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“ the theory ”

“ the observables ”



principles: unitarity,
locality, Poincare

luxuries: supersymmetry, 
extra dimensions, etc.
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“ S-matrix
     program ” 



-
2 ee[1, 5] ee[3, 4] pe[1, 2]

pp[1, 2] +
2 ee[1, 4] ee[3, 5] pe[1, 2]

pp[1, 2] -
2 ee[1, 3] ee[4, 5] pe[1, 2]

pp[1, 2] +
2 ee[2, 5] ee[3, 4] pe[2, 1]

pp[1, 2] -
2 ee[2, 4] ee[3, 5] pe[2, 1]

pp[1, 2] +
2 ee[2, 3] ee[4, 5] pe[2, 1]

pp[1, 2] -
2 ee[1, 2] ee[4, 5] pe[2, 3]

pp[1, 2] +
2 ee[1, 2] ee[3, 5] pe[2, 4]

pp[1, 2] -
2 ee[1, 2] ee[3, 4] pe[2, 5]

pp[1, 2] +

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2] -

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2] -

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2] +

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3] -

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3] +

2 ee[1, 4] ee[2, 5] pe[2, 3]
pp[2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[2, 3] +

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3] -

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3] -

2 ee[1, 4] ee[3, 5] pe[3, 2]
pp[2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[2, 3] -

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3] +

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[3, 4] -

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[3, 4] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3]
pp[3, 4] -

2 ee[1, 4] ee[2, 5] pe[4, 3]
pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[3, 4] -

2 ee[3, 5] pe[1, 2] pe[3, 4] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 4] pe[1, 2] pe[3, 5] pe[4, 1]
pp[1, 2] pp[3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 4] pe[1, 2] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] pe[1, 4] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[4, 5] pe[1, 2] pe[4, 1] pe[4, 3]
pp[1, 2] pp[3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[1, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[2, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[3, 2]
pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 3] ee[2, 5] pe[3, 4]
pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4]
pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5]
pp[1, 2, 3] -

2 ee[1, 3] ee[2, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5]
pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[4, 2]
pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3]
pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[1, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[1, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[1, 4] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[1, 5] pe[2, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[1, 5] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[2, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[1, 4] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[1, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[1, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[2, 4] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[2, 5] pe[3, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[1, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 3] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 2] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 3] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 5] pe[1, 2] pe[3, 1] pe[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[1, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 3] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 2] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 3] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[1, 2] pp[1, 2, 3] +

2 ee[3, 4] pe[1, 2] pe[3, 1] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[1, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[2, 1] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[1, 2] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 2] pe[3, 1] pe[4, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[1, 4] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[1, 5] pe[2, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[1, 4] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 4] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[1, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[1, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[1, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[1, 4] pe[2, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 4] pe[1, 2] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] pe[1, 4] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] pe[1, 3] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 3] pe[1, 4] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[1, 2] pe[2, 3] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[1, 3] pe[3, 2] pe[4, 1]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[2, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 4] ee[2, 3] pe[3, 5] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[1, 2]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[1, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[2, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 3] ee[4, 5] pe[1, 2] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[1, 2] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[1, 2, 3]
pp[1, 2] pp[3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[3, 4] pe[2, 5] pp[1, 2, 3]
pp[1, 2] pp[3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[1, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4]
pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5]
pp[2, 3, 4] -

2 ee[1, 3] ee[2, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1]
pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[2, 3]
pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[3, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1]
pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2]
pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1]
pp[2, 3, 4] -

2 ee[2, 4] ee[3, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1]
pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[2, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[2, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[1, 5] pe[2, 3] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[1, 5] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[3, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[3, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[2, 4] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 1] pe[2, 3] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 1] pe[2, 4] pe[3, 5]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 1] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[2, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[2, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 4] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 4] pe[2, 3] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[2, 3] pe[2, 4] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 4] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] pe[1, 5] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 1] pe[2, 3] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[3, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[4, 5] pe[2, 3] pe[4, 1] pe[4, 2]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[2, 3] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[2, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[2, 5] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 1] pe[3, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[1, 5] pe[2, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 2] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] pe[1, 5] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 1] pe[2, 3] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 1] pe[2, 5] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 1] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 2] pe[3, 4]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 2] pe[3, 5]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 5] pe[3, 2] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 5] pe[2, 3] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 3] pe[2, 5] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 2] pe[3, 4] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 2] pe[3, 5] pe[4, 1]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[1, 5] pe[3, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 3] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 3] pe[1, 5] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[2, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 1] pe[3, 4] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[2, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 1] pe[3, 5] pe[4, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[3, 5] pe[3, 4] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[3, 4] pe[3, 5] pe[4, 1] pe[4, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[1, 5] pe[2, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] pe[1, 2] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] pe[1, 5] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 1] pe[2, 4] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 1] pe[2, 5] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[3, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[3, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] pe[2, 4] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[2, 4] pe[2, 5] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 2] pe[4, 1] pe[4, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] pe[1, 4] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 4] pe[1, 5] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[2, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[3, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[4, 5] pe[4, 1] pe[4, 2] pe[4, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[3, 4] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 4] pe[4, 3] pp[1, 2]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[1, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 2] ee[3, 4] pe[1, 5] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[2, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[3, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[2, 5] ee[3, 4] pe[4, 1] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 3] pe[1, 4] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 4] ee[2, 3] pe[1, 5] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[2, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] +

2 ee[2, 3] ee[4, 5] pe[4, 1] pp[3, 4]
pp[2, 3] pp[2, 3, 4] -

2 ee[1, 5] ee[2, 4] pe[2, 3] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[2, 3] pe[2, 4] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[2, 3] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[3, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] +

2 ee[1, 5] ee[3, 4] pe[4, 2] pp[1, 2, 3]
pp[3, 4] pp[2, 3, 4] -

2 ee[1, 2] ee[3, 5] pe[3, 4] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[3, 4] pe[3, 5] pp[2, 3, 4]
pp[1, 2] pp[3, 4] +

2 ee[1, 2] ee[4, 5] pe[4, 3] pp[2, 3, 4]
pp[1, 2] pp[3, 4] -

2 ee[1, 2] ee[4, 5] pe[1, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[1, 2] pp[1, 2, 3] -

2 ee[1, 2] ee[4, 5] pe[2, 3] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] -

2 ee[2, 3] ee[4, 5] pe[3, 1] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3] +

2 ee[1, 3] ee[4, 5] pe[3, 2] pp[2, 3, 4]
pp[2, 3] pp[1, 2, 3]

Feynman diagrams
( factorization manifest )

modern tools
( factorization obscure )

Gauge symmetry manifests Poincare invariance 
and locality at the cost of redundancy.

A(1h12h23h34h45h5) =

A(1+2+3+4+5+) = A(1−2+3+4+5+) = 0

A(1−2+3−4+5+) =
⟨13⟩4

⟨12⟩⟨23⟩⟨34⟩⟨45⟩⟨51⟩

A(1−2−3+4+5+) =
⟨12⟩3

⟨23⟩⟨34⟩⟨45⟩⟨51⟩



QUANTUM THEORY OF GRAVITY. 11I

corrections. For the Yang-MiOs Geld it takes the form

V( T""')p ~ —ic.p,P"= —ic.~p(P +P'") . (2.3)
The propagators for the normal and Gctitious quanta
are, respectively,

G~v'v"/p',
G~~aP/P2

(2.4)

(2 5)

with p' being understood to have the usual small
negative imaginary part.
The corresponding quantities for the gravitational

6eld are much more complicated. In this case we shall
employ the momentum-index combinations pq4, p'OT'',
p"p'9", p"'4'"z"'. The vertices must not only be sym-
metric in each index pair but must also remain un-
changed under arbitrary permutations of the momen-
turn-index triplets. At least 171 separate terms are
required in the complete expression for S3 in order to
exhibit this full symmetry, and for 54 the number is
2850. However, these numbers can be greatly reduced
by counting only the combinatorially distinct terms~
and leaving it understood that the appropriate sym-
metrizations are to be carried out. In this way S3 is
reduced to j.1 terms and S4 to 28 terms, as follows:

~ Pyv~'Po' r'~ Pp"X"

symL l~.(p—A""n"~ ") lI'4(p-p'~""~ ")+lI'4(p AP ~" ~ ")+lI'4(p A""~"~ ")+~4(P'P"~""~")
'I'4(p'P "-0" 0"")+'I'3(p'P "-0"'6"')+'~4(p'P"0"'0"')+~ (P'P "n'"0"')+f' (P'P'"0"n"")'

