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> A typical model contains 10 to 20 parameters.

Two most interesting ones are n/s and ¢ /s.

Q<— Bayesian Analysis

Measurements

It is important to introduce experimental observables.

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC

free
streaming

hadron
cascade

viscous
hydrodynamic

p

‘re—
ejw ibrium

ynamics

20 September 2021

C.Shen

2/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 3/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

& (Ellipticity)

Faster

k

Faster

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 3/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

& (Ellipticity)

Faster

k

Faster

Detector Cross Section

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC

20 September 2021

3/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

& (Ellipticity) &3 (Triangularity) Faster

Faster

¢

k Faster

Faster ~
Faster

Detector Cross Section

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 3/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

& (Ellipticity)

Faster

k

Faster

Detector Cross Section

Seyed Farid Taghavi (TUM)

&3 (Triangularity) Faster

¢

Faster

E

Faster

ore Particles

More Pai

More Particles

Multiharmonic flow cumulants for HIC 20 September 2021

3/11



Multiharmonic flow cumulants for HIC
L Introduction

Flow harmonics in a nutshell!

& (Ellipticity) &3 (Triangularity) Faster
\‘\
Faster ( /';
k Faster
Faster «

Faster

Detector Cross Section

ore Particles

More Pas

More Particles

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 3/11



Multiharmonic flow cumulants for HIC

L Introduction

Flow harmonics in a nutshell!

& (Ellipticity)

Faster

k

Faster

Detector Cross Section

Seyed Farid Taghavi (TUM)

&3 (Triangularity) Faster

¢

Faster

E

Faster

ore Particles

More Pas

More Particles

Multiharmonic flow cumulants for HIC

20 September 2021

3/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

collective evolution

o o< 1+ X1 2w cosln(9 —y,)]

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

o o< 1+ X1 2w cosln(9 —y,)]

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

Vi, - e VeV Y = (eMm@itHimgr)

o o< 1+ X1 2w cosln(9 —y,)]

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

Vi, - e VeV Y = (efm®irttinpr) collective evolution

Vn ) l,/)<11>

¥.
@

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

Vi, - e VeV Y = (efm®irttinpr) collective evolution

l 2 2

(vn s ym™’)

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

Vi, - e VeV Y = (efm®irttinpr) collective evolution

l B3) YB3

(i wm™’)

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

(Vpy - V€™ Yy 00 Yy ) ein1<P1+"'+ink(Pk>>events collective evolution

l B3) YB3

(i wm™’)

events = <<

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

(Vpy - V€™ Yy 00 Yy ) ein1<P1+"'+ink(Pk>>events collective evolution

l B3) YB3

(i wm™’)

events = <<

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021 4/11



Multiharmonic flow cumulants for HIC
LIntroduction

Flow harmonics in a nutshell!

The coefficient v,e'" ¥ is called Flow Harmonic.

(V== - Vg @YY nte = (MO IPY ) o onte collective evolution

» Single-harmonic cumulants:
[Borghini, Dinh, Ollitrault, PRC, 2000, 2001]
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» Symmetric Cumulants:
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» Generalized symmetric cumulants:

[C. Mordasini, A. Bilandzic, D. Karakoc, SFT, PRC, 2020],
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One package for all cumulants

[SFT, Eur.Phys.J.C 81 (2021) 7,652]
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One package for all cumulants 4 o i o
{2} = 0.30, v, {4} = 0.19,
[SFT, Eur.Phys.J.C 81 (2021) 7,652] 3
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» Example: single harmonic distribution p(v,) and its cumulants v, {2}, v,{4}, v,{6},
ORDER YOUR CUMULANT!

va{8}, ... (va{2m} o< cy/*"{2m})
»> We employ generating function method to extract the cumulants.

> Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git
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ORDER YOUR CUMULANT!

va{8}, ... (va{2m} o< cy/*"{2m})
»> We employ generating function method to extract the cumulants.
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Q-vectors.

> A new method for extracting Statistical error is implemented. B
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LA systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

» There are 33 distinct cumulants.
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LA systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
» There are 33 distinct cumulants.

> Seven of them have been missed in previous
theoretical and experimental studies.
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LA systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

cumulant order cumulant expression

» There are 33 distinct cumulants.

» Seven of them have been missed in previous

theoretical and experimental studies.

> To make the magnitude of the cumulants comparable,

we normalize them with respect to first single-harmonic
cumulants ¢, {2},

cumulant

normalized cumulant = — .

cn {2} enf {2}

n; : the involving harmonics in the cumulant.

