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Multiharmonic flow cumulants for HIC

Introduction

Current status of heavy-ion collision models

Significant progress has happened in modeling heavy-ion collisions.

I The phenomenological models contain several stages =⇒
I A typical model contains 10 to 20 parameters.

Two most interesting ones are η/s and ζ/s.

It is important to introduce experimental observables.
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Introduction

Flow harmonics in a nutshell!

The coefficient vneinψn is called Flow Harmonic.

I Single-harmonic cumulants:
[Borghini, Dinh, Ollitrault, PRC, 2000, 2001]

cn{2}= 〈v2
n〉, cn{4}= 〈v4

n〉−2〈v2
n〉2, · · ·

I Symmetric Cumulants:
[Bilandzic, Christensen, Gulbrandsen, Hansen, Zhou, PRC, 2013]

SC(n,m) = 〈v2
n v2

m〉−〈v2
n〉〈v2

m〉

I Generalized symmetric cumulants:
[C. Mordasini, A. Bilandzic, D. Karakoc, SFT, PRC, 2020],

SC(k, l,m) = 〈v2
k v2

l v2
m〉−〈v2

k v2
l 〉〈v2

m〉−〈v2
k v2

m〉〈v2
l 〉−〈v2

l v2
m〉〈v2

k〉+2〈v2
k〉〈v2

l 〉〈v2
m〉

collective evolution

dN
dϕ ∝ 1+∑∞

n=1 2vn cos [n(ϕ−ψn)]

ϕi+1

ϕi−1

ϕi
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A systematic way to extract all multiharmonic flow cumulants

One package for all cumulants
[SFT, Eur.Phys.J.C 81 (2021) 7,652]

pf (v1,v2,v3, . . . ,ψ1−ψ2,ψ2−ψ3, . . .)

I Example: single harmonic distribution p(vn) and its cumulants vn{2}, vn{4}, vn{6},
vn{8}, . . . (vn{2m} ∝ c1/2m

n {2m})
I We employ generating function method to extract the cumulants.

I Mathematica package MultiharmonicCumulants_v2_1.m
https://github.com/FaridTaghavi/MultiharmonicCumulants.git

I Returns the cumulants in terms of symbolic moments, correlation functions, and
Q-vectors.

I A new method for extracting statistical error is implemented.

0.0 0.2 0.4 0.6 0.8

0

1

2

3

4
vn{2} ≈ 0.22 , vn{4} ≈ 0.12, . . .

vn{2} ≈ 0.30 , vn{4} ≈ 0.19, . . .

vn

p(
v n
)
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I Returns the cumulants in terms of symbolic moments, correlation functions, and
Q-vectors.

I A new method for extracting statistical error is implemented.
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
I There are 33 distinct cumulants.

I Seven of them have been missed in previous
theoretical and experimental studies.

I To make the magnitude of the cumulants comparable,
we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c

mk
nk {2}

.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]●● ● ● ● ● ●
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A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
I There are 33 distinct cumulants.

I Seven of them have been missed in previous
theoretical and experimental studies.

I To make the magnitude of the cumulants comparable,
we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√
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.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
I There are 33 distinct cumulants.

I Seven of them have been missed in previous
theoretical and experimental studies.

I To make the magnitude of the cumulants comparable,
we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c
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.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
I There are 33 distinct cumulants.
I Seven of them have been missed in previous

theoretical and experimental studies.

I To make the magnitude of the cumulants comparable,
we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c

mk
nk {2}

.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
I There are 33 distinct cumulants.
I Seven of them have been missed in previous

theoretical and experimental studies.
I To make the magnitude of the cumulants comparable,

we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c

mk
nk {2}

.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]●● ● ● ● ● ●
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
I There are 33 distinct cumulants.
I Seven of them have been missed in previous

theoretical and experimental studies.
I To make the magnitude of the cumulants comparable,

we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c

mk
nk {2}

.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.

I TRENTo + free streaming + VISH(2+1) + UrQMD
Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]●● ● ● ● ● ●
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5
I There are 33 distinct cumulants.
I Seven of them have been missed in previous

theoretical and experimental studies.
I To make the magnitude of the cumulants comparable,

we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c

mk
nk {2}

.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

I There are 33 distinct cumulants.
I Seven of them have been missed in previous

theoretical and experimental studies.
I To make the magnitude of the cumulants comparable,

we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c

mk
nk {2}

.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

All cumulants involving harmonics 2,3,4,5 and orders 2,3,4,5

I There are 33 distinct cumulants.
I Seven of them have been missed in previous

theoretical and experimental studies.
I To make the magnitude of the cumulants comparable,

we normalize them with respect to first single-harmonic
cumulants cn{2},

normalized cumulant =
cumulant√

cm1
n1 {2}· · ·c

mk
nk {2}

.

ni : the involving harmonics in the cumulant.
mi : the power of the flow amplitude vni in the cumulant.

