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NP is not short of hard computational 
problems. Quantum simulation may be the 
way forward in some. Much need to be done 
to change the game in comp. NP.

Appropriate DOF need to be identified 
(QCD DOF, nucleonic DOF, macroscopic and 
hydrodynamical DOF?), along with most 
efficient mappings to quantum hardware.

NP problems are different from CM and quantum 
chemistry problems. A lot can still be learned from 
progress in those areas, but new strategies and 
ideas need to be introduced for NP.

Theory-experiment co-development is a key to 
progress. Can NP impact quantum-simulation 
hardware developments?

Over the next decade, we will witness a 
new ecosystem, a quantum-skillful NP 
workforce, and unprecedented 
interdisciplinary collaborations.

Can we discover deeper connections in 
nuclear phenomenology by quantum-
information tools? Can prototypes 
provide insight?

One should leverage both analog and digital 
simulations. Hybrid analog-digital protocols may 
reduce time to solution in near term.

Leveraging our classical computing capabilities 
for hybrid classical-quantum simulations. 
Quantum means to develop better classical 
algorithms?

IT IS NOT POSSIBLE TO CONVEY ALL THE EXCITEMENT AND PROGRESS IN THIS TOPIC IN ONE 
TALK. I’D BE HAPPY TO DELIVER A FEW MESSAGES…



ADDITIONALLY THE SIGN PROBLEM FORBIDS:

 arXiv:1204.4795 [nucl-th] 

NP is not short of hard computational 
problems. Quantum simulation may be the 
way forward in some. Much need to be done 
to change the game in comp. NP.

Appropriate DOF need to be identified 
(QCD DOF, nucleonic DOF, macroscopic and 
hydrodynamical DOF?), along with most 
efficient mappings to quantum hardware.

NP problems are different from CM and quantum 
chemistry problems. A lot can still be learned from 
progress in those areas, but new strategies and 
ideas need to be introduced for NP.

Theory-experiment co-development is a key to 
progress. Can NP impact quantum-simulation 
hardware developments?

Over the next decade, we will witness a 
new ecosystem, a quantum-skillful NP 
workforce, and unprecedented 
interdisciplinary collaborations.

Can we discover deeper connections in 
nuclear phenomenology by quantum-
information tools? Can prototypes 
provide insight?

One should leverage both analog and digital 
simulations. Hybrid analog-digital protocols may 
reduce time to solution in near term.

Leveraging our classical computing capabilities 
for hybrid classical-quantum simulations. 
Quantum means to develop better classical 
algorithms?

IT IS NOT POSSIBLE TO CONVEY ALL THE EXCITEMENT AND PROGRESS IN THIS TOPIC IN ONE 
TALK. I’D BE HAPPY TO DELIVER A FEW MESSAGES…



A NUCLEAR PHYSICS MOTIVATION FOR LEVERAGING QUANTUM TECHNOLOGIES



Three features make lattice QCD calculations of nuclei hard:

i) The complexity of systems grows rapidly with the number of quarks.

ii) Excitation energies of nuclei are much smaller than the QCD scale.

iii) There is a severe signal-to-noise degradation.
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i) The complexity of systems grows rapidly with the number of quarks.
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i) The complexity of systems grows rapidly with the number of quarks.



Naively the number of quark 
contractions for a nucleus goes as:

How bad is this? 
Example: Consider radium-226 isotope. 
The number of contractions required is ~ 1.4209⇥ 101425

(2Np +Nn)! (Np + 2Nn)!



BARYON BLOCKS
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in Ref. [11] but can be trivially added). The process of deriving the reduced weights w̃
(a1,a2···anq ),k

h from Eq. 6, can
be automated and we perform it within our symbolic manipulation program. An interesting feature that arises from

the calculation of the reduced weights w̃
(a1,a2···anq ),k

h is that if we restrict ourselves to simple spatial wave-functions
making use of only few spatial points, then the expected exponential growth of the number of terms in the nuclear
interpolating field is eliminated. A careful selection of the spatial wave-functions used can eliminate this problem, in
principle for arbitrarily large nuclei. However, restriction to a small number of quark degrees of freedom also makes
it impossible to construct certain states (an example is presented in Ref. [8] where the two baryon symmetric flavour
octet was found to be inaccessible).