I' (p -p'~" ~"~"")j, (26)

ql p"y"~pc"'x"'

symL —l& (p p'~""0"~'"~'")—l~ (p'p'~""~'"~'")—:I' (p'p'"~"—'I'"~'")+lI' (p p'~"'~"'~'"~'")
y ~P4(p pg»g«g pic~*)+—'P»(prpr7J»g pcg~ 4)+ 'P, (prp'-pyJvrrj pcg& 4) 4p, (p—p'gl rqvr. g pc/&v)
+4~24(p P'n""n"n'"n")+'~24(p'P'n"'n""~")+ '&»(P'P'"n"-'n"'n'")+&24(p P"~'"n""~'")

kI'»(p p—'~"'I"~""~") k&»(p'p—'"~"~""~'")+i~»(pp'0'"9""n'")—2&24(p p'~""~"~"'~")
p2 (prp rgv pg x cg Kcc) P»(p pp Agv cgKP gru') I 24 (p p pg rcrjrpgv x) p~ (p pp cg Alvin

rpriv cc)

+I'4(p p'~"p~" ~"~"") I'»(p'p'~""~—"~"") 2I'»(p p'~"p—~""~"~'") I'»(p'p'—~'"~"'n"")
P (ppp c~hcc~pcr~vr) P (pap p~rp~vc~ccX) P (pcrpvp~rp~Xc~rv)+2+ (p.p ~vcr~rp~kc~ccp) j (2 7)

The "Sym" standing in front of these expressions indi-
cates that a symmetrization is to be performed on each
index pair pp, a.r, etc. The symbol P indicates that a
summation is to be carried out over all distinct permu-
tations of the momentum-index triplets, and the sub-
script gives the number of permutations required in
each case.
Expressions (2.6) and (2.7) can be obtained in a

straightforward manner by repeated functional diGer-
entiation of the Einstein action. This procedure, how-
ever, is exceedingly laborious. A more eKcient (but
still lengthy) method is to make use of the hierarchy
of identities (II, 17.31). It is a remarkable fact that
once 52' is known all the higher vertex functions, and
hence the complete action functional itself, are de-
termined by the general coordinate invariance of the
theory. It is convenient, in the actual computation of
the vertices via (II, 17.31), to invent diagrammatic
schemes for displaying the combinatorics of indices.
Since each reader will devise the scheme which suits

G~ (~P.n-+~P.~- n»~-)/P'-
G~n""/P'.

(2.9)
(2.10)

' The choice of terms is not completely unique since momentum
conservation may be used to replace a given term by other terms.
We give here what we believe (but have not proved} to be the
expressions containing the smallest number of terms.

him best we shall not shackle him by describing one
here. V(e also make no attempt to display S& or any
higher vertices.
The vertex V(;)p has the following form for the

gravitational Geld:
aIIr"

(p )v'

,'Symrt2P" pP"8„'—-P"pP'„g"
+(p.p" p'.p )4'+p'P'4—& 'j (2 g)

where the momentum-index combinations are pp, PY,
p"0"T", and the symmetrization is to be performed on
the index pair o.r. The propagators for the normal and
Gctitious quanta are given by

Gravity suffers also, due to diffeomorphisms.

3pt graviton vertex

4pt graviton vertex

3pt graviton amplitude

4pt graviton amplitude

M(1−2−3+) =
⟨12⟩6

⟨13⟩2⟨32⟩2

M(1−2−3+4+) =
⟨12⟩4[34]4

stu



Redundancy is not an affliction of spin.  Not even 
scalars are safe. Consider on-shell amplitudes in

At 3pt, 4pt, 5pt, … you will find they are all zero!

ℒ =
1
2

(∂ϕ)2g(ϕ)



Field redefinitions: a non-symmetry of the action 
that leaves the S-matrix invariant.

where

Redundancy is not an affliction of spin.  Not even 
scalars are safe. Consider on-shell amplitudes in

At 3pt, 4pt, 5pt, … you will find they are all zero!

ℒ =
1
2

(∂ϕ)2g(ϕ) ℒ =
1
2

(∂ϕ)2

f(ϕ) ϕ f′ (ϕ)2 = g(ϕ)



ℒ1 ℒ2 ℒ∞⋯

A

Infinitely many actions describe the same physics.

Quantum fields are integration variables of the 
path integral.  You can always change variables.

Z[J] ∼ ∫ [dϕ] eiS[ϕ]+i ∫ Jϕ



Outline

1)  Hidden Structures are lurking in old theories 
and the amplitudes program has found them.

11)  Black Hole Binary Dynamics are amenable to 
these tools, yielding now state-of-the-art results.

111)  Fluid Dynamics can be analyzed via modern 
amplitudes tools, revealing new structures.



1) Hidden Structures



3pt gluon 3pt graviton

New fact: color and kinematics are dual!

M(1−2−3+) =
⟨12⟩6

⟨13⟩2⟨32⟩2

M(1+2+3−) =
[12]6

[13]2[32]2

A(1−
a 2−

b 3+
c ) =

⟨12⟩3

⟨13⟩⟨32⟩
fabc

A(1+
a 2+

b 3−
c ) =

[12]3

[13][32]
fabc

Simply replace  with the kinematic structure.fabc



Bern, Carrasco, and Johansson (BCJ) generalized 
color-kinematics duality to all tree amplitudes.

A4 =
csns

s
+

ctnt

t
+

cunu

u

cs = fabe fcde

ct = fbce fade

cu = fcae fbde

Here , ,  are non-unique functions of , 
,  that can be reshuffled to satisfy Jacobi.

ns nt nu pipj
piej eiej



Bern, Carrasco, and Johansson (BCJ) generalized 
color-kinematics duality to all tree amplitudes.

A4 =
csns

s
+

ctnt

t
+

cunu

u

cs = fabe fcde

ct = fbce fade

cu = fcae fbde

cs + ct + cu = 0 ns + nt + nu = 0
( mathematical identity ) ( requires reshuffling )

Here , ,  are non-unique functions of , 
,  that can be reshuffled to satisfy Jacobi.

ns nt nu pipj
piej eiej



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

Bern, Carrasco, Johansson (0805.3993)

4pt gluon
( polarization =  )eμ



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
n2

s

s
+

n2
t

t
+

n2
u

u

Bern, Carrasco, Johansson (0805.3993)

“ double copy ” 

4pt graviton
( polarization =  )eμeν

4pt gluon
( polarization =  )eμ



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
nsñs

s
+

ntñt

t
+

nuñu

u

Bern, Carrasco, Johansson (0805.3993)

“ double copy ” 

4pt gluon
( polarization =  )eμ

4pt graviton +
two-form + dilaton
( polarization =  )eμẽμ̄



Perhaps color and kinematics are interchangeable 
since they satisfy the same algebraic identities?

A4 =
csns

s
+

ctnt

t
+

cunu

u

M4 =
nsñs

s
+

ntñt

t
+

nuñu

u

Bern, Carrasco, Johansson (0805.3993)

Double copy is proven at tree and recycled to 
loop via unitarity methods for collider physics, 
SUGRA, and LIGO. 

4pt gluon
( polarization =  )eμ

“ double copy ” 

4pt graviton +
two-form + dilaton
( polarization =  )eμẽμ̃



5 A WEB OF DOUBLE-COPY-CONSTRUCTIBLE THEORIES

Gravity Gauge theories Refs. Variants and notes

N > 4
supergravity

• N = 4 SYM theory
• SYM theory (N = 1, 2, 4) [1, 2, 31, 291,

292]

N = 4
supergravity with
vector multiplets

• N = 4 SYM theory
• YM-scalar theory from dim.

reduction
[1, 2, 31, 293]

• N = 2 ◊ N = 2 construction
is also possible

pure N < 4
supergravity

• (S)YM theory with matter
• (S)YM theory with ghosts [188] • ghost fields in fundamental rep

Einstein gravity
• YM theory with matter
• YM theory with ghosts [188]

• ghost/matter fields in
fundamental rep

N = 2
Maxwell-Einstein
supergravities
(generic family)

• N = 2 SYM theory
• YM-scalar theory from dim.

reduction
[120] • truncations to N = 1, 0

• only adjoint fields

N = 2
Maxwell-Einstein
supergravities
(homogeneous
theories)

• N = 2 SYM theory with half
hypermultiplet

• YM-scalar theory from dim.
reduction with matter fermions

[121, 294] • fields in pseudo-real reps
• include Magical Supergravities

N = 2
supergravities with
hypermultiplets

• N = 2 SYM theory with half
hypermultiplet

• YM-scalar theory from dim.
red. with extra matter scalars

[121, 240]
• fields in matter representations
• construction known in

particular cases

N = 2
supergravities
with vector/
hypermultiplets

• N = 1 SYM theory with chiral
multiplets

• N = 1 SYM theory with chiral
multiplets

[239, 241, 295] • construction known in
particular cases

N = 1
supergravities with
vector multiplets

• N = 1 SYM theory with chiral
multiplets

• YM-scalar theory with fermions

[188, 239, 241,
295]

• fields in matter reps
• construction known in

particular cases

N = 1
supergravities with
chiral multiplets

• N = 1 SYM theory with chiral
multiplets

• YM-scalar with extra matter
scalars

[188, 239, 241,
295]

• fields in matter reps
• construction known in

particular cases

Einstein gravity
with matter

• YM theory with matter
• YM theory with matter [1, 188] • construction known in

particular cases
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R + „R
2 + R

3

gravity
• YM theory + F

3 + F
4 + . . .

