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showers [3, 45]. In this limit, the decay of a high-energy state proceeds by decaying colour-

anticolour dipoles into lower-energy dipoles. Interpreting the showering process as dipole

decays allows to describe the most straightforward interference patterns but also addresses

momentum conservation within sequential decay processes. Individual particles that fulfil

relativistic on-shell relations p
µ
pµ = m

2 cannot decay into on-shell decay products that have

non-vanishing angles or energies. Colour dipoles contain two on-shell partons, which may

readily decay into three on-shell particles (forming two decay-product dipoles) without vio-

lating momentum conservation. Thus, the dipole decay pattern is well-defined throughout

momentum space, i.e. the dipole picture allows for the generation of physical multi-particle

data. The ability of all state-of-the-art conventional showers to synthesise data events rests

on dipole-shower-inspired strategies to generate the decay product momenta [4–12].

Colour-charged states predominantly decay through (soft) gluon emission, the inclusive

decay probability of which is given by the eikonal interference pattern
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where C is a colour-charge factor, the two-particle invariants sab are defined by sab = 2paṗb,

and where the momentum conservation condition pI +pK = pi+pj +pk implies the relation

sIK = sik + sij + sjk between pre- and post-branching momenta. This decay process can

equally be interpreted as the decay of a dipole of invariant mass sIK into two dipoles of

invariant masses sij and sjk, which are linked by the soft gluon. Dipole showers employ this

inclusive probability to calculate the contribution of exclusive, fixed particle-multiplicity

states � to an observable O(�) according to the master equation
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and where a particular choice of the functional form of t and ⇠ is called the phase space

parametrisation or momentum mapping. Finally, t defines the “evolution variable”. Branch-

ings are successively ordered in this variable, with large-t branchings occurring earlier in the

evolution of the state. Large evolution variables indicate transitions at high energy, while

low evolution variables indicate low-energy transitions. The first term in Eq. 2.2 models

the probability of the n-body state �n not decaying above tc ' ⇤2
QCD ' (300GeV)2, while

the second term describes one or more decays. This introduction highlights that the devel-

opment of a parton shower relies on a) the choice of inclusive decay probabilities dP, b) the
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Figure 1: The phase space of e↵ective gluon emission is discrete, since 1 gluons within a
rapidity region �yg act coherently due to running-coupling e↵ects. The  (or equivalently
the k

2
?) dimension is also quantised, since 2 additional phase space folds opening due to

gluon emission are quantised in units of �yg. See main text for more details.

choice of an evolution variable t, and c) the choice of a momentum mapping sij , sjk $ t, ⇠

which determines the relations between pre-and post-decay momenta.

It is worth noting that all conventional state-of-the-art parton showers use slight vari-

ations of a single algorithm – the “veto algorithm” – to solve Eq. 2.2 numerically. This

algorithm treats the variables t and ⇠ as continuous degrees of freedom. It is thus unsuit-

able for (current) quantum devices. The following section will develop other algorithmic

solutions of Eq. 2.2, guided by keeping in mind the feasibility of NISQ devices.

2.1 Reinterpreting classical parton shower algorithms as random walks

This section extends the classical shower algorithm toolbox by performing several abstrac-

tions of the features of dipole showers. We are led to conclude that the showering process

can be described by creating and sampling from a fixed set of primitive fractal structures,

followed by a translation of the chosen primitive structure into scattering event momenta.

The first step has an elegant implementation on intermediate-scale quantum devices.

The first abstraction to consider is removing the independent treatment of decay prob-

ability and momentum-space integration by absorbing the non-uniform probability density

in Eq. 2.1 into the integration measure. This can be obtained by choosing a phase-space

parametrisation in terms of the gluon’s transverse momentum,

k
2
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1

2
ln

✓
sij

sjk

◆
, (2.4)

which leads to
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where ⇤2 is an arbitrary mass scale. Within this phase space parametrisation, allowed

dipole decays are constrained to a triangular region of height L = ln(sIK/⇤2) in the (y, )-

plane, as illustrated by the left-hand panel of Fig. 1. Due to the colour charge of an emitted
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gluon, the rapidity span for subsequent dipole decays (at lower ) is increased with respect

to the originally allowed range. This feature of QCD can be interpreted as “folding out”

smaller triangular regions of additional phase space from the original triangle. Since these

regions may again contribute to allowed decays, this process may repeat, leading to a fractal

structure of triangles-attached-to-triangles. An example structure is shown in the upper

left panel of Fig. 2. This fractal picture is the starting point of successful conventional

dipole showers such as Ariadne [4, 46].

These abstractions already simplify the treatment of parton showering since compli-

cated “splitting functions” have been subsumed into the phase space parametrisation.

Moreover, for fixed coupling ↵s, the inclusive decay rate is uniformly distributed in the

(y, )-plane, allowing for straightforward sampling algorithms. Nevertheless, this continuous-

variable dipole decay picture is not yet suited for current universal quantum devices.