(] 2

m; : the power of the flow amplitude vy; in the cumulant.
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cumulant order cumulant expression

» There are 33 distinct cumulants.

! (2}
2 esf{2}
3 {2}
n 2

» Seven of them have been missed in previous
theoretical and experimental studies.

> To make the magnitude of the cumulants comparable,

we normalize them with respect to first single-harmonic
cumulants ¢, {2},

cumulant

normalized cumulant = — .

cn {2} enf {2}

20 clol 3.2

n; : the involving harmonics in the cumulant.

m; : the power of the flow amplitude vy; in the cumulant.

> We have 29 distinct normalized cumulants.

» TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.

[Bernhard et al, Nature Phys., 2019]
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

Multiharmonic normalized cumulants
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

(Normalized) multiharmonic cumulants at the LHC

[ALICE, PRL, 127, 092302 (2021)]
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

(Normalized) multiharmonic cumulants at the LHC
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

(Normalized) multiharmonic cumulants at the LHC
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LA systematic way to extract all multiharmonic flow cumulants

(Normalized) multiharmonic cumulants at the LHC

5 25 45 65 5 25 45 65 5 25 45 65
wf ey nel 21,11} nel® (2,2} | 15
= ‘_.___L---{-no-._ }_,.o---v---;‘\\ - .
[ALICE, PRL, 127, 092302 (2021)] = o s Yd . 0., .
01— T T T T E e Jgf ,f . e
< x10 DEN 3 %5y momcoson xR -276% § (6) * as
«@ S S— A 9
N _0.1F _— = g n"‘;m,‘“}‘(tzt & nelle2) el 21y P
3 N\ . I . SN . )
D _p2F [auce .* \ [E g I 1 A S 3 - .
n _0.af e TaENTo 1 LE g N \:\ A h ST
o UE - EkATIS ' \ N 2 T \\\7" s T B
o E 3 -
o ~04E = kAt e - paramt “ ' g ot 2= 40
?:::, —0.5F B T,ENTO+EBE-VISHNU, MAP | - M 5 b acl22) o nel’l(2,2) wel 3,2y 4 0.04
Eh —0.6% L L L L L E 06 Y 4 . { At -5 °%
s -0 10 20 30 40 50 E P o = —
Centrality percentile 0z _o”"* dpre-eo ., . -0.02
02k (12) a3 [e10) H-o04
> The simulations are all predictions from a model tuned R S v
by Bayesian analysis.
------ ATLAS, PRC, 90, 024905 SSS5=5 ALICE, PRL. 117, 182301
» How would the inferred parameters change if we use ®  TRENTO+VISH2+1+UrQMD =~ = = ALICE, PRC, 97, 024906

the observables as inputs for a Bayesian analysis?
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

TUTI

Linear and nonlinear hydrodynamic response from distribution

[SFT, Eur.Phys.J.C 81 (2021) 7,652]
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

Linear and nonlinear hydrodynamic response from distribution

[SFT, Eur.Phys.J.C 81 (2021) 7,652]
Hydrodynamic response coefficients:
[Teaney, Yan, PRC, 2010, 2012, 2013] [Noronha-Hostler, Gardim, Yan, Luzum,
Ollitrault, PRC, 2012, 2015]
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

Linear and nonlinear hydrodynamic response from distribution

[SFT, Eur.Phys.J.C 81 (2021) 7,652]
Hydrodynamic response coefficients:
[Teaney, Yan, PRC, 2010, 2012, 2013] [Noronha-Hostler, Gardim, Yan, Luzum,
Ollitrault, PRC, 2012, 2015]

V2e2V2 vy 856292
V333 vy 568393
vae W vy 4000 4 Wa(22) e

V5€i5W4 >~ Ws 858i5¢5 + W5(23) 8283ei2¢2+i3¢3.
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

Linear and nonlinear hydrodynamic response from distribution

[SFT, Eur.Phys.J.C 81 (2021) 7,652]
Hydrodynamic response coefficients:
[Teaney, Yan, PRC, 2010, 2012, 2013] [Noronha-Hostler, Gardim, Yan, Luzum,
Ollitrault, PRC, 2012, 2015]

V2e2V2 vy 856292
V333 vy 568393
vae W vy 4000 4 Wa(22) e

V5€i5W4 >~ Ws 858i5¢5 + W5(23) 8283ei2¢2+i3¢3.