• YM theory + F
3 + F

4 + . . .
[296]

• extension to N Æ 4 replacing
one of the factors by undeformed
SYM theory

Conformal
(super)gravity

• DF
2 theory

• (S)YM theory [152, 153]
• N Æ 4
• involves specific gauge theory

with dimension-six operators

3D maximal
supergravity

• BLG theory
• BLG theory [119, 243, 297] • 3D only

Table 4: Non-inclusive list of ungauged gravities and supergravities for which a double-copy
construction is presently known. Theories are given in four dimensions unless otherwise stated.

gauged. While this program has not yet been completed, important progress has been
made in formulating double-copy constructions for theories which include, among others,
pure supergravities, homogeneous N = 2 Maxwell-Einstein supergravities, homogeneous
N = 2 theories with hypermultiplets, large classes of YME or gauged theories, and conformal
supergravities. A list of ungauged and gauged theories for which a double-copy construction
is currently known can be found in Table 4 and Table 5, respectively. Gauge theories
with fields in various matter (non-adjoint) representations of the gauge group are a rather
common building block for this class of extended constructions. Useful tools for treating
matter representations in a way that makes manifest color and numerator relations will be
introduced in Sec. 5.2. We will then discuss systematics of the process of identifying the
gravity theory given, through double copy, by a pair of gauge theories and study several
examples in Sec. 5.3.

Double-copy constructibility is a property that goes beyond gravitational theories. Vari-
ous theories without a graviton, most prominently some variants of the DBI theory have also
been shown to possess this property (see Table 6). We shall briefly review their construction
in Sec. 5.3.11.

5.1 The rules of the game
To capture as many gravities as possible, we need to consider gauge theories which are more
general than the ones discussed at length in previous sections. At the same time, having
in mind a double-copy construction which leads to a sensible gravity theory with desirable
basic properties, it makes sense to impose some requirements on the gauge theories under
consideration. Some additional requirements will also be imposed for simplicity reasons; in
both cases, one can contemplate generalizations in which some of the stated rules of the
game bent or broken.

First of all, for simplicity, we choose to focus on theories for which amplitudes can be
organized exclusively in terms of cubic graphs. This is a natural generalization of the gauge
theories from the previous sections, which possess this property, and is a natural choice for
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Gravity Gauge theories Refs. Notes

YME
supergravities

• SYM theory
• YM + „

3 theory

[120, 125, 133,
134, 140, 214,
216, 257, 283,
285, 289]

• trilinear scalar couplings
• N = 0, 1, 2, 4 possible

Higgsed
supergravities

• SYM theory (Coulomb branch)
• YM + „

3 theory with extra
massive scalars

[122] • N = 0, 1, 2, 4 possible
• massive fields in supergravity

U(1)R gauged
supergravities

• SYM theory (Coulomb branch)
• YM theory with SUSY broken

by fermion masses
[123]

• 0 Æ N Æ 8 possible
• SUSY is spontaneously broken
• only theories with Minkowski

vacua

gauged
supergravities
(nonabelian)

• SYM theory (Coulomb branch)
• YM + „

3 theory with massive
fermions

[284]
• SUSY is spontaneously broken
• only theories with Minkowski

vacua

Table 5: Gauged/YME gravities and supergravities for which a double-copy construction is
presently known.

describing gravities that are entirely specified by their three-point interactions. Hence, we
restrict the space of gauge theories under consideration according to the following rule:

Working Rule 1: Consider gauge theories with only cubic invariant tensors or,
alternatively, theories for which amplitudes can be organized in terms of cubic
graphs.

Allowed invariant tensors will include, for example, structure constants, representation ma-
trices and cubic Clebsch-Gordan coe�cients. It should be emphasized that the gauge the-
ories under consideration can and will possess quartic vertices. Our requirement constrains
higher-point interaction vertices to be made of color building blocks which are cubic. If this
property is satisfied, amplitudes can be expressed in terms of cubic graphs by including a
suitable number of inverse propagators in the numerator factors. While this rule is quite
desirable for the sake of simplicity, it can in principle be broken. A notable violation are the
the Bagger-Lambert-Gustavsson (BLG) and Aharony-Bergman-Je�eris-Maldacena (ABJM)
theories, which are most naturally organized in terms of quartic graphs [119, 243, 297].

Within the class of cubic theories, however, we need to consider cases which are as general
as possible. This motivates the second rule:

Working Rule 2: The gauge theories will include matter fields transforming in
general (not necessarily irreducible) representations of the gauge group (which is
not necessarily semisimple). Only one adjoint representation will be allowed.

Considering general gauge groups and representations will allow us to capture very large
families of (super)gravities which would not otherwise be accessible through double-copy
methods. The main observation is that there is nothing in the double-copy construction
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Double copy Starting theories Refs. Variants and notes

DBI
theory

• NLSM
• (S)YM theory

[125, 126, 285,
298–301]

• N Æ 4 possible
• also obtained as –

Õ æ 0 limit
of abelian Z-theory

Volkov-Akulov
theory

• NLSM
• SYM theory (external fermions) [125, 302–308] • restriction to external fermions

from supersymmetric DBI

Special Galileon
theory

• NLSM
• NLSM

[125, 285, 301,
306, 309]

• theory is also characterized by
its soft limits

DBI + (S)YM
theory

• NLSM + „
3

• (S)YM theory

[125, 126, 156,
285, 298–300,
306, 310]

• N Æ 4 possible
• also obtained as –

Õ æ 0 limit
of semi-abelianized Z-theory

DBI + NLSM
theory

• NLSM
• YM + „

3 theory
[125, 126, 156,
285, 298–300]

Table 6: List of non-gravitational theories constructed as double copies.

that requires that representations be divided into irreducible blocks. At the same time, we
want to obtain theories with a single graviton. This forces us to combine all gauge-theory
gluons in a single adjoint representation, even when the gauge group is the product of several
factors each possessing its own adjoint representation. In case of more than one semi-simple
factor in the gauge group, we need to take all gauge coupling constants to be the same. Since
all fields in the gauge theory have canonical couplings with gluons, our second rule can also
be regarded as the double-copy incarnation of the Equivalence Principle.

Additionally, massive fields are typically assigned to non-adjoint representations such
that all the fields in a given representation have the same mass. This will be accompanied
by mass-matching conditions of the spectrum of the two sides of the double copy.

Combining the first two rules, we obtain a generic amplitude structure that involves cu-
bic graphs in which internal and external legs carry definite representations of the gauge
group. Cubic vertices between three representations are allowed only when it is possible
to extract a gauge singlet in their tensor product (or, alternatively, there exist a nonvan-
ishing invariant tensor with the three corresponding indices). Whenever a vertex involves
two lines carrying the same representation, its symmetry or antisymmetry will be dictated
by the representations under consideration (real representations will imply antisymmetry,
pseudo-real representation will imply symmetry). Additionally, color factors will obey three-
term identities following from the Jacobi relations, the generators’ commutation relations
and additional algebraic relations which may also involve the Clebsch-Gordan coe�cients.
Consequently, the duality between color and kinematics must to be imposed in the following
way:
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Double copy is weirdly ubiquitous among “nice” 
theories with very few coupling constants.

Bern, Carrasco, Chiodaroli, Johansson, Roiban (1909.01358)



•  gluon ⊗ gluon  =  graviton

•  pion ⊗ pion  =  special Galileon

•  gluon  ⊗  pion  =  Born-Infeld photon

Is the double copy just a vestige of open/closed 
string duality or Kaluza-Klein or vierbiens?

In my view this is a QFT property that deserves 
an explanation with QFT.



where

Maybe these are all just games with amplitudes…

… or maybe amplitudes are revealing bona fide 
albeit hidden dualities and connections in QFT.

ℒ =
1
2

(∂f )2 −
λ
4!

f 4

An analogy: imagine if the world was  theory, 
but we only had the field redefined action,

ϕ4

-violating
function of 
Z2

ϕf =

Physical amplitudes exhibit the .  By reshuffling 
diagrams we can manifest it term by term.

