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Lattice QCD is the best-known method
for non-perturbative calculations of

 Properties of quarks, gluons and hadrons
* QCD corrections to weak and electromagnetic processes

* QCD corrections to beyond the standard model processes

GOAL: Elucidate nucleon structure and decays using
large scale simulations of lattice QCD.
Calculate the matrix elements of quark and gluon
operators within the nucleon state.



LQCD is formulated as a Feynman path integral.

Simulations provide a stochastic computation of

« The quantum vacuum of QCD

» ensemble of gauge configurations

« Hadrons & interactions put in as external probes

» N-point correlation functions

 Quantum wavefunctions of hadronic states

> Matrix elements: (N(pf)|0(Q%)|N(p;)) ( :

Q00




What is the same in Minkowski and
Euclidean Time?

e Time evolution: et’t > T = ¢~ H7

 Spectrum: et - e T under t — it

* Matrix elements @ fixed time



Rich Landscape of LQCD calculations

Physics objectives

€, €' in kaon
CP violation

s, ¢, b decay
form factors

g-2

a,, quark
masses

Nucleon structure,
form factors

Matrix elements
within Nuclei

Parton distribution functions

PDFs

Hadron
Spectroscopy

Charges
9da, 9s, 91t,0xzN, Og

Axial & EM
form factors

Neutron electric dipole

moment NEDM

Neutrinoless double
beta decay

OvGp




The neutron is a clean but challenging system

Decays weakly = a stable bound state of QCD

Properties:

Charges ga,9p,9s, 971, 9v
Spin content

¢ o

* Quarks
e Gluons
®

Form factors
* Electric, Magnetic

. Axial W% S
Distribution functions, moments V,d

« PDF .

. GPD !

Radiative Corrections to decay ud d



Numerical simulations of lattice QCD

QCD on a 4D Euclidean grid with lattice spacing «
Input Parameters: {a < coupling, m;< M,, m., m,}
Derivatives — finite differences

— Discretization errors (a — 0)

- 0(a) improved actions
Finite volume (M, L — 0)

— FV errors exponentially small for ML > 4

Chiral extrapolation (M,, — 135 MeV)
Numerical integration of the path integral

— Statistical errors

Chiral symmetry plays an important role



LQCD Methodology

Generate gauge configurations (provide the quantum vacuum stochastically)

Formulate operators that best probe the physics
- Low energy effective operators encapsulating SM & BSM physics
— Examples: Axial, scalar, tensor and vector quark bilinears (O =g, I; qz), ...

Calculate quark propagators Sp = % on the gauge configurations

Construct hadronic correlation functions by tying Sr and gauge links
Isolate ground state (— “stochastic” quantum wavefunctions |N(p;)))

Calculate matrix elements: (N (pr) | 0 (Q?) |N (pi))



At finite ¢ and 7, use the spectral decomposition

of 2- and 3-point functions to remove ESC
O(t)

Mpt

Isolate the neutron e™Mn' Isolate the 'proton e”

(1) =|A[ e +|A[ e +]|A,| ™ +|A, e ...

3(t,A) =|A,|” (0]0]0) e +|A [ (1]O]1)e ™ +
AyA (0] 0| 1)e™ e 4 4% 4 (1]0|0)e e 4

n-state fits to extract amplitudes,
energy levels, matrix elements




Challenge: Signal/Noise and excited state
contamination in nucleon correlation functions

 Signal 1n all nucleon correlators degrades
exponentially ~e ~(Mn=1.5Mz)t

e Towers of low-mass excited states
- NpT[_p



Signal-to-noise in pion’s 2-point function I'?

Z
¢ A ‘ 3
/ l
< AN > N\
t >
Signal: ['* ~ e~ Ent Variance: e~ 2Ent

(1) = ‘AO‘Z el 4 ‘Al‘z e 4 ‘Az‘z e 4 ‘A3‘2 ey

O

5 (PE()PS(0)) e ]
013l <AZ(t)P;(8)) = Fz(t)
’ - m = V. . 4 —_ A —_—

_ aMy = 0.1001(1)[0.94] | Meff(t) = |In

r2(t+1)

The signal does not degrade with ¢
The mass gap 1s large
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Nucleon spectrum from 2-point function I'2(t) = (Q|N N|Q)