III. TECHNIQUES FOR MULTI-BARYON CONTRACTIONS

In this section, we consider how the interpolating fields constructed in the previous section can be used to generate
the correlation functions of multi-baryon systems. A general multi-hadron two point function is given by

hN
h
1 (t)N̄

h
2 (0)i =

1

Z

Z
DUDqDq̄ N

h
1 (t)N̄

h
2 (0) e

�SQCD , (8)

where SQCD and Z are the QCD action and partition function respectively, and DU , DqDq̄ are the gluon and quark
field integration measures respectively. We have also introduced explicit dependence of the interpolating fields on the
Euclidean time separation, t, and consider a two point function with di↵erent creation and annihilation interpolating
fields with commensurate quantum numbers. For a given choice of the interpolating fields, it is straightforward to
perform the Grassmann integral over the quark fields and re-write the correlation function in terms of the quark
propagators. However, for an e�cient calculation of the two point function we need to be mindful of the structure of
the interpolating fields.

One successful class of interpolating fields for two or more hadron systems is one in which a plane wave basis at the
level of the hadronic interpolating fields is used. This amounts to projecting the individual hadrons comprising the
multi-body system to definite momentum states, while preserving the spatial transformation properties of the overall
multi-hadron system [1, 12–18]. In this case, the complexity of the spatial wave-function is such that the number of
terms contributing to Eq. 4 is rather large and hadronic interpolating fields have to be used in order to build the
desired two point function. Constructing these types of interpolating fields both at the source and the sink becomes
computationally expensive because a large number of quark propagators that are required. Nevertheless, this method
has been employed for meson-meson and multi-meson spectroscopy [18–21]. For the case of multi-meson systems,
special contraction methods were required [19, 20, 22]. For multi-baryon systems, the problem is more complex and
will be the subject of further investigations. A further approach is to consider correlation functions in which the quark
creation interpolating fields (source) have simple spatial wave-functions with few degrees of freedom (for example,
restricted to a few spatial locations), while using a plane wave basis for the hadronic interpolating fields at the sink.
Finally, as we shall discuss below, su�ciently simple nuclear interpolating fields exist, where the number of terms
contributing in Eq. 4 is small and factorization into hadrons is not computationally necessary.

A. Hadronic blocks

The quark propagator from a single source point, x0 = (x0, 0), can be used to construct baryon building blocks
with quantum numbers b and momentum p, as:

B
a1,a2,a3

b (p, t;x0) =
X

x

eip·x
NB(b)X

k=1

w̃(c1,c2,c3),k
b

X

i

✏i1,i2,i3S(ci1 , x; a1, x0)S(ci2 , x; a2, x0)S(ci3 , x; a3, x0) , (9)

where S(c,x, t; a, x0, 0) is the quark propagator from x0 to x = (x, t) and ci, ai are the remaining combined spin-
colour-flavour indices. In this notation, the sink indices are kept to the left of the source indices and the spatial
indices are displayed explicitly as they play an essential role in the construction of the block. This baryon block
corresponds to the propagation of an arbitrary three-quark state from the source to the sink where it is annihilated
by the prescribed baryon interpolating field. As discussed above, we have chosen to momentum project these blocks
at the sink to a given momentum p to allow control of the total momentum of multi-hadron systems, although this
is not necessary and other forms of blocks can be envisaged.
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consider them further. The procedure described has been used to perform the contractions needed for the large class
of interpolating fields considered in the study of the spectrum of hyper-nuclei up to A = 5 in Ref. [8, 23].

For large numbers of baryons (A > 8 for protons and neutrons alone), it is necessary to use multiple source locations
because of the Pauli exclusion principle. In this case, the generalised blocks in Eq. 10 can be used with the algorithm
presented above.

C. Scaling

From the above description, it is clear that this algorithm will in general scale as

Mw ·Nw ·
(3A)!

(3!)A
, (11)

where A is the atomic number and Mw and Nw are the number of terms in the sink and source interpolating fields
respectively. In addition, the fact that the hadron blocks are completely anti-symmetric under all quark exchanges
has been taken into account. If we also take into account that the strong interactions are flavour-blind and consider
only octet baryon building blocks, this reduces to

Mw ·Nw
nu!nd!ns!