Z2



E.g. the graviton + two-form + dilaton amplitude 
has separately contracted  and  indices.μ μ̃

M4 =
nsñs

s
+

ntñt

t
+

nuñu

u

With this foresight one can build an off-shell 
action with two independent Lorentz invariances.

functions of eμ, pμns, nt, nu =

functions of ẽμ̃, pμ̃ñs, ñt, ñu =

CC, Remmen (1612.03927)



arbitrary

Can the double Lorentz invariance of gravity be 
made explicit in the off-shell action?

CC, Remmen (1612.03927)

We can exploit the freedom of field basis and 
gauge fixing which leaves amplitudes unchanged.

SEH = ∫ ddx −g ( R
16πG

+ LGF)
gμν = ημν + hμν + O(h2) + O(h3) + ⋯



CC, Remmen (1612.03927)

The resulting action is remarkably compact.

SEH =
1

16πG ∫ ddx ∂AΣCE∂BΣDE ( 1
16

ΣABδC
D −

1
4

ΣCBδA
D)

ΣAB = (eH)AB

ΣAB = (e−H)AB
∂A = ( ∂μ , ∂μ̃ )HAB = (

0 hμν̃

hμ̃ν 0 )
The off-shell Feynman diagrams have a doubled 
Lorentz invariance and the on-shell amplitudes 
have a doubled gauge symmetry.

d + d
d + d



graviton

gluon BI photon

pionscalar ϕ3 Galileon

CC, Shen, Wen (1705.03025)

New fact: gravity is the mother of theories!

higher
spin

lower
spin



SO(10)

SU(5) SU(4) ⊗ SU(2)2

SU(3) ⊗ SU(2) ⊗ U(1)

This is distinct from textbook grand unification.

higher
energy

lower
energy



massless

transverse

helicity basis

To begin, we think of gluon tree amplitudes as 
abstract functions of kinematic invariants.

Crucially, we maintain the on-shell conditions.

A = eμ1
1 eμ2

2 ⋯ eμn
n Aμ1μ2⋯μn

scalar function of= pipj, piej, eiej

pipi = piei = eiei = 0



Here we recast the Ward identity as a differential 
operator that annihilates the amplitude.

A physical on-shell amplitude satisfies several 
constraints.  The first is the Ward identity.

A
ei=pi

= Wi A = 0

Wi = ∑
v=pj, ej

(piv)
∂

∂ (vei)



The second constraint is typically trivial: total 
momentum conservation.

Pv A = 0

As before, we can define an operator for this 
property of the amplitudes.

Pv = ∑
i

piv



If the operator satisfies the conditions,

then if  is gauge invariant and momentum-
conserving then so too is .

A
T ⋅ A

[ Wi , T ] ∼ 0 [ Pv , T ] ∼ 0

Wi ⋅ ( T ⋅ A ) = 0 Pv ⋅ ( T ⋅ A ) = 0

Now let us construct an operator  that acts on 
the amplitude  to produce a new one .

T
A T ⋅ A



Tij =
∂

∂ (eiej)

Ti = ∑
j

pipj
∂

∂ (pjei)

Tijk =
∂

∂ (piej)
−

∂
∂ (pkej)

2 gluon → 2 scalar

1 gluon → 1 scalar

1 gluon → 1 pion

One can derive simple “transmutation operators” 
which alter particle type.

We proved transmutation for all graviton, gluon, 
pion tree amplitudes + explicit checks up to 8pt.



T12 ⋅ T34 ⋅ A(g1, g2, g3, g4) = [ ∂
∂ (e1e2)

∂
∂ (e3e4) ] A(g1, g2, g3, g4)

Example #1: YM to SQED

=
p1p3

p1p2
= A(ϕ1, ϕ2, ϕ3, ϕ4) =

Extracting the  term is dimensional 
reduction to two new flavors of charged scalars.

(e1e2)(e3e4)

eμ
1 = eμ

2 = (0,1,0) eμ
3 = eμ

4 = (0,0,1)
d + 1 + 1 d + 1 + 1



Example #2: YM to NLSM

T14 ⋅ T2 ⋅ T3 ⋅ A(g1, g2, g3, g4) = [ ∂
∂ (e1e4)

⋯] A(g1, g2, g3, g4)

= p1p3 = A(π1, π2, π3, π4) =

We can recast pions as oddly polarized gluons 
under dimensional reduction.

eμ
1 = eμ

2 = (0,1,0) eμ
2 = (pα

2 ,0,ipβ
2 )

d + 1 + d d + 1 + d

eμ
3 = (pα

3 ,0,ipβ
3 )

d + 1 + d



As it turns out, -dim NLSM is a very exotic 
dimensional reduction of  -dim YM.

d
(2d + 1)

Aμ = ( Xα + Zα

2
, Y,

Xβ − Zβ

i 2 )
(pα,0,ipβ)

(0,1,0)

In terms of the  fields, the pion amplitude isX, Y, Z

A(π1, π2, ⋯, πn) = A(Y1, Z2, ⋯, Zn−1, Yn)
( Bose symmetry is not manifest! )



From YM we derive manifestly color-kinematic 
dual actions realizing (NLSM)2 = Galileon.

LYM = − 1
4 Tr(FμνFμν) + LGF

LNLSM = Tr (Xα □ Zα+ 1
2 Y □ Y + iXαβ[Zα, Zβ] + iZα[Y, ∂αY])

LGal = Xαα̃ □ Zαα̃+ 1
2 Y □ Y + Xαβα̃β̃Zαα̃Zββ̃ + Zαα̃Y∂α∂α̃Y

CC, Remmen, Shen, Wen (1709.04932)

( transmute the action )

( literally square the action )



•  Interactions are purely cubic, in sharp 
contrast with the typical formulation.

•  Bose symmetry and pion parity are obscured.

•  Kinematic algebra of pions comes from the 
higher-dimensional Poincare algebra.

•  Weinberg gluon soft theorem maps onto the 
Adler zero condition.

This new NLSM action has peculiar features:



11) Black Hole Binary Dynamics



Montiero, O’Connell, White (1410.0239)

( monopole )2

gμν = ημν +
2GM

r
kμkν

Remarkably, hints of a double copy have appeared 
in classical solutions.  The Schwarzschild metric 
in Kerr-Schild gauge is

black hole

Nevertheless, in recent years, the amplitudes field 
has mobilized to make real bonafide progress 
relevant to gravitational wave physics at LIGO.

At present it is not known how this leverage this 
observation to the general inspiral problem.



perturbation theory 
is applicable here

The binary black hole merger has three phases.

figure from  1610.03567



v2 ∼
GM

r
≪ 1

( virial theorem )

which is tiny and perturbatively calculable during 
the inspired phase of the merger.

The so-called “post-Minkowskian” expansion 
parameter is , and we call it perturbation theory.G

State-of-the-art perturbative computations in 
gravitational wave physics center on the “post-
Newtonian” expansion, based on
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Can amplitudes give an efficient and scaleable 
path to higher PN?  Naively, there are issues.

•  black holes    SYM gluons≠

•  LIGO does not observe scattering

(double copy, recursion, etc. all apply to masses)

(NRQCD solved the amplitudes - potentials map)

All these puzzles have been surmounted.  New 
results on conservative dynamics, radiation, spin, 
finite size effects are appearing swiftly.



Atree

full theory

effective BH 
Lagrangian

EFT loop
amplitude

integral
representation

BH / graviton
tree amplitudes 

full loop
amplitude

effective theory

amplitudes
methods

integral
representation

generalized
unitarity

build
ansatz

Feynman
diagrams

multi-loop
integration

multi-loop
integrationidentical

physics

V(p, q)

A = ∑
i

d(i)I(i) AEFT = ∑
i

d (i)
EFTI(i)

A(p, q) AEFT(p, q)=



gluons

gravitons

massless scalars + gravitons

massive scalars + gravitons

Agrav = AYM ⊗ AYM

Aϕ1ϕ2+grav =
∂Agrav

∂(e1e2)

Aϕ′ 1ϕ′ 2+grav = Aϕ1ϕ2+grav
p1p2 → p1p2 − m1m2

 ( double copy )

 ( transmute )

 ( add mass )
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infrared divergent integrals. Performing this matching procedure, we obtain the classical

conservative Hamiltonian at 3PM order

H
3PM(p, r) =

q
p2 + m

2

1
+

q
p2 + m

2

2
+ V

3PM(p, r) , (10.8)

with potential

V
3PM(p, r) =

3X

n=1

✓
G

|r|

◆n

cn(p2) , (10.9)

where
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(10.10)

The variables used in Eq. (10.10) are defined below Eq. (9.3) and in Appendix A. Note

that plugging in c1 and c2 into the IR divergent integrals in Eq. (10.6) exactly reproduces

the IR divergent integrals in Eq. (9.3). This explicitly demonstrates the cancellation of IR

artifacts in the matching between full theory and the EFT.

