaquark
statesPc(4380) andPc(4450) located below the thresholds at 4385.3 and 4462.2 MeV are candidtates for ` = 1 molecular states (cf. ref. [5]). I Representation of a hadronic molecule.

Infinite-volume Formalism
Our analysis is based on pionless E�ective Field Theory (EFT) [2, 6, 7]. The
theory describes the strong interactions between nucleons at energy scales
smaller than the pion mass,Mπ [8]. The matter fields are non-relativistic, thus
allowing for the introduction of a small expansion parameter |p|/M , where p
is the momentum of the fermion of massM .

IWe select the interactions transforming as the 2`+ 1-dim. irrep of SO(3),

V (`)(p,q) ≡ 〈q,−q|V̂(`)|p,−p〉

=
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where

. P` is a Legendre polynomial

. c
(`)
2j are low-energy constants (LECs)

. |p,−p〉 are free 2-body states in the center of mass (CoM) frame.

As in ref. [3], in our case we encode the terms within the backets by a single
coe�icient,D(E∗), depending on the CoM energy of the colliding particles.

I For P-wave strong interactions, the Lagrangian density assumes the form
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∇ denotes the Galilean invariant derivative for spinless

fermion fields, ψ. Recalling the Feynman rules, two-body elastic scattering
processes without QED are represented by chains of bubbles.

. Two-fermion elastic scattering diagrams in absence of QED

IWe consider QED in the non-relativistic regime, in which the Lagrangian density in ref. [9] for spinor fields Ψ assumes the form,
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where E = −∇φ− ∂tA & B = ∇×A and
. D = ∇+ ieA is the covariant derivative

. . . and the ellipses contain higher order covariant derivatives,O(v8/c8) [9].

Since the Coulomb force dominates at very low energies and trans-
verse photons couple proportionally to the momentum of the fermi-
ons, we retain only the scalar field and its LO coupling to the ψs, as
in ref. [1].

IWe add to the above Lagrangian density the one involving the electrostatic
potential and its leading-order coupling to the spinless fermions,

LNRQED corr = −
1

2
∇φ · ∇φ− eφ ψ†ψ .

. In momentum space, the Coulomb force, regulated by an IR cuto�, reads

VC(p,q) ≡ 〈q,−q|V̂C|p,−p〉 =
e2

(p− q)2 + λ2
.

The T-matrix is enriched by new classes of diagrams, in which the scalar
photons either between the external legs and within the loops emerge.
.Unlike transverse photons, the Coulomb ones do not propagate between dif-
ferent bubbles and lead only to the appearance of photon ladders within the
loops or between the external legs in the diagrams for two-body processes.

. The Coulomb Green’s function as a superposition of Ladder diagrams.

I The S-matrix element is determined by the overlap between an incoming,
|χ(+)

p 〉, and an outcoming, |χ(−)
p′ 〉, fully-interacting state,

S(p′,p) = 〈χ(−)
p′ |χ

(+)
p 〉 = (2π)3δ(p′ − p)− 2πi δ(E′ − E)T (p′,p)

where T (p′,p) is the superposition of (cf. ref. [?])

. TC(p′,p), the electrostatic scattering amplitude≡ 〈p′|V̂C|ψ
(+)
p 〉

. TSC(p′,p), the strong scattering amplitude modified by the Coulomb
ladders, equal to 〈ψ(−)

p′ |V̂S|χ
(+)
p 〉

and ψp are Coulomb eigenfunctions. Provided the potentials are central, the
latter amplitudes admit a partial wave expansion in terms of Legendre polyno-
mials of the cosine of the scattering angle and the phase shi�s. In our case

TSC(p′,p) = −
12π

M

[
e2iδ1 − 1

2i|p|3

]
e2iσ1p · p′

where

. σ1 = arg Γ(2 + iη) is the Coulomb phase shi�

. η ≡ Z1Z2αM/2|p| governs the viability of the perturbative
treatment of the Coulomb interaction.