2A�n⌃0�n⇤
, (12)

where n⌃0 and n⇤ are the number of ⌃0 and ⇤ baryons in the hadronic interpolating field and the factor in the
denominator arises because all octet baryons have two quarks of the same flavour except from the ⌃0 and ⇤. This
algorithm can be e�ciently implemented and is computationally feasible for small systems, A . 10. As an example
of this method, a 4He two point correlation function can be computed in ⇠ 0.8 seconds per time slice on a single core
of a Dual Core AMD Opteron 285 processor.

IV. MULTI-BARYON CONTRACTIONS WITH DETERMINANTS

For larger atomic number, A & 10, alternative methods are required to perform the contractions in a computationally
feasible manner. It is straightforward to see how this can be done by examining the two point functions above and
making use of Wick’s theorem [24]. The numerator of Eq. 8 before the integration over the gauge fields is performed
is given by
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where the primed and unprimed indices are associated with the sink and source interpolating fields, respectively and
are composite colour, spinor, flavour and spatial indices and [. . .]U indicates the value of the enclosed expression on
a fixed gauge field. The Grassmann integral over quark fields can now be performed, resulting in the replacement of
the qq pairs by elements of the quark propagator.

⇥
N

h
1 (t)N̄

h
2 (0)

⇤
U

= e�Seff [U ]

N 0
wX

k0=1

NwX

k=1

w̃
0(a0

1,a
0
2···a

0
nq

),k0

h w̃
(a1,a2···anq ),k

h ⇥

X

j

X

i

✏j1,j2,··· ,jnq ✏i1,i2,··· ,inqS(a0j1 ; ai1)S(a
0
j2 ; ai2) · · ·S(a

0
jnq

; ainq
) , (14)

where Seff [U ] denotes the pure gauge part of the QCD action together with the logarithm of the determinant of the
Dirac matrix. The above expression of Wick’s theorem, can be written in terms of the determinant of a matrix G
whose matrix elements are given by

G(a0;a)j,i =

⇢
S(a0j ; ai) for a0j 2 a0 and ai 2 a
�a0

j ,ai
otherwise , (15)

Can also start propagators at different locations.

The new scaling is:

Number of terms 
in the source

Number of terms 
in the sink

An example of a more efficient algorithm:

Detmold and Orginos (2013), 
Doi and Endres (2013).

Naively the number of quark 
contractions for a nucleus goes as:

How bad is this? 
Example: Consider radium-226 isotope. 
The number of contractions required is ~ 1.4209⇥ 101425

(2Np +Nn)! (Np + 2Nn)!
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making use of only few spatial points, then the expected exponential growth of the number of terms in the nuclear
interpolating field is eliminated. A careful selection of the spatial wave-functions used can eliminate this problem, in
principle for arbitrarily large nuclei. However, restriction to a small number of quark degrees of freedom also makes
it impossible to construct certain states (an example is presented in Ref. [8] where the two baryon symmetric flavour
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perform the Grassmann integral over the quark fields and re-write the correlation function in terms of the quark
propagators. However, for an e�cient calculation of the two point function we need to be mindful of the structure of
the interpolating fields.

One successful class of interpolating fields for two or more hadron systems is one in which a plane wave basis at the
level of the hadronic interpolating fields is used. This amounts to projecting the individual hadrons comprising the
multi-body system to definite momentum states, while preserving the spatial transformation properties of the overall
multi-hadron system [1, 12–18]. In this case, the complexity of the spatial wave-function is such that the number of
terms contributing to Eq. 4 is rather large and hadronic interpolating fields have to be used in order to build the
desired two point function. Constructing these types of interpolating fields both at the source and the sink becomes
computationally expensive because a large number of quark propagators that are required. Nevertheless, this method
has been employed for meson-meson and multi-meson spectroscopy [18–21]. For the case of multi-meson systems,
special contraction methods were required [19, 20, 22]. For multi-baryon systems, the problem is more complex and
will be the subject of further investigations. A further approach is to consider correlation functions in which the quark
creation interpolating fields (source) have simple spatial wave-functions with few degrees of freedom (for example,
restricted to a few spatial locations), while using a plane wave basis for the hadronic interpolating fields at the sink.
Finally, as we shall discuss below, su�ciently simple nuclear interpolating fields exist, where the number of terms
contributing in Eq. 4 is small and factorization into hadrons is not computationally necessary.