The Hamiltonian in Eq. (10.8) contains a mass singularity, reflecting the mass singu-

larity in the amplitude (9.3). Taking both masses small, the arcsinh term in c3 dominates

and gives

H
3PM(p, r) ! �64

G
3p4

|r|3 ln
m1m2

4p2
+ · · · = �4

G
3
s
2

|r|3 ln
m1m2

s
+ · · · , (10.11)

where we display only the singular term. As we explain in Sec. 12, this singularity is

consistent with the known absence of collinear singularities in gravitational theories [161]

because the small mass and small momentum transfer limits do not commute.

11 Consistency Checks

Our calculation of the 3PM Hamiltonian exploits a number of novel techniques. To vali-

date the result, we have performed several consistency checks against known results such

as the 4PN Hamiltonian, the Schwarzschild solution, and the 4PN and 2PM scattering an-

gles. These are of course not all independent but nevertheless it is satisfying to reproduce

multiple results in the literature.

– 93 –

Our result is now the state-of-the-art in PM, and 
matches all known results at overlapping orders.

V( p, r) =
∞

∑
i=n

Gncn( p2)
|r |n

Bern, CC, Roiban, Shen, Solon, Zeng (1901.04424, 1908.01493, 2003.08351)
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Advanced methods for computing perturbative, quantum-gravitational scattering amplitudes
show great promise for improving our knowledge of classical gravitational dynamics. This is es-
pecially true in the weak-field and arbitrary-speed (post-Minkowskian, PM) regime, where the con-
servative dynamics at 3PM order has been recently determined for the first time, via an amplitude
calculation. Such PM results are most relevantly applicable to relativistic scattering (unbound
orbits), while bound/inspiraling binary systems, the most frequent sources of gravitational waves
for the LIGO and Virgo detectors, are most suitably modeled by the weak-field and slow-motion
(post-Newtonian, PN) approximation. Nonetheless, it has been suggested that PM results can in-
dependently lead to improved modeling of bound binary dynamics, especially when taken as inputs
for e↵ective-one-body (EOB) models of inspiraling binaries. Here, we initiate a quantitative study
of this possibility, by comparing PM, EOB and PN predictions for the binding energy of a two-body
system on a quasi-circular inspiraling orbit against results of numerical relativity (NR) simulations.
The binding energy is one of the two central ingredients (the other being the gravitational-wave
energy flux) that enters the computation of gravitational waveforms employed by LIGO and Virgo
detectors, and for (quasi-)circular orbits it provides an accurate diagnostic of the conservative sector
of a model. We find that, whereas 3PM results do improve the agreement with NR with respect
to 2PM (especially when used in the EOB framework), it is crucial to push PM calculations at
higher orders if one wants to achieve better performances than current waveform models used for
LIGO/Virgo data analysis.

I. INTRODUCTION

Gravitational waves (GWs) from binary black holes
(BHs) and neutron stars (NSs) [1–4] encode information
about the structure of compact objects and their inter-
action via (strong, dynamical) gravitational fields. The
continuously improving network of GW detectors [5–8]
o↵ers unprecedented insights into astrophysics and fun-
damental physics. Likewise, a continuous improvement
in the accuracy of existing GW predictions, using both
numerical and analytical methods, is necessary in order
to continue the successful story of GW astronomy.

Regarding GW predictions for compact binary coa-
lescence, numerical and analytical methods complement
each other well, since the analytic post-Newtonian (PN,
weak-field and slow-motion) approximation (e.g., see
Refs [9–14]) relies on the separation between the or-
bit’s and the body’s scales being large, while current
numerical-relativity (NR) simulations (e.g., see Refs. [15–
17]) become ine�cient in this regime. Since the orbital
separation shrinks over time due to energy and angular
momentum loss via GW emission, a synergistic approach
between both methods is needed to predict the complete
inspiral-merger-ringdown (IMR) sequence for the com-
pact binaries now routinely detected by ground-based
GW observatories [4].

The e↵ective-one-body (EOB) formalism [18, 19] im-
proves the accuracy of the (perturbative) PN two-body
dynamics (see, e.g., Refs.[20–24]) by resumming PN re-
sults in such a way as to include the exact test-particle
limit. EOB waveforms [25–28] are an important class of
IMR waveform models employed in LIGO/Virgo searches

and inference studies [1–4, 29–32]. Because of the more
accurate description of the dynamics toward merger
(with respect to PN), EOB waveforms are also employed
to build another class of IMR waveforms, the phenomeno-
logical waveform models (e.g., see Ref. [33]). In order
to improve EOB waveform models in the entire binary’s
parameter space (i.e., large-mass ratios and large spins),
better understand the uniqueness and robustness of the
EOB resummation, and gain confidence in its range of
applicability, it is important to extend the EOB for-
malism to highly relativistic bound and unbound or-
bits. The large mass-ratio case, which is relevant for
space-based and third-generation ground-based detectors
and requires a very accurate modeling of fast-motion ef-
fects, is one important example [34–38], which we will
follow up elsewhere [39]. Here, we focus on the post-
Minkowskian (PM) approximation (i.e., weak field and
fast motion) [9, 12, 40–50] applicable to scattering bina-
ries (see also Refs. [51–65] for recent applications).

A crucial ingredient of the EOB formalism is the en-
ergy map [18] between the two-body and the e↵ective
one-body description. While the energy map was estab-
lished as a natural choice up to 4PN order [18, 66, 67],
its properties become more apparent and unique (at least
at 1PM) when extending the conservative EOB Hamilto-
nian to 1PM and 2PM orders [53, 56]. One can also
gain insight into EOB spin maps at 1PM and 2PM
orders [55, 57, 68]. These results, together with the
prospect of creating a waveform model for scattering
binaries, certainly provide a good motivation to push
the PM knowledge to higher orders. Quite interestingly,
profiting from recent advances in the area of scattering
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FIG. 4. Energetics of PM Hamiltonians augmented by PN information. Same as in Fig. 2 but now we compare
to NR the binding energy of PM EOB Hamiltonians augmented by PN information. Notice that adding 3PM information at
3PN or above does not lead to a visible di↵erence from plain PN EOB Hamiltonians (the 3PM-3PN and 3PN curves, as well
as the 3PM-4PN and 4PN ones, are essentially on top of each other). Also included is a curve for an alternative 3PM EOB

Hamiltonian, HEOB,fPS

3PM
, derived in Appendix B.

improvement coming from 4PM. The conclusion is that
it will be very useful to extend the knowledge of PM cal-
culations to higher orders — for example at least 4PM,
but even 5PM order.

Before ending this section we remark that the compar-
ison results that we have illustrated depend on several
choices. First of all, we have decided to compare the
binding energy extracted from NR simulations to results
obtained from an adiabatic sequence of circular orbits,
instead of the ones from the Hamilton equations with
radiation-reaction force. To illustrate the impact of this
choice we compare in Fig. 6 the binding energies of HEOB

3PN

and H
EOB,PS

nPN
obtained by evolving the Hamilton equa-

tions with a suitable radiation-reaction force (labeled “in-
spiral”) and using an adiabatic sequence of circular orbits
(labeled “circular”). The di↵erence is small early in the
evolution and grows as the inspiral approaches the ISCO,
where we observe a typical di↵erence in the binding en-
ergy of 5% to 10% (for q = 1).

Lastly, Fig. 7 demonstrates the di↵erence of calculat-
ing e(⌦) numerically, treating the various approximants
of the Hamiltonian as exact, and analytically as an ex-
pansion in (GM⌦). The plots show the results of calcu-
lating e(⌦) numerically from mPM and nPN Hamiltoni-
ans treated as “exact”, and also the curves from the ana-

lytically computed binding-energy EnPN(⌦) truncated at
2PN (i.e., (GM⌦)6/3 with respect to leading term) and
3PN (i.e., (GM⌦)8/3) order (see Eq. (232) in Ref. [9])
(labeled EnPN). As already noticed in Ref. [86], the dif-
ferences can be quite substantial. However, it is worth
re-emphasizing that if one calculates e(⌦) analytically
starting from either H3PM or H2PN one recovers the 2PN
result exactly.