I We have 29 distinct normalized cumulants.
I TRENTo + free streaming + VISH(2+1) + UrQMD

Maximum A Posteriori (MAP) tuning.
[Bernhard et al, Nature Phys., 2019]
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

(Normalized) multiharmonic cumulants at the LHC

[ALICE, PRL, 127, 092302 (2021)]
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I The simulations are all predictions from a model tuned
by Bayesian analysis.

I How would the inferred parameters change if we use
the observables as inputs for a Bayesian analysis?
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

Linear and nonlinear hydrodynamic response from distribution
[SFT, Eur.Phys.J.C 81 (2021) 7,652]

Hydrodynamic response coefficients:
[Teaney, Yan, PRC, 2010, 2012, 2013] [Noronha-Hostler, Gardim, Yan, Luzum,

Ollitrault, PRC, 2012, 2015]

v2ei2ψ2 ' w2 ε2ei2φ2 ,

v3ei3ψ3 ' w3 ε3ei3φ3 ,

v4ei4ψ4 ' w4 ε4ei4φ4 +w4(22) ε2
2 ei4φ2 ,

v5ei5ψ4 ' w5 ε5ei5φ5 +w5(23) ε2ε3ei2φ2+i3φ3 .
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Multiharmonic flow cumulants for HIC

A systematic way to extract all multiharmonic flow cumulants

Linear and nonlinear hydrodynamic response from distribution
[SFT, Eur.Phys.J.C 81 (2021) 7,652]

Hydrodynamic response coefficients:
[Teaney, Yan, PRC, 2010, 2012, 2013] [Noronha-Hostler, Gardim, Yan, Luzum,

Ollitrault, PRC, 2012, 2015]
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Multiharmonic flow cumulants for HIC

Large order single harmonic cumulants

Large order cumulants [J. Jia, SFT, (in progress)]

We focus on single-harmonic distribution, p(vn).

First, let us set up the stage:
I p(vn) cumulants: vn{2}, vn{4}, vn{6}, vn{8}, . . .
I Conventional multiparticle technique⇒ feasible up to order ∼ 14 (vn{14}).
I Lee-Yang zero technique [Bhalerao, Borghini, Ollitrault, 2004] ⇒we get vn{∞}

How Lee-Yang zero technique works?

I First we compute the “Fourier transformation” of p(vn), shown by G(kn).
I Then we find the closest zero of G(kn) to the origin, shown by z0.
I vn{∞} ' 2.405

z0
.

What about other zeros? z1, z2, . . .
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Large order single harmonic cumulants [J. Jia, SFT, (in progress)]

Increasing cumulant order (2m)

vn{2}, vn{4}, vn{6}, vn{8}, . . .

. . . , z3, z2, z1, z0

I We can study
vn{2m}

vn{2m+2} behaves at very large m.

I Instead of ratio vn{2m}
vn{2m+2} , it would be nicer if we define the following quantity:

R2{2m}=− log
∣∣∣∣ vn{2m}
vn{2m+2} −1

∣∣∣∣

Mid-central Pb–Pb collisions

Lee-Yang zeros expansion is a complementary study for the conventional multiparticle technique.
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Summary and Outlook

I We introduced a systematic method to extract all flow harmonic cumulants up to a given order.
I A new method is employed to calculate statistical uncertainties.
I Mathematica package MultiharmonicCumulants_v2_1.m

https://github.com/FaridTaghavi/MultiharmonicCumulants.git

I The unmeasured cumulants contain an independent piece of information about the heavy-ion models.
I One would ask whether the new cumulants help the estimations in the Bayesian analysis?
I We obtaied the linear and nonlinear hydrodynamic response couplings by comparing fluctuation distributions.
I We showed that the sub-leading Lee-Yang zeros lead to an estimation for vn{2m} at large m.
I Can Lee-Yang zeros characterize the different collisions systems, e.g. p–Pb, Xe–Xe, Pb–Pb, . . . ?

Thank you for your attention!
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Relativistic HIC and multiharmonic flow cumulants

Large order single harmonic cumulants [J. Jia, SFT, (in progress)]

I The Lee-Yang zeros can be complex
zn→ zneiαn

I Here, we have two zeros z0eiα0 and
z0e−iα0
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