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A new approach to deal with the scattering amplitudes in Glauber

theory is proposed. It relies on the use of generating function, that

has been explicitly found. The method is applied to the analytical

calculation of the nucleus-nucleus elastic scattering amplitudes in

the all interaction orders of the Glauber theory.



The amplitude of the elastic scattering of the incident nucleus A on the

�xed target nucleus B:

F el
AB(q) =

ik

2π

∫
d 2b e iqb

[
1 − SAB(b)

]
,

q is the transferred momentum, k is the mean momentum carrying by a

nucleon in nucleus A.
Glauber theory:

SAB(b) = ⟨A, B |

∏
i j

[
1− ΓNN(b + xi − yj)

] |A, B ⟩,

ΓNN(b) = 1 − e iχNN (b) =
1

2πik

∫
d 2q e−iqbf elNN(q),

f elNN(q) is the nucleon-nucleon scattering



SAB(b) =

∫ A∏
i=1

d 2xi

∫ B∏
j=1

d 2yjρ
⊥
A (x1 − b, . . . , xA − b) ρ⊥B (y1, . . . , yB)

×

∏
i j

[
1− ΓNN(xi − yj)

] .

Nuclear densities

ρ⊥N (x1, . . . , xN) =

∫ N∏
i=1

dzi ρN(z1, x1, . . . , zN , xN).

ρN(r1, . . . , rN) =
N∏
i=1

ρN(ri ), ρ⊥N (x1, . . . , xN) =
N∏
i=1

ρ⊥N (xi )∫
d3rρN(r) = 1,

∫
d 2xρ⊥N (x) = 1.



C0

∫
DΦDΦ∗ exp

{
−

∫
d 2xd 2y Φ(x)∆−1(x − y)Φ∗(y)

+
∑
i

Φ(xi ) +
∑
j

Φ∗(yj )
}

= exp

{∑
i,j

∆(xi − yj )

}
=

∏
i,j

e
∆(xi−yj ),

e ∆(x−y) − 1 = −ΓNN (x − y).

SAB (b) = C0

∫
DΦDΦ∗ exp

{
−

∫
d 2xd 2y Φ(x)∆−1(x − y)Φ∗(y)

}
×

[∫
d 2x ρ

⊥
A (x − b)eΦ(x)

]A [∫
d 2y ρ

⊥
B (y)eΦ

∗(y)
]B

.

Generating function:

Z(u, v) =

∫
DΦDΦ∗ exp

{
−

∫
d 2xd 2y Φ(x)∆−1(x − y)Φ∗(y)

+u

∫
d 2x ρ⊥(x − b)eΦ(x) + v

∫
d 2x ρ⊥(x)eΦ

∗(x)
}

,

SAB (b) =
1

Z(0, 0)

∂A

∂uA

∂B

∂vB
Z(u, v)

∣∣∣∣
u=v=0

.



f elNN(q) = ik
σtot
NN

4π
e−

1
2βq

2

, ⇒ ΓNN(x) =
σtot
NN

4πβ
e−

x2

2β ,

σtot
NN is the total nucleon-nucleon cross section.

ΓNN(x) ≃ 1

2
σtot
NN δ(2)(x).

a =
√
2πβ ≃ interaction radius.

The discrete version:

C0

∏
xn

∫
dΦ(xn)dΦ

∗(xn)

2π
exp

−
∑
n

1

y
Φ(xn)Φ

∗(xn) +
∑
i

Φ(xi ) +
∑
j

Φ∗(yj )


= exp

{
y

∑
i,j

δxi ,yj

}
, e

yδxi ,yj = 1 + (e y − 1)δxi ,yj

zy = e y − 1 = −
1

2

σtot
NN

a2
.
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2π
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n

1

y
Φ(xn)Φ
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Φ(xi ) +
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
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1

2

σtot
NN

a2
.



Z (u, v) = C eWy (u,v), zy = 1 − 1

2

σtot
NN

a2
,

a =
√
2πβ

≃ interaction radius
,

Wy (u, v) =
1

a2

∫
d 2x ln

( ∑
M≤A,N≤B

zM·N
y

M!N!

[
a2uρ⊥A (x − b)

]M[
a2vρ⊥B (x)

]N)
.

tm,n(b) =
1

a2

∫
d 2x

[
a2ρ⊥A (x − b)

]m [
a2ρ⊥B (x)

]n
.

t0,1(b) = t1,0(b) = 1 ⇒ Wy (u, v) = u + v + F (u, v).

SAB(b) =
∑

k,j≤A,B

A!B!

(A− k)!(B − j)!

1

k!

∂ k

∂ uk
1

j!

∂ j

∂ v j
e F (u,v)

∣∣
u=v=0

≈
i,j≪A,B

e F (A,B).



Optical approximation:

t11(b) ̸= 0,

SAB = e−
1
2 σtot

NN TAB (b),

TAB(b) = A · B · t1,1(b).

Rigid target approximation:

t1n(b) ̸= 0, n ≥ 1

SAB(b) =
[
Trg (b)

]A
,

Trg (b) =

∫
d 2x ρ⊥A (x − b)

× e−
1
2σ

tot
NNρ

⊥
B (x).



The total interaction cross section:

σtot
AB =

4π

k
ImF el

AB(q = 0) = 2

∫
d 2b

[
1 − SAB(b)

]
.

The integrated elastic cross section:

σel
AB =

∫
d 2b

[
1 − SAB(b)

]2
.

The total inelastic, or reaction, cross section:

σr
AB = σtot

AB − σel
AB =

∫
d 2b

[
1 − |SAB(b)|2

]
.



ρA(r) = ρ0
[
1 +

1

6
(A− 4)

r2

λ2

]
e−

r2

λ2 ,

The reaction and the total cross sections of 12C � 12C collision

at the energy 950 MeV per nucleon and Rrms = 2.49 fm.

optical rigid target assuming exact

approximation approximation A ≫ 1 di�erentiating

σr , mb 952 911 857 867

σ tot , mb 1572 1470 1371 1363
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