IV. CONCLUSIONS

The study of the energetics conducted in this work,
using currently available PM Hamiltonians up to third
order, highlights two main points. Firstly, the binding
energy for circular orbits computed with the 3PM Hamil-
tonian of Ref. [81] and the 3PM EOB Hamiltonian of
Sec. II are closer to NR predictions than the ones com-
puted at lower PM orders, especially for small frequencies
(or high angular momenta) (see Figs. 2 and 3). This sug-
gests that similar improvements can be made by pushing
PM calculations to higher orders, leading to a more ac-
curate modeling of the inspiral phase.
Secondly, we find that higher-order PM calculations

of the conservative two-body dynamics would be needed

6
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FIG. 2. Energetics of PM Hamiltonians. We compare to NR the binding energy as a function of orbital frequency GM⌦
from both PM and PM-EOB Hamiltonians for a nonspinning binary black hole with mass ratio q = 1 (left panel) and q = 10
(right panel). The dots at the end of the curves mark the ISCOs, when present in the corresponding two-body dynamics. The
NR binding energy and its error are in cyan. The top x-axis shows the number of orbits until merger. In the lower panel we
show the fractional di↵erence between the approximants and the NR result.

q = 1 and 10 [24]. In Fig. 1 we display the NR waveforms.
Those simulations span about 56 and 36 GW cycles (cor-
responding to ⇠ 28 and ⇠ 18 orbital cycles), for q = 1
and q = 10, respectively, before merger. We highlight in
Fig. 1 the portion of the waveform that we use to com-
pare with the binding-energy approximants. As can be
seen, the comparisons with NR extend up to about 1.4
and 1.8 GW cycles, for q = 1 and q = 10, respectively,
before the two black holes merge. Thus, our comparisons
of analytic models to NR predictions extend to the late
inspiral of a binary evolution, a stage characterized by
high velocity and strong gravity.

We compare NR predictions against analytic results
obtained with PM, EOB and PN Hamiltonians, summa-
rized in Table I. Notably, we compute results with the
Hamiltonian at mPM orders with m = 1, 2, 3 [64, 81]
(labeled HmPM), and with the EOB Hamiltonian of
Refs. [53, 56] and this paper at mPM orders with m =
1, 2, 3 (labeled H

EOB,PS

mPM
). We also compare results with

the PM EOB Hamiltonian augmented with PN results
up to 4PN order (labeled H

EOB,PS

mPM+nPN
), as derived in Ap-

pendix A. Furthermore, the (original) EOB Hamiltonian
employed in LIGO/Virgo data analysis [25, 27] is built
from the EOB Hamiltonian of Refs. [18, 66, 67], and it
resums perturbative PN results di↵erently from the PM

EOB Hamiltonian. To understand the impact of the dif-
ferent resummation, and also highlight the accuracy that
PM results would need to achieve in order to motivate
their use in waveform modeling, we also show results
with such an EOB Hamiltonian (labeled H

EOB

nPN
). Fi-

nally, we also employ the PN Hamiltonian from Ref. [84]
(labeled HnPN), and an alternative 3PM EOB Hamilto-
nian presented for circular orbits in Appendix B (labeled

H
EOB,fPS

3PM
).

In Figs. 2 and 3 we compare the binding energy com-
puted in NR with the ones from PM and PM EOB
Hamiltonians versus either the binary’s orbital frequency
(Fig. 2) or angular momentum (Fig. 3), for mass ratios
q = 1 and q = 10. We clearly see the improvement of
the PM binding energy from 1PM to 3PM, especially at
low frequency. The PM-EOB binding energies generally
show better agreement with NR, but they have a much
smaller range of variation from 1PM to 3PM. The 3PM
result does slightly better than 1PM, while 2PM is worse
than the other two. Overall those results demonstrate
the value and relevance of pushing PM calculations at
higher order, and of further exploring how to use PM
results to improve EOB models.

To understand the impact of PM calculations for
LIGO/Virgo analyses, it is important to compare the

Folks in the gravitational wave community have 
taken new results seriously and want more.



ΔS = ∑
A=1,2

∫ dτA (
μ(2)

A

4
E2 +

2σ(2)
A

3
B2)

Finite size corrections are crucial for neutron star 
mergers.  We can also include tidal effects from 
the mass and current quadrupole moments.

ΔS = ∫ −g CμανβCρασβ ∑
A=1,2 (λAϕ2

Aδμ
ρ δν

σ +
ηA

m4
A

∇μ ∇νϕA ∇ρ ∇σϕA)

(worldline vs QFT)

Then compute the tidal corrections to scattering.
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Applying the same tools as before yields state-of-
the-art results for leading tidal effects in PM.

ΔV( p, r) =
∞

∑
n=2

GnΔcn( p2)
|r |n+4

4

at O(G3), where ⇠ = E1E2/(E1 + E2)2 and primed dif-
ferentiation is performed with respect to p2. Here we
have written the infrared divergent contribution in terms
of the iteration of the one-loop O(G2) EFT amplitude
�M

EFT
2 together with the O(G) point-particle EFT am-

plitude M
EFT
1 (p, q) = �4⇡Gc1(p2)/q2. Equating these

EFT amplitudes to those in the full theory with non-
relativistic normalization factor 1/4E1E2, we obtain the
tidal corrections to the conservative Hamiltonian,

�c2 = �
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,

(10)

where � = E/m and m = (m1 + m2). As anticipated,
the infrared divergent contributions to �M and �M

EFT

cancel exactly, which is itself a consistency check.

Worldline Action. It will be useful to recast our expres-
sions in terms of the standard notation for the tidal mo-
ments in the worldline formalism. The action is given by
the point-particle contribution S

WL = �
P

i=1,2 mi

R
d⌧i

together with the leading tidal corrections,

�S
WL =

X

i=1,2

Z
d⌧i

"
µ
(2)
i

4

�
E

i
↵�

�2
+

2�(2)
i

3

�
B

i
↵�

�2
#
.

(11)
Here the mass and current quadrupole moments are pa-
rameterized in the conventions of Refs. [34, 36]. The
gravito-electric and gravito-magnetic tensors, E

i
↵� and

B
i
↵� , are related to the Weyl curvature invariants evalu-

ated on each worldline by (C↵���)2 = 8(Ei
↵�)

2
�8(Bi

↵�)
2

and (uµ
i u

⌫
i Cµ↵⌫�)2 = (Ei

↵�)
2, where the four-velocity ui

of each particle satisfies u2
i = �1. We can then relate the

tidal coe�cients in Eq. (2) to those in Eq. (11),

�i

mi
= �

�
(2)
i

3
and

⌘i

mi
= µ

(2)
i +

8�(2)
i

3
, (12)

allowing us to make contact with results derived in the
worldline formalism. For example, our result for the
leading order tidal correction described by �c2 exactly
matches the result in Eq. (5.13) of Ref. [38] which was
derived using a PM worldline e↵ective theory.

Hamiltonian and Binding Energy. Our Hamiltonian is
consistent with all existing results at the relevant overlap-
ping 2PN accuracy. To show this we transform the tidal

Lagrangian in Eq. (5.4) of [34] to a Hamiltonian, as usual
taking special care to eliminate acceleration terms and
account for the induced shift in coordinates. Again using
the EFT methods of [7], we then compute the tidal cor-
rections to scattering from this Hamiltonian and find ex-
act agreement with the 2PN terms in Eq. (4) and Eq. (5),
i.e. the terms at O(G2

v
4) and O(G3

v
2) and lower. We

thus conclude that the 2PN truncation of our tidal Hamil-
tonian in Eq. (10) is gauge equivalent to existing results.
As an additional albeit redundant check, we use

Eq. (10) to compute the tidal corrections to the 1PN
circular binding energy and find exact agreement with
Eq. (6.5) of [34].

Scattering Angle. Another gauge invariant physical quan-
tity we can compute is the conservative contribution to
the classical scattering angle. In Ref. [8], it was observed
that this is directly related to the finite parts of the scat-
tering amplitude, and this structure has now been under-
stood to all orders [15, 18]. The tidal correction to the
scattering angle through next-to-leading order is

2⇡�� =
45p4�fM2

4EJ6
�

96p5�fM3

EJ7
+

12p3fM1�fM2

E2J7⇡2
,

(13)
where tilded quantities denote finite parts of the corre-
sponding relativistically normalized amplitude contribu-
tions with the q dependence stripped o↵, i.e. �fM2 =
�M2/|q|3, �fM3 = �M3/(q4 ln |q|) and fM1 = M1q2,
where M1 is the point particle amplitude from Born ex-
change defined earlier. We have checked that the O(J�6)
contribution agrees with Eq. (6.2) of [37].

Test-Particle Limit. Our expressions are valid in the test-
particle limit. Consider the case of a neutron star orbit-
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The amplitudes approach is broadly applicable.
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∂iui = 0 ∂μAμ = 0
solenoidal 3-vector transverse 4-vector

It is then natural to (re)apply everything we know 
about gauge theory to fluids and see what sticks.

Notably, an incompressible velocity field is highly 
reminiscent of a gauge field.

The amplitudes approach is broadly applicable.

A potential area for progress is fluid dynamics.