. . N = e [qu(x)Cys( =20 qé’(x)] q1 (x)

<

Spectral decomposition 1s same as for the pion
(1) =|A, ‘2 e Mol 4 ‘Al‘z e M+ ‘Az‘z e M 4 ‘A3‘2 e " ¢
Fit the data for I'?(t) versus 7 to extract

M,, M,, ... masses of the ground & excited states
Ay, A4, ... corresponding amplitudes for creating/annihilating states
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Signal-to-noise in the nucleon 2-point function I'2

.g =. Z
t N\

N/

Signal: ['? = e Ent Variance: e~ 3Ent
0.65 Ao = 4.22(15)e— 10 ' 1
0.60 - Agizggéggéi)g: 8;8%451?) aO91mE;10:t_ - ° The Slgnal/nOISe degrades

R =0.694(26) pr: 0.70(40)

AM, = 0.510(26) pr: 0.60(40) . —(Mn—1.5M_)t
osst & RO b ety _ exponentially e (My )
AM3 = 0.210(60) pr: 0.30(25)
FR: 2 — 20,
0.50 [ Xx2/17=0.71,p=0.80(2) |

* Toresolve a small mass gap
(M; — M, ) requires large t
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Calculating Nucleon Charges
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Excited states in correlation functions

Challenge: To get the matrix elements within the nucleon ground state,
the contributions of all excited states must be removed.

( J/4) b

N = €%¢ [q{T (x)Cys

(x)l q1 (x)

Interpolating operators
create or annihilate all
states with the same
quantum numbers as N

\

Each intermediate state with
nucleon quantum numbers is
suppressed by the factor

A2
_; e_(Mi_MN)t
AO

uy,ysd

@%%

Towers of multihadron states
N(@)m(—p)
N(0)rn(P)m(—p)
N(®)2n(—p)

+ radial excitations

»  Which excited states make significant contributions to a given matrix element?

« What are their energies in a finite box?




Fits to I'3 with AE; from I'* “work”

Better smearing reduces ESC

Higher statistics (10K =500K)) with bias corrected sloppy inversion method
4-5 values of source-sink separation t

4-state fits to 2-point functions

3-state fits to 3-point functions

Full covariance error matrix

I a09m220 , tyip = 3, ga r3
1.30 |-a09m220
1.25 [ EJJ};{:\(-
=< 1.20 /% b5
S Y\‘}\é\{?

I WW{,

1.19 |

(I)[]

. Extrap tsep =12 —oe— wp
1. 1TU / [Sep—|U |_A_| | Isep—|‘|' '_E_| \ L.l T: OOI | 10 I 12I |_e_| | 14 |'A'I| 16I I-A-|
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Gupta et al, Phys. Rev. D98 (2018) 034503 17



Challenges for Nucleons

0.70 1 "o =5.12(11)e— 10 ‘
Mo =0.4647(13) SNT[

Cannot go to large T because oos | T35 o aosamarol -

R2 =0.572(92) pr: 0.80(60)
AM, =0.42(12) pr: 0.70(50)

the signal/noise degrades as osof | mIgntn oo
o~ (My—1.5Mp)T

0.55 [ X?/19=0.84,p=0.66(3) ]

Met(T)

0.50

— 2-pt: ©~2fm ; 3-pt: ~1.5fm 0.05 |

N couples to the nucleon, all its excitations
and multi-hadron states with the same quantum numbers

As g — 0, the tower of Nt , Nt states becomes arbitrarily
dense starting at ~1210 MeV

The excited states that give significant contribution to a given
ME are not known a priori.

Large region in {E£,} from 4-state fits to ['*(t) have similar y*

¥PT 1s a good guide



Results from lattice QCD

The QCD community publishes, every two years, the review
Flavor Lattice Averaging Group (FLAG) report
http://flag.unibe.ch/2021/

FLAG 2019: arXiv:1902.08191
FLAG 2021: arXiv:2111.09849

So far, the Nucleon Matrix Elements (NME) reviewed are

« Isovector charges g% %, g% %, and g ¢

. ,d, ) ,d; ) )d; )
* Flavor diagonal charges: gﬁ o g? >¢, and ngl o

Lattice Methodology 1s well established



http://flag.unibe.ch/2021/

Isovector Nucleon Charges

Nucleon charges gfql_d, g}g‘_d, and g%l_d obtained from ME of local
quark bilinear operators g; I' q; within ground state nucleons:

(N|g; To T3 q;|N) < g

Connected diagram

Isovector Charges: probed in weak decays

—

g4~ 4: axial charge (2-3%)
u—d. ~100 — N beta d

gs " : scalar charge (~10%) eutron beta aecay

g%~ 4: tensor charge (~5%)

—

g% % and g% ¢ combined with neutron decay parameters b,
probe novel scalar and tensor interactions at the TeV scale

PhysRevD.85.054512



Flavor diagonal charges

gj;l"d’s’cz Contribution of quark spin to nucleon spin

udsc. _- .
9 . pion-nucleon sigma term, strangeness and charm content

ud,s,c.

g7 : Contribution of quark EDM to nucleon EDM, transversity

Connected Disconnected noisier
u+d __ _u+d,conn lLdisc
gdast = dasr + 29 AST



quark contribution to proton spin: g¥®*¢

gauge invariant decomposition of the proton spin is given by

1 1
> — z (E Ag + Lq) +/4 [X. Ji, PRL 78 (1997) 610]

connected + disconnected diagrams




Spin of the proton

FIAG2021

g4

FIAG2021 2a

FE

FLAG average for Ny=2+1+1

PNDME 20
ETM 19
PNDME 18A

HilH

=
b

FLAG average for Ny=2+1

Mainz 19A
xQCD 18

FIAG2021 g4
—— FLAG average for N¢=2+1+1
" PNDME 20
HH ETM 19
i PNDME 18A
—— FLAG average for N;=2+1
= Mainz 19A
= 2QCD 18
—0— ETM 17C
0.7 0.8

LANL (PNDME) result (PRD 98 (2018) 094512):

HH

ETM 17C

FLAG average for Ny=2+1+1

PNDME 20
ETM 19
PNDME 18A

FLAG average for N¢=2+1

—-0.5 —0.4 —0.3

Mainz 19A
- xQCD 18
JLQCD 18
T xQCD 15
L Engelhardt 12
—— ETM 17C

—0.06 -0.03 0.00

o.sz g? = (0.777(39) — 0.438(35) — 0.053(8))/2 = 0.143(31)(36)
q

Compass result 0.13 < ), S, = 0.5, gi<0.18




The pion-nucleon sigma term

Orn = mudgg”d = mud(N‘ﬁu + c?d‘N)

«  Fundamental parameter of QCD that quantifies the
amount of the nucleon mass generated by u and d quarks.

e gZ:enters in cross-section of dark matter with nucleons

« Important input in the search of BSM physics

PRL 127 (2021) 242002; e-Print: 2105.12095
Rajan Gupta, Sungwoo Park, Martin Hoferichter, Emanuele
Mereghetti, Boram Yoon, Tanmoy Bhattacharya



https://arxiv.org/abs/2105.12095

yPT analysis shows N (E)n(—z) and N (O)n(z)n(—ﬁ)
states give significant contributions.
Coupling of S to mrm 1s large

i ,—q/‘ é
,' | 7 RN

' ! 1

| ’ '\ 1

i N /

LO NLO NLO N2LO
Why disconnected

contribution is large

PRL 127 (2021) 242002




gs: ESC from N & Nnrwr in N?2LO «PT

e ] 8 a=0.09 fm, M, = 0.138 GeV
Em ground state
16 /I——\ 16 = 1=10a
] = =123
14 14 = ro14n
4 m 71=16a
12/ 2=0.09fm, 7= 16a/ 12
= ground state
10" "mm NLO, |naxl=1 1 10
B N2LO, | Nmax]=1
8 == NLO, |Nmax|=3 8
mm N2LO, |Nmax]=3
6 6
— NZLO: [ Mmax|=c0 ]
[
4 -5 0 5 *10 -5 0 5 10
(t-1/2)/a (t-1/2)/a
. . - .
Different truncations (¥PT order and p) N2LO yPT estimates for t = 10,12,14,16

Estimates for the a = 0.09fm; M,; = 135MeV ensemble assuming the asymptotic value is 18