Repulsive Channel

We consider fermion-fermion scattering. In this case η = αM/2|p| > 0 and,
thanks to the properties of the scalar photons, the T-matrix can be written in
terms of the sum of a geometric series of ratioD(E∗)JC,

TSC(p′,p) = ∇′ψ(−)∗
p′ (r′)

∣∣∣
r′=0

·
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where JC is the matrix produced by twofold derivation of the retarded (+) two-
body Coulomb Green’s function,

(JC)ij = ∂i∂
′
jG

(+)
C (r, r′)|r,r′=0

explicitly:
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where ψ
(±)
p are the in (-) and out (+) going spherical waves, satisfying

ψ
(−)
p (r) = ψ

(+)∗
−p (r) and susceptible of the angular momentum expansion

ψ
(+)
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where p̂ (r̂) are unit vectors to p (r) and
. F`(η, |p|r) is the Coulomb wavefunction with angular momentum `

for unbound states regular at the origin (unlikeG`(η, |p|r)) [10]

I Exploiting the P-wave e�ective range expansion (ERE)

p2
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) [
C2
η |p|(cot δ1 − i) + αMH(η)

]
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for the repulsive Coulomb potential, where

H(η) = ψ(iη) +
1

2iη
− log(iη)

andψ(z) is the Digamma function, and evaluating JC in dimensional regular-
ization (DR) in the PDS scheme [6, 7], an expression for the scattering length
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and the e�ective range parameter are obtained

r
(1)
0 = αM

[
2

3− d
+

8

3
− 3γE + 2 log

µ
√
π

αM
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where
. µ is a renormalization mass, . ζ(3) ≈ 1.2021 is the Apéry constant

. γE ≈ 0.5772 is the Euler-Mascheroni constant.

Attractive Channel

We consider fermion-antifermion scattering. Now η = −αM/2|p| < 0 and
we defineD(E∗) as the constant of the strong force. The T-matrix becomes

TSC(p′,p) = ∇′ψ(−)∗
p′ (r′)

∣∣∣
r′=0

·
D(E∗)
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Now JC = Jd
C + Jc

C, where Jd
C comes from the eigenstates φn,`,m(r),
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of the discrete spectrum with energyEn = −α
2M

4n2 , namely
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+∑̀
m=−`

∫
R3

d3r′ δ(r′)

∫
R3

d3r δ(r)
∇′φn,`,m(r′)⊗∇φ∗n,`,m(r)

E − En + iε

whereLnk (x) are the associated Laguerre polynomials. By means of an anlog-
ous procedure based on the attractive P-wave ERE, from DR in the PDS scheme
we obtain expressions for 1/a

(1)
C and r(1)

0 . The latter are found to coincide
with the repulsive counterparts upon

. sign reversal ofα in the polynomial terms

. exchange ofD(E∗) withD(E∗).
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Finite-volume Formalism
I Aware of the role of numerical simulations for QFT in finite regions of the
configuration space, we transpose our system onto a cubic finite volume with
side L. We continue analytically fields and wavefunctions outside the cubic
box by means of periodic boundary conditions (PBCs).
I The new topology yelds manifold consequences:

. a free particle carries a momentum p = 2πn/L, where n is a dimen-
sionless 3D vector of integers;

. the validity of Ampère’s and Gauss’s law is compromised

 the zero modes of the photon are removed [3];

. the masses of composite spinless particles are modified as [11]

∆M ≡ML −M =
α

2πL

 Λn∑
n 6=0

1

|n|2
− 4πΛn

+O
(
α2; α

L2

)
.

With reference to the latter case, the finite-volume ERE takes the form

p2(1 + η2)[C2
η |p|(cot δL1 − i) + αMH(η)] = −

1
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(1)

+
1

2
r′0

(1)
p2 + . . .

where the primed quantities are the shi�ed lattice parameters:

1
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(1)

= r
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0 +

4αr
(1)
1 M
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and terms ofO
(
α2; α

L2

)
are omitted.

Remark

IWithout zero modes, in FV the momenta are |p| ≥ 2π/L, i.e. η ∼ αML

. ifML� 1/α then η � 1: large volume required

. in LQCDML� 1: QED can be treated perturbatively.

Quantization Conditions

I The quantization conditions (QC) determine the counterpart of the ` = 1
energy eigenvalues in finite volume (irrep T1 of the cubic group).

The eigenvalues of the full Hamiltonian of the system can be identi-
fied with the singularities of the two-point correlation function.