Initial state fluctuation — pi(e1,€2,€,...,01 — 02,02 — 3,...)

collec. evol.
—_—

pr(vi,va, v, W1 — Yo, Yo — y3,...)
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Multiharmonic flow cumulants for HIC

LA systematic way to extract all multiharmonic flow cumulants

Linear and nonlinear hydrodynamic response from distribution
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LA systematic way to extract all multiharmonic flow cumulants

Linear and nonlinear hydrodynamic response from distribution

[SFT, Eur.Phys.J.C 81 (2021) 7,652]

Hydrodynamic response coefficients:
[Teaney, Yan, PRC, 2010, 2012, 2013] [Noronha-Hostler, Gardim, Yan, Luzum,

Ollitrault, PRC, 2012, 2015]
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Multiharmonic flow cumulants for HIC
LLarge order single harmonic cumulants

Large order cumulants . sia, s, in progress)]

We focus on single-harmonic distribution, p(v,).
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We focus on single-harmonic distribution, p(v,).

First, let us set up the stage:
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LLarge order single harmonic cumulants @

Large order cumulants . sia, s, in progress)]

We focus on single-harmonic distribution, p(v,).

. 4 {2} 2022, v, {4} 2012,

Fn’st, |et us set up the Stage: {2} 2030, v, {4} =019, ...
3

P p(v,) cumulants: v, {2}, v, {4}, va{6}, va{8}, ...
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Vn
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Multiharmonic flow cumulants for HIC
LLarge order single harmonic cumulants

Large order cumulants . sia, s, in progress)]

We focus on single-harmonic distribution, p(vy).

4 — {2} 022, v {4} %012, ...
{2} 2030, v, {4} = 0.19, ...

First, let us set up the stage:
P p(v,) cumulants: v, {2}, v, {4}, va{6}, va{8}, ...
P Conventional multiparticle technique = feasible up to order ~ 14 (v,{14}).

0.0 0.2 0.4 0.6 0.8
Vn
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Multiharmonic flow cumulants for HIC
LLarge order single harmonic cumulants

Large order cumulants . sia, s, in progress)]

We focus on single-harmonic distribution, p(vy).

4 — {2} 022, v {4} %012, ...
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Lee-Yang zeros expansion is a complementary study for the conventional multiparticle technique.
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The unmeasured cumulants contain an independent piece of information about the heavy-ion models.

One would ask whether the new cumulants help the estimations in the Bayesian analysis?

We obtaied the linear and nonlinear hydrodynamic response couplings by comparing fluctuation distributions.
We showed that the sub-leading Lee-Yang zeros lead to an estimation for v,{2m} at large m.

Can Lee-Yang zeros characterize the different collisions systems, e.g. p—Pb, Xe—Xe, Pb—Pb, ... ?

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021

11/11



Multiharmonic flow cumulants for HIC

LSummary and Outlook

Summary and Outlook

>

vy

vyVvyYvyVvyy

We introduced a systematic method to extract all flow harmonic cumulants up to a given order.
A new method is employed to calculate statistical uncertainties.

Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git

The unmeasured cumulants contain an independent piece of information about the heavy-ion models.

One would ask whether the new cumulants help the estimations in the Bayesian analysis?

We obtaied the linear and nonlinear hydrodynamic response couplings by comparing fluctuation distributions.
We showed that the sub-leading Lee-Yang zeros lead to an estimation for v,{2m} at large m.

Can Lee-Yang zeros characterize the different collisions systems, e.g. p—Pb, Xe—Xe, Pb—Pb, ... ?

Seyed Farid Taghavi (TUM) Multiharmonic flow cumulants for HIC 20 September 2021

11/11



Multiharmonic flow cumulants for HIC

LSummary and Outlook

Summary and Outlook

>

vy

vyVvyYvyVvyy

We introduced a systematic method to extract all flow harmonic cumulants up to a given order.
A new method is employed to calculate statistical uncertainties.

Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git

The unmeasured cumulants contain an independent piece of information about the heavy-ion models.

One would ask whether the new cumulants help the estimations in the Bayesian analysis?

We obtaied the linear and nonlinear hydrodynamic response couplings by comparing fluctuation distributions.
We showed that the sub-leading Lee-Yang zeros lead to an estimation for v,{2m} at large m.

Can Lee-Yang zeros characterize the different collisions systems, e.g. p—Pb, Xe—Xe, Pb—Pb, ... ?

Thank you for your attention!
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