A. Hadronic blocks

The quark propagator from a single source point, x0 = (x0, 0), can be used to construct baryon building blocks
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where S(c,x, t; a, x0, 0) is the quark propagator from x0 to x = (x, t) and ci, ai are the remaining combined spin-
colour-flavour indices. In this notation, the sink indices are kept to the left of the source indices and the spatial
indices are displayed explicitly as they play an essential role in the construction of the block. This baryon block
corresponds to the propagation of an arbitrary three-quark state from the source to the sink where it is annihilated
by the prescribed baryon interpolating field. As discussed above, we have chosen to momentum project these blocks
at the sink to a given momentum p to allow control of the total momentum of multi-hadron systems, although this
is not necessary and other forms of blocks can be envisaged.

4

in Ref. [11] but can be trivially added). The process of deriving the reduced weights w̃
(a1,a2···anq ),k

h from Eq. 6, can
be automated and we perform it within our symbolic manipulation program. An interesting feature that arises from

the calculation of the reduced weights w̃
(a1,a2···anq ),k

h is that if we restrict ourselves to simple spatial wave-functions
making use of only few spatial points, then the expected exponential growth of the number of terms in the nuclear
interpolating field is eliminated. A careful selection of the spatial wave-functions used can eliminate this problem, in
principle for arbitrarily large nuclei. However, restriction to a small number of quark degrees of freedom also makes
it impossible to construct certain states (an example is presented in Ref. [8] where the two baryon symmetric flavour
octet was found to be inaccessible).

III. TECHNIQUES FOR MULTI-BARYON CONTRACTIONS

In this section, we consider how the interpolating fields constructed in the previous section can be used to generate
the correlation functions of multi-baryon systems. A general multi-hadron two point function is given by

hN
h
1 (t)N̄

h
2 (0)i =

1

Z

Z
DUDqDq̄ N

h
1 (t)N̄

h
2 (0) e

�SQCD , (8)

where SQCD and Z are the QCD action and partition function respectively, and DU , DqDq̄ are the gluon and quark
field integration measures respectively. We have also introduced explicit dependence of the interpolating fields on the
Euclidean time separation, t, and consider a two point function with di↵erent creation and annihilation interpolating
fields with commensurate quantum numbers. For a given choice of the interpolating fields, it is straightforward to
perform the Grassmann integral over the quark fields and re-write the correlation function in terms of the quark
propagators. However, for an e�cient calculation of the two point function we need to be mindful of the structure of
the interpolating fields.

One successful class of interpolating fields for two or more hadron systems is one in which a plane wave basis at the
level of the hadronic interpolating fields is used. This amounts to projecting the individual hadrons comprising the
multi-body system to definite momentum states, while preserving the spatial transformation properties of the overall
multi-hadron system [1, 12–18]. In this case, the complexity of the spatial wave-function is such that the number of
terms contributing to Eq. 4 is rather large and hadronic interpolating fields have to be used in order to build the
desired two point function. Constructing these types of interpolating fields both at the source and the sink becomes
computationally expensive because a large number of quark propagators that are required. Nevertheless, this method
has been employed for meson-meson and multi-meson spectroscopy [18–21]. For the case of multi-meson systems,
special contraction methods were required [19, 20, 22]. For multi-baryon systems, the problem is more complex and
will be the subject of further investigations. A further approach is to consider correlation functions in which the quark
creation interpolating fields (source) have simple spatial wave-functions with few degrees of freedom (for example,
restricted to a few spatial locations), while using a plane wave basis for the hadronic interpolating fields at the sink.
Finally, as we shall discuss below, su�ciently simple nuclear interpolating fields exist, where the number of terms
contributing in Eq. 4 is small and factorization into hadrons is not computationally necessary.