In infinite volume, the full two-particle Green’s function reads

G
(+)
SC (r′, r) = G

(+)
C (r′, r) +∇r1G

(+)
C (r′, r1)

∣∣∣
r1=0

·
D(E∗)

1−D(E∗)JC
∇r2G

(+)
C (r2, r)

∣∣∣
r2=0

In the finite volume environment:
. momentum integrals are replaced by 3D sums
. D(E∗) 7→ DL(E∗) but the above expression remains valid.

From the denom. of the 2nd term, the QC are drawn and regulated as in ref. [3]
1

DL(E∗)
−ReJ{DR}

C (p) = JLC(p)−ReJ{Λ}C (p)

where
. JLC is the finite-volume counterpart of JC, here truncated atO(α)

JLC(p) = −
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∞∑
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where Λ = 2πΛn/L, |p| = 2πp̃/L and n,m ∈ Z3

. ReJ{DR}
C is the dimensionally-regularized Hessian matrix of the re-

tarded Coulomb Green’s function,
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+

4

3
+ iπ + log
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. ReJ{Λ}C is the cuto�-regularized version of the same matrix,

J{Λ}C (p) = −
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2π2
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Lüscher functions

IExploiting the expression for JC, together with the one ofTSC and the ` = 1
component of the partial wave expansion for the same T-matrix, we obtain

p2(1 + η2)[C2
η |p|(cot δL1 − i) + αMH(η)]

= −
12π

MDL(E∗)
+ αMp2

[
4

3
−

3

2
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(
µ
√
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)]
where theO(α2) contributions from the FV mass are neglected.

IReplacingDL(E∗) with its espression arising from the trace of the QC in the
last equation, the finite-volume ERE can be rewritten as

−
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]
where
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are Lüscher functions [12] and the p̃-independent sum S0 vanishes.

The lowest unbound state

The lowest unbound 2-body state with `P = 1− in the infinite volume 7→ the
T−1 state in finite volume. Its total energy is 2M + ξ/M where ξ ≡ 4π2/L2.
I Recipe for the energy eigenvalueE(1,T1)

S :

. expand the Lüscher functions about δp̃2 ≡ p̃2 − 1

. rewrite the ERE as a polynomial of δp̃2

. truncate the ERE to order 0 in δp̃2 and obtain the first expr. forE(1,T1)
S

. improve the solution iteratively, by including higher powers of δp̃2.

Omitting some higher order terms present in the original formula, we write:

E
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+

4π2δp̃2
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=
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·
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(I(1) − 6)(2Ϙ0 + 2χ1) + 6(Ϙ1 − χ1 − 2χ2 + R̃(1) + 6J (1))

]
+ . . .

}
+ . . .

the ellipsis denotes higher order terms in 1/L times the scattering parameters.

The lowest bound state

IWe search now for the most tightly bound state. The momentum turns ima-
ginary and large p = iκ andL|κ|/2π = κ̃� 1. In this limit:

S1(iκ̃)→ −2π2κ̃ S2(iκ̃)→ −4π4 log(2κ̃) +
π2

κ̃
I(0)

S3(iκ̃)→
π2

2κ̃
− 2π2κ̃I(0) − 2π4κ̃2

IWe highlight the dependence of the ERE onα, by expandingκ in power series

κ = κ0 + κ1 + κ2 + κ3 + . . .

and obtain an expression for κ1 from the ERE in the large vol. limit (|κ| . 1).
The binding energy of the lowest eigenvalue follows . . .

E
(1,T1)
B (L) =

κ2

M
=
κ2

0

M
+ 2

κ0κ1

M
+ . . . =

κ2
0

M
+

2ακ3
0

3κ2
0 − r
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0 κ0

·
[
log

(
4κ0

αM

)
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1

2

]
+
αI(0)

πL
−

α

π3L3

2π4

κ2
0

1

3k0 − r(1)
0

.

Approximating the result further, we obtain an expression for the mass-shi�

∆E
(1,T1)
B ≡ E(1,T1)

B (∞)− E(1,T1)
B (L) ≈ −

αI(0)

πL
+

α

π3L3

2π4

3κ3
0

.

Remark

I∆E
(1,T1)
B has the same modulus and opposite sign w.r.t. the one for S-wave

bound states in ref. [3]. The same relation (cf. ref. [13]) holds in absence of QED!
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