The NLO and N?LO ESC can each reduce o,y at a level of 10 MeV

Including the A as an explicit degree of freedom does not change the conclusions

* e-Print: 2105.12095 [hep-lat]



https://arxiv.org/abs/2105.12095

Excited-state effects are large and results very sensitive to Nm / Nmmr states

Fits without Nm/Nnmr (M, = 1.6 GeV)

15

%i%Q 012{Séi8§74378 pr030(10)

gt 11 79(7

12 @Vﬁ 0288‘0(3’28)\ pr030(10)

u+d _ . u+d,conn l,disc
gs' "~ =Gs + 294

10

Oxn = Mgeted ~ 40 MeV

-0.5 F

with Nm / Nnm (M, = 1.2 GeV)

4
35 Ale 9 2511 416 fr012(2)

/42 =1.19, p
3

25 F

2 F
15 F
1E
05 F
0F

-1

g4t =17.0(1:8)

VIT UL oF priulz 2
18 | %/42 126}; )012 L

10

PRL 127 (2021) 242002




Resolved Tension Between Lattice QCD
and Phenomenology

FLAG Reports 2019, 2021:

OxN
. n —— hi K
e Lattice results ~40 MeV 3 - E@?g
1 —— ETM 14A
* Phenomenology favors ~60 MeV z o018
& — ¥QCD 15A
I e BMW 15

Ruiz de Elvira 17
Hoferichter 15

Post FLAG 2021 results e e
BMW (arXiv:2007.03319) o,y = 37.4(5.1) MeV (FH) : . Caseer 1

N scatt. N

10 20 30 40 50 60 70 MeV

ETM (PRD 102, 054517) o,y =41.6(3.8) MeV (Direct)

LANL Results: PRL 127 (2021) 242002: e-Print: 2105.12095
* Without including N (E)n(—E) and N (O)n(E)n(—E}) states: = 41.9 (4.9) MeV
* Including N(E)n(—ﬁ) and N(O)n(z)n(—ﬁ) states: =59.7 (7.3) MeV



https://arxiv.org/abs/2105.12095

Moments of distributions



Moments of quark distributions (EIC and JLab)

’

* Momentum fraction (spin independent, ie, unpolarized quarks)
~ (W) = [y x [400+ J)] dx where q = gr + q

» Helicity moment: quark helicity [anti] aligned with a longitudinally polarized proton
~ (Vg = Jy x [Aq()+ AG()] dx where Aq = g7 — q,

* Transversity moment: quarks spin [anti] aligned with a transversely polarized proton

- (Wsq = [y x [8q(x)+ 8G(x)] dx where 8¢ = g1 + q,

These first moments of twist two distribution functions are the first steps in the
detailed 3-D tomography of the proton that will be explored at the EIC.
Lattice QCD results are competitive with global fits




Moments of distributions

0.10 0.15 0.20 0.25

Lattice QCD

Global Fit

NME 22(PRELIM.)

——
—— NME 20
—— PNDME 20
—B— ETMC 20
—— ETMC 19
—— Mainz 19
—_—— ¥QCD 18
—l— RQCD 18
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() NNPDF3.1
e ABMP2016
(2] CJ15
(] HERAPDF2.0
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(] MMHT2014
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<x>u—d

Momentum fraction

(x)g = 0.152(23)

0.15 0.20 0.25 0.30

0.150.200.250.30

—a— NME 22(PRELIM.)
—a— NME 20 —— NME 22(PRELIM.)
—a— PNDME 20 N \VE 20
Al [ ETMC 19
S| —=—  Mainz19 —.— PNDME 20
3 —=— RQCD 18
§ —H—  ETMC 15 § ==~ ETMC 19
———8—— RBC/UKQCD 10 8 L 1o
B LHPC 10 g
- RQCD 18
= —e—  JAM17
g e NNPDFpol1.1 e ETMG 18
5 ot DSSV08

0.15 0.20 0.25 0.30
D Au - Ad

0.150.200.250.30
Vsu — 8d

Helicity moment

Transversity moment

(x)4q = 0.182(22)

(X)5q = 0.204(24)

Error now dominated by ES uncertainty

LANL results: PRD 102 (2020) 054512; JHEP 04 (2021) 044, unpublished




Lattice QCD 1s providing many
results with fully controlled errors
that are testing the standard model

and probing BSM physics