(∂0 − ν∂2) ui + uj∂jui + ∂i (p/ρ) = Ji

viscosity pressure / density

fluid velocity field source 

NSE  Euler-Lagrange equations of some simple 
canonical action.  Dissipation commonly entails 
complicated Schwinger-Keldysh doubling.

≠

No action, no problem!

An incompressible fluid velocity field satisfies the 
Navier-Stokes equation (NSE).



(∂0 − ν∂2) ua
i + f abcub

j ∂juc
i + ∂i (pa/ρ) = Ja

i

(∂0 − ν∂2) ua
i + f abcub

j ∂juc
i = Ja

i

The solenoidal condition  allows us to 
eliminate the pressure term.

∂iua
i = 0

∂μFa
μν + gf abcAbμFc

μν = Ja
ν

similar to Yang-Mills !

“Color” is missing, but we can just generalize to a 
non-Abelian Navier-Stokes equation (NNSE).
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off-shell
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on-shell
“leaf leg”



Feynman rules for NNSE are simple.

iω − νp2
i = 0 piεi = 0

2

plies that velocity field is solenoidal, so @iui = 0. The
dynamics of the fluid are governed by the NSE,

�
@0 � ⌫@2

�
ui + uj@jui + @i

✓
p

⇢

◆
= Ji , (1)

where ⇢ is the constant energy density, p is the pres-
sure, ⌫ is the viscosity, and Ji is a source term which we
also assume to be solenoidal. Taking the divergence of
Eq. (1), we obtain @2(p/⇢) = �@iuj@jui, from which we
then solve for p/⇢ and insert back into Eq. (1) to obtain

�
@0 � ⌫@2

�
ui +

✓
�ij �

@i@j
@2

◆
uk@kuj = Ji . (2)

Hence, the pressure has the sole purpose of projecting
out all but the solenoidal modes.

We can generalize this setup to an incompressible non-
Abelian fluid described by a velocity field ua

i satisfying the
solenoidal condition @iua

i = 0 and the NNSE,3

�
@0 � ⌫@2

�
ua
i + fabcub

j@ju
c
i + @i

✓
pa

⇢

◆
= Ja

i . (3)

Here fabc is a fully antisymmetric structure constant and
we have introduced non-Abelian versions of the pressure
pa and the solenoidal source term Ja

i . The divergence
of Eq. (3), @2(pa/⇢) = �fabc@iub

j@ju
c
i = 0 is identically

zero due to antisymmetry of the structure constants. We
thus drop the pressure altogether to obtain

�
@0 � ⌫@2

�
ua
i + fabcub

j@ju
c
i = Ja

i , (4)

The absence of a projector in Eq. (4) as compared to
Eq. (2) results in substantial simplifications.

The NSE is simply conservation of energy-momentum,
@0T0j = @iTij , in the Newtonian limit where T0i = �⇢ui

and Tij = ⇢uiuj + p�ij � ⇢⌫@(iuj). Analogously, the
NNSE can be recast as conservation of a peculiar non-
Abelian tensor, @0T a

0j = @iT a
ij , where T a

0i = �⇢ua
i and

T a
ij = ⇢fabcub

iu
c
j + pa�ij � ⇢⌫@(iu

a
j).

Amplitudes. As is well-known, the tree-level S-matrix can
be computed by solving the classical equations of motion
for a field in the presence of arbitrary sources. The field
itself is the generating functional of all tree-level scat-
tering amplitudes. Hence, the Berends-Giele recursion
relations for gauge theory [27] and gravity [28] are liter-
ally the classical equations of motion. Applying identical
logic to the NSE, one obtains the Wyld formulation of
fluid dynamics [21], which we summarize below.

sions, early lower-case Latin indices a, b, c, . . . run over colors,
and upper-case Latin indices A,B,C, . . . run over external legs.
Dot products are denoted by viwi = vw and vivi = v2.

3 The quark-gluon plasma is also described by a colored fluid [26],
though crucially with equations of motion di↵erent from ours.

To begin, we define the notion of an “asymptotic”
quantum of fluid. Inserting a plane wave ansatz ui ⇠
"ie�i!teipx into the linearized NSE and the solenoidal
condition, we obtain the on-shell conditions, i!�⌫p2 = 0
and p" = 0, which exactly mirror those of gauge the-
ory. The solenoidal condition eliminates the longitudinal
mode, leaving � and + helicity modes corresponding to
left and right circularly polarized fluid quanta. Since
the on-shell energy is imaginary, the on-shell solution,
ui ⇠ "ie�⌫p2teipx, is a di↵using wavepacket, as expected
for a fluid velocity field undergoing viscous dissipation.
Next, we solve the NSE perturbatively in the source

to obtain the one-point function of the velocity field
ui(t, x, J) as a function of spacetime and a functional of
J . Fourier transforming to energy and momentum space
yields ui(!, p, J), whose functional derivative Gn+1 =hQn

A=1 "AiA
�

�JiA
(!A,pA)

i
ui(!, p, J)

��
J=0

is the correlation

function for n fluid quanta which are emitted by J
and subsequently absorbed by the one-point function,
ui(!, p, J). Here (!A, pA) are the energy and momentum
flowing from each “leaf” leg originating from an emission
and (!, p) = (

Pn
A=1 !A,

Pn
A=1 pA) are the total energy

and momentum flowing into the “root” leg upon absorp-
tion. The scattering amplitude An+1 is then obtained
from Gn+1 by amputating the external legs and strip-
ping o↵ the delta functions for energy and momentum
conservation. For the remainder of this paper we assume
that the leaf legs are on-shell but the root leg is not, so
An+1 is in actuality a semi-on-shell amplitude.
The Feynman rules for the NSE can be found in [21]

so we do not present them again here. Instead we focus
on the NNSE. The propagator in this theory is

u
a2
i2

(!2,p2)u
a1
i1

(!1,p1) =
�a1a2�i1i2
i!1 � ⌫p21

. (5)

where the energy flow direction is important for the sign
of !1. The only interaction is the three-point vertex,

u
a3
i3

(p3)

u
a1
i1

(p1)

u
a2
i2

(p2)

= fa1a2a3 (p1i2�i1i3 � p2i1�i2i3)

⇠ fa1a2a3(p3i1�i2i3 � p3i2�i1i3)
,

(6)
where in the second line we have used momentum conser-
vation together with the fact that all terms proportional
to p1i1 or p2i2 vanish when dotted into sources or interac-
tion vertices due to the solenoidal condition. Note that
the kinematic factors in Eq. (6) are not fully antisymmet-
ric since the root leg and the leaf legs are distinguishable.
The Feynman rules for NSE are identical except with
color structures dropped and plus signs in Eq. (6).

Remarkably, the above Feynman rules imply that all
amplitudes are manifestly energy independent in the
sense they they depend only on dot products of momenta
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i = 0 and the NNSE,3

�
@0 � ⌫@2

�
ua
i + fabcub

j@ju
c
i + @i

✓
pa

⇢

◆
= Ja

i . (3)

Here fabc is a fully antisymmetric structure constant and
we have introduced non-Abelian versions of the pressure
pa and the solenoidal source term Ja

i . The divergence
of Eq. (3), @2(pa/⇢) = �fabc@iub

j@ju
c
i = 0 is identically

zero due to antisymmetry of the structure constants. We
thus drop the pressure altogether to obtain

�
@0 � ⌫@2

�
ua
i + fabcub

j@ju
c
i = Ja

i , (4)

The absence of a projector in Eq. (4) as compared to
Eq. (2) results in substantial simplifications.

The NSE is simply conservation of energy-momentum,
@0T0j = @iTij , in the Newtonian limit where T0i = �⇢ui

and Tij = ⇢uiuj + p�ij � ⇢⌫@(iuj). Analogously, the
NNSE can be recast as conservation of a peculiar non-
Abelian tensor, @0T a

0j = @iT a
ij , where T a

0i = �⇢ua
i and

T a
ij = ⇢fabcub

iu
c
j + pa�ij � ⇢⌫@(iu

a
j).

Amplitudes. As is well-known, the tree-level S-matrix can
be computed by solving the classical equations of motion
for a field in the presence of arbitrary sources. The field
itself is the generating functional of all tree-level scat-
tering amplitudes. Hence, the Berends-Giele recursion
relations for gauge theory [27] and gravity [28] are liter-
ally the classical equations of motion. Applying identical
logic to the NSE, one obtains the Wyld formulation of
fluid dynamics [21], which we summarize below.

sions, early lower-case Latin indices a, b, c, . . . run over colors,
and upper-case Latin indices A,B,C, . . . run over external legs.
Dot products are denoted by viwi = vw and vivi = v2.

3 The quark-gluon plasma is also described by a colored fluid [26],
though crucially with equations of motion di↵erent from ours.

To begin, we define the notion of an “asymptotic”
quantum of fluid. Inserting a plane wave ansatz ui ⇠
"ie�i!teipx into the linearized NSE and the solenoidal
condition, we obtain the on-shell conditions, i!�⌫p2 = 0
and p" = 0, which exactly mirror those of gauge the-
ory. The solenoidal condition eliminates the longitudinal
mode, leaving � and + helicity modes corresponding to
left and right circularly polarized fluid quanta. Since
the on-shell energy is imaginary, the on-shell solution,
ui ⇠ "ie�⌫p2teipx, is a di↵using wavepacket, as expected
for a fluid velocity field undergoing viscous dissipation.
Next, we solve the NSE perturbatively in the source

to obtain the one-point function of the velocity field
ui(t, x, J) as a function of spacetime and a functional of
J . Fourier transforming to energy and momentum space
yields ui(!, p, J), whose functional derivative Gn+1 =hQn

A=1 "AiA
�

�JiA
(!A,pA)

i
ui(!, p, J)

��
J=0

is the correlation

function for n fluid quanta which are emitted by J
and subsequently absorbed by the one-point function,
ui(!, p, J). Here (!A, pA) are the energy and momentum
flowing from each “leaf” leg originating from an emission
and (!, p) = (

Pn
A=1 !A,

Pn
A=1 pA) are the total energy

and momentum flowing into the “root” leg upon absorp-
tion. The scattering amplitude An+1 is then obtained
from Gn+1 by amputating the external legs and strip-
ping o↵ the delta functions for energy and momentum
conservation. For the remainder of this paper we assume
that the leaf legs are on-shell but the root leg is not, so
An+1 is in actuality a semi-on-shell amplitude.
The Feynman rules for the NSE can be found in [21]

so we do not present them again here. Instead we focus
on the NNSE. The propagator in this theory is

u
a2
i2

(!2,p2)u
a1
i1

(!1,p1) =
�a1a2�i1i2
i!1 � ⌫p21

. (5)

where the energy flow direction is important for the sign
of !1. The only interaction is the three-point vertex,

u
a3
i3

(p3)

u
a1
i1

(p1)

u
a2
i2

(p2)

= fa1a2a3 (p1i2�i1i3 � p2i1�i2i3)

⇠ fa1a2a3(p3i1�i2i3 � p3i2�i1i3)
,

(6)
where in the second line we have used momentum conser-
vation together with the fact that all terms proportional
to p1i1 or p2i2 vanish when dotted into sources or interac-
tion vertices due to the solenoidal condition. Note that
the kinematic factors in Eq. (6) are not fully antisymmet-
ric since the root leg and the leaf legs are distinguishable.
The Feynman rules for NSE are identical except with
color structures dropped and plus signs in Eq. (6).

Remarkably, the above Feynman rules imply that all
amplitudes are manifestly energy independent in the
sense they they depend only on dot products of momenta

Ditto for the NSE (Wyld, 1961).  Linearized NSE 
and incompressibility give “on-shell conditions”.

=
δa1a2δi1i2

iω1 − νp2
1

= f a1a2a3(p3i1δi2i3 − p3i2δi1i3)

Cheung, Mangan (2010.15970)



A(123) = f a1a2a3 [(p1ε2)(ε1ε3) − {1 ↔ 2}]

A(1234) = f a1a2b f ba3a4 ×
1

p1p2
[(p1ε2)[(p3ε1)(ε3ε4) + (p4ε3)(ε1ε4)] − {1 ↔ 2}]

+ t-channel + u-channel

δa1a2δi1i2

i∑A ωA − ν(∑A pA)2
= −

1
ν

δa1a2δi1i2

∑A≠B pApB

These semi-on-shell NNSE amplitudes are 
rational functions of momenta and polarizations.

Energies drop out of these amplitudes, and we 
learn that the coupling constant is .∼ 1/ν

Cheung, Mangan (2010.15970)



A(1+2+3+⋯i−⋯j−⋯n+) =
⟨ij⟩4

⟨12⟩⟨23⟩⋯⟨n1⟩

Hence, the turbulent regime is strongly coupled.

1
ν

∼ Re ≫ 1

Turbulence entails tree amplitudes at arbitrarily 
high multiplicity.  Of course, some such objects 
are actually computable in gauge theory.

Resummation/renormalization are also options.



Let us now run through the amplitudes checklist.

A) spinor helicity

B) soft theorems

C) on-shell recursion relations

D) color-kinematics duality

E) double copy
Cheung, Mangan (2010.15970)



A(1−2−3−) = k ⟨12⟩⟨23⟩⟨31⟩

A(1+2−3−) = k [12⟩⟨23⟩⟨31]

A(1−2−3+) = k [31⟩⟨12⟩⟨23]

k = f a1a2a3

⟨11]⟨22]

A(1−2−3+) = f a1a2a3
⟨12⟩3

⟨13⟩⟨32⟩
× [1− ⟨11]

⟨22]
− ⟨22]

⟨11] ]

A) Fluids have nice spinor helicity amplitudes.

The little group constrains the amplitudes but 
does not uniquely specify them.

Maldacena, Pimentel (1104.2846)



lim
p→0

An+1(p1, ⋯, pn) = 0

lim
pn→0

An+1(p1, ⋯, pn) = [
n−1

∑
A=1

pAen

pApn ] An(p1, ⋯, pn−1)

B) Fluids exhibit universal leading soft theorems.

The root leg satisfies an “Adler zero”.

The leaf legs satisfy a “Weinberg soft theorem”.



An+1(0) = ∮ dz
z An+1(z)

An+1(zi*) = 0

An+1(0) = ∮ dz
z ∏

i

1
1 − z/zi*

An+1(z)

C) Fluids satisfy on-shell recursion relations.

standard recursion:

soft recursion:

The existence of on-shell recursion relations for 
the (N)NSE implies an S-matrix definition of 
incompressible fluid mechanics.



pA → pA + zτAεA

pA → pA + z(pAη)η

pp ∼ z2, pε ∼ z, εε ∼ 1

εA → εA − z(εAη)η

An+1 ∼ z−n+3

pp ∼ z, pε ∼ 1,εε ∼ 1 An+1 ∼ z−n+2

The energy independence of (N)NSE amplitudes 
allows for immense freedom in momentum shifts.

•  shift by polarization vectors

•  shift by a reference vector



ns = [p1i2(p1i3 + p2i3)δi1i4 + p2i1p3i2δi3i4 − {1 ↔ 2}]

=
csns

s
+

ctnt

t
+

cunu

u

ns + nt + nu = 0

D) Fluids exhibit color-kinematics duality.

p4

p1
p2

p3

The kinematic Jacobi identity holds off-shell!

cs = f a1a2b f ba3a4



[vj∂j, wk∂k] = fijkvjwk∂i

fijkvjwk = vj∂jwi − wj∂jvi

(∂0 − ν∂2) ua
i +

1
2

f abc fijkub
j uc

k = Ja
i

The NNSE can be recast in a simpler form by 
defining a kinematic structure constant.

These structure constants literally define the 
algebra of spatial diffeomorphisms.



ua
i → ua

i + f abcθbuc
i

ua
i → ua

i + fijkθjua
k

0 = ∂0Qi = ∫ d3x ∂lJli =
1
ν ∫ d3x fijkua

j
↔
∂0ua

k

The NNSE is invariant under an off-shell color 
and kinematic symmetry.

color symmetry:

kinematic symmetry:

From the kinematic symmetry we can derive an 
additional conservation equation for the NNSE.



(∂0 − ν∂2) ua
i +

1
2

f abc fijkub
j uc

k = Ja
i

(∂0 − ν∂2) uiī +
1
2

fijk fijkujj̄ukk̄ = Jiī

E) Fluids double copy.

We can literally square the NNSE to double copy 
to the tensor Navier-Stokes equation (TNSE).

substitute  with f abc fijk



ua
i = −

2νϵaijxj

r2

uiī = 2νδiī +
Cxixī

r4

There exist simple monopole solutions to the 
NNSE (for SU(2) gauge group) and the TNSE.

NNSE monopole

TNSE monopole

This exactly parallels the Kerr-Schild double copy 
relating monopoles and black holes.  Notably, the 
fluid monopole solutions critically balance the 
linear and nonlinear interactions.



Conclusions



•  Scattering amplitudes have uncovered hidden 
structures lurking inside real-world theories like 
gravitons, gluons, and pions.

•  Double copy, generalized unitarity and EFT 
have together led to state-of-the-art results for 
gravitational wave physics, with more to come!

•  The Navier-Stokes equations define an S-matrix 
for fluid quanta which exhibit soft theorems, 
recursion relations, and the double copy.



Thank you!