Examining the e↵ect of a transverse-momentum-dependent running coupling – as sup-

ported by higher-order QCD calculations – provides a path to an even simpler picture. We

may write

↵s(k
2
?) =

12⇡

33 � 2nf

1

ln (k2
?/⇤2

QCD)
, (2.6)

where the nf -dependent term arises through g ! qq̄ splitting. Neglecting the latter and

combining the expression with Eq. 2.5 leads to
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and where we have used that in the leading-colour limit C ! CA/2 = 3/2 for any dipole

decay. As argued in [47], interpreting the running-coupling renormalisation group equation

as gain-loss equation means that gluons within a rapidity range �yg act coherently as one

“e↵ective gluon”, as illustrated by 1 in Fig. 1. Thus, the rapidity range of each triangular

phase space region is quantised into multiples of �yg. Since the baseline of an additional

triangle extends to positive y by `/2, the height ` at which to emit e↵ective gluons, i.e.

their  value, is quantised into multiples of 2�yg. Thus, we may model the parton shower by

generating e↵ective gluons at the centre of discrete tiles covering the phase-space triangle.

These realisations form the basis of the “Discrete QCD algorithm” of [47].

Each rapidity slice can be treated independently of any other slice. Inserting Eq. 2.7

into the exclusive decay probability (the second term in the shower master equation,

Eq. 2.2) shows that the exclusive rate for finding an e↵ective gluon in a fixed y-bin takes

the straightforward form
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Thus, for a fixed y-bin, the -value of an e↵ective gluon in Fig. 1 is, to first approximation,

simply given by (number of tiles)�1. This is significantly simpler than in conventional
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(y, )-plane, allowing for straightforward sampling algorithms. Nevertheless, this continuous-

variable dipole decay picture is not yet suited for current universal quantum devices.

Examining the e↵ect of a transverse-momentum-dependent running coupling – as sup-

ported by higher-order QCD calculations – provides a path to an even simpler picture. We

may write

↵s(k
2
?) =

12⇡

33 � 2nf

1

ln (k2
?/⇤2

QCD)
, (2.6)

where the nf -dependent term arises through g ! qq̄ splitting. Neglecting the latter and

combining the expression with Eq. 2.5 leads to

dP (q(pI)q̄(pK) ! q(pi)g(pj)q̄(pk)) '=
d



dy

�yg
with �yg =

11

6
, (2.7)

and where we have used that in the leading-colour limit C ! CA/2 = 3/2 for any dipole

decay. As argued in [47], interpreting the running-coupling renormalisation group equation

as gain-loss equation means that gluons within a rapidity range �yg act coherently as one

“e↵ective gluon”, as illustrated by 1 in Fig. 1. Thus, the rapidity range of each triangular

phase space region is quantised into multiples of �yg. Since the baseline of an additional

triangle extends to positive y by `/2, the height ` at which to emit e↵ective gluons, i.e.

their  value, is quantised into multiples of 2�yg. Thus, we may model the parton shower by

generating e↵ective gluons at the centre of discrete tiles covering the phase-space triangle.

These realisations form the basis of the “Discrete QCD algorithm” of [47].

Each rapidity slice can be treated independently of any other slice. Inserting Eq. 2.7

into the exclusive decay probability (the second term in the shower master equation,

Eq. 2.2) shows that the exclusive rate for finding an e↵ective gluon in a fixed y-bin takes

the straightforward form

dtd⇠
d�

2⇡
C

↵s

2⇡

2sik(t, ⇠)

sij(t, ⇠)sjk(t, ⇠)
�(tn, t) =

d


exp

0

@�

maxZ



d̄

̄

1

A =
d

max
(2.8)

Thus, for a fixed y-bin, the -value of an e↵ective gluon in Fig. 1 is, to first approximation,

simply given by (number of tiles)�1. This is significantly simpler than in conventional

– 5 –
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1 2

!

!/2 = n δyg

︸ ︷︷ ︸

δyg

κ = ln(k2⊥/Λ
2)

y

L

L/2−L/2

The new folds extends in positive  by , thus 
the phase space is discretised in  by 

y l/2
κ 2δyg

1 2

!

!/2 = n δyg
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κ = ln(k2⊥/Λ
2)

y

L

L/2−L/2

Emission increases the available 
rapidity range  “folding out”→
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3

A

B

1/2 0/3 3/4 1/3 0/2 0/2 0/3 1/20/3

|�i B S

|gi S
0

|ci C

|mi M

Coin

Repeat for all slices in fold

Shift Memory

Figure 1: Schematic of the quantum circuit for one slice in the fold. For each slice, the algorithm is split

into three distinct sections: (1) The coin operation, C, controls from the relevant walk memory to apply

the correct coin operation to the coin register; (2) the shift operation first increases the walker’s position

along the base of the fold, B, and then controls from the coin outcome to shift the walker accordingly

to increase the grove baseline, S, and e↵ective gluon position, S
0
; (3) The memory operation, M , then

updates the memory register with the outcome of the coin operation. This is then repeated for all slices

in the primary fold, and any subsequent folds formed.

|�i

|gi

|ci H

|mi

Coin Shift Memory

Figure 2: Schematic for a fold with a single slice of two tiles. There are two equal probability outcomes,

thus a Hadamard coin is used: 50% chance of an e↵ective gluon being created is represented by the |1i
state on the coin qubit. The shift operation increases the walker along the base of the fold, and then,

depending on the outcome of the coin operation, creates a new fold representing an e↵ective gluon. The

gluon is then recorded in the gluon register, and the memory operation updates the memory register with

the outcome of the coin operation. Note that no further calculation is needed, as the new fold created in

the event of an emitted e↵ective gluon is only 1 tile. If the new fold could produce further e↵ective gluons,

then the algorithm is applied recursively until no gluon bearing folds are produced.

1

Grove structure is contained in an 
area equal to that of the initial fold

The 2D random walk can be 
implemented on a quantum device as 
a Quantum Walk with Memory
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