A. Hadronic blocks

The quark propagator from a single source point, x0 = (x0, 0), can be used to construct baryon building blocks
with quantum numbers b and momentum p, as:

B
a1,a2,a3

b (p, t;x0) =
X

x

eip·x
NB(b)X

k=1

w̃(c1,c2,c3),k
b

X

i

✏i1,i2,i3S(ci1 , x; a1, x0)S(ci2 , x; a2, x0)S(ci3 , x; a3, x0) , (9)

where S(c,x, t; a, x0, 0) is the quark propagator from x0 to x = (x, t) and ci, ai are the remaining combined spin-
colour-flavour indices. In this notation, the sink indices are kept to the left of the source indices and the spatial
indices are displayed explicitly as they play an essential role in the construction of the block. This baryon block
corresponds to the propagation of an arbitrary three-quark state from the source to the sink where it is annihilated
by the prescribed baryon interpolating field. As discussed above, we have chosen to momentum project these blocks
at the sink to a given momentum p to allow control of the total momentum of multi-hadron systems, although this
is not necessary and other forms of blocks can be envisaged.

6

consider them further. The procedure described has been used to perform the contractions needed for the large class
of interpolating fields considered in the study of the spectrum of hyper-nuclei up to A = 5 in Ref. [8, 23].

For large numbers of baryons (A > 8 for protons and neutrons alone), it is necessary to use multiple source locations
because of the Pauli exclusion principle. In this case, the generalised blocks in Eq. 10 can be used with the algorithm
presented above.

C. Scaling

From the above description, it is clear that this algorithm will in general scale as

Mw ·Nw ·
(3A)!

(3!)A
, (11)

where A is the atomic number and Mw and Nw are the number of terms in the sink and source interpolating fields
respectively. In addition, the fact that the hadron blocks are completely anti-symmetric under all quark exchanges
has been taken into account. If we also take into account that the strong interactions are flavour-blind and consider
only octet baryon building blocks, this reduces to
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where n⌃0 and n⇤ are the number of ⌃0 and ⇤ baryons in the hadronic interpolating field and the factor in the
denominator arises because all octet baryons have two quarks of the same flavour except from the ⌃0 and ⇤. This
algorithm can be e�ciently implemented and is computationally feasible for small systems, A . 10. As an example
of this method, a 4He two point correlation function can be computed in ⇠ 0.8 seconds per time slice on a single core
of a Dual Core AMD Opteron 285 processor.

IV. MULTI-BARYON CONTRACTIONS WITH DETERMINANTS

For larger atomic number, A & 10, alternative methods are required to perform the contractions in a computationally
feasible manner. It is straightforward to see how this can be done by examining the two point functions above and
making use of Wick’s theorem [24]. The numerator of Eq. 8 before the integration over the gauge fields is performed
is given by
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where the primed and unprimed indices are associated with the sink and source interpolating fields, respectively and
are composite colour, spinor, flavour and spatial indices and [. . .]U indicates the value of the enclosed expression on
a fixed gauge field. The Grassmann integral over quark fields can now be performed, resulting in the replacement of
the qq pairs by elements of the quark propagator.
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where Seff [U ] denotes the pure gauge part of the QCD action together with the logarithm of the determinant of the
Dirac matrix. The above expression of Wick’s theorem, can be written in terms of the determinant of a matrix G
whose matrix elements are given by

G(a0;a)j,i =

⇢
S(a0j ; ai) for a0j 2 a0 and ai 2 a
�a0

j ,ai
otherwise , (15)

Can also start propagators at different locations.

The new scaling is:

Number of terms 
in the source

Number of terms 
in the sink

An example of a more efficient algorithm:

Detmold and Orginos (2013), 
Doi and Endres (2013).

Naively the number of quark 
contractions for a nucleus goes as:

How bad is this? 
Example: Consider radium-226 isotope. 
The number of contractions required is ~ 1.4209⇥ 101425

(2Np +Nn)! (Np + 2Nn)!

6

consider them further. The procedure described has been used to perform the contractions needed for the large class
of interpolating fields considered in the study of the spectrum of hyper-nuclei up to A = 5 in Ref. [8, 23].

For large numbers of baryons (A > 8 for protons and neutrons alone), it is necessary to use multiple source locations
because of the Pauli exclusion principle. In this case, the generalised blocks in Eq. 10 can be used with the algorithm
presented above.

C. Scaling

From the above description, it is clear that this algorithm will in general scale as

Mw ·Nw ·
(3A)!

(3!)A
, (11)

where A is the atomic number and Mw and Nw are the number of terms in the sink and source interpolating fields
respectively. In addition, the fact that the hadron blocks are completely anti-symmetric under all quark exchanges
has been taken into account. If we also take into account that the strong interactions are flavour-blind and consider
only octet baryon building blocks, this reduces to

Mw ·Nw
nu!nd!ns!

2A�n⌃0�n⇤
, (12)

where n⌃0 and n⇤ are the number of ⌃0 and ⇤ baryons in the hadronic interpolating field and the factor in the
denominator arises because all octet baryons have two quarks of the same flavour except from the ⌃0 and ⇤. This
algorithm can be e�ciently implemented and is computationally feasible for small systems, A . 10. As an example
of this method, a 4He two point correlation function can be computed in ⇠ 0.8 seconds per time slice on a single core
of a Dual Core AMD Opteron 285 processor.

IV. MULTI-BARYON CONTRACTIONS WITH DETERMINANTS

For larger atomic number, A & 10, alternative methods are required to perform the contractions in a computationally
feasible manner. It is straightforward to see how this can be done by examining the two point functions above and
making use of Wick’s theorem [24]. The numerator of Eq. 8 before the integration over the gauge fields is performed
is given by

⇥
N

h
1 (t)N̄

h
2 (0)

⇤
U

=

Z
DqDq̄ e�SQCD[U ]

N 0
wX

k0=1

NwX

k=1

w̃
0(a0

1,a
0
2···a

0
nq

),k0

h w̃
(a1,a2···anq ),k

h ⇥

X

j

X

i

✏j1,j2,··· ,jnq ✏i1,i2,··· ,inq q(a0jnq
) · · · q(a0j2)q(a

0
j1)⇥ q̄(ai1)q̄(ai2) · · · q̄(ainq

) , (13)

where the primed and unprimed indices are associated with the sink and source interpolating fields, respectively and
are composite colour, spinor, flavour and spatial indices and [. . .]U indicates the value of the enclosed expression on
a fixed gauge field. The Grassmann integral over quark fields can now be performed, resulting in the replacement of
the qq pairs by elements of the quark propagator.

⇥
N

h
1 (t)N̄

h
2 (0)

⇤
U

= e�Seff [U ]

N 0
wX

k0=1

NwX

k=1

w̃
0(a0

1,a
0
2···a

0
nq

),k0

h w̃
(a1,a2···anq ),k

h ⇥

X

j

X

i

✏j1,j2,··· ,jnq ✏i1,i2,··· ,inqS(a0j1 ; ai1)S(a
0
j2 ; ai2) · · ·S(a

0
jnq

; ainq
) , (14)

where Seff [U ] denotes the pure gauge part of the QCD action together with the logarithm of the determinant of the
Dirac matrix. The above expression of Wick’s theorem, can be written in terms of the determinant of a matrix G
whose matrix elements are given by

G(a0;a)j,i =

⇢
S(a0j ; ai) for a0j 2 a0 and ai 2 a
�a0

j ,ai
otherwise , (15)

The new scaling is:

Number of terms 
in the source

Number of terms 
in the sink



Nf = 3, m⇡ = 0.806 GeV, a = 0.145(2) fm

Beane, et al. (NPLQCD), Phys.Rev. D87 (2013) , Phys.Rev. C88 (2013)
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The nuclear matrix element determining the pp ! de+⌫ fusion cross section and the Gamow-Teller
matrix element contributing to tritium �-decay are calculated with lattice Quantum Chromodynam-
ics (QCD) for the first time. Using a new implementation of the background field method, these
quantities are calculated at the SU(3)-flavor–symmetric value of the quark masses, corresponding
to a pion mass of m⇡ ⇠ 806 MeV. The Gamow-Teller matrix element in tritium is found to be
0.979(03)(10) at these quark masses, which is within 2� of the experimental value. Assuming that
the short-distance correlated two-nucleon contributions to the matrix element (meson-exchange cur-
rents) depend only mildly on the quark masses, as seen for the analogous magnetic interactions, the
calculated pp ! de+⌫ transition matrix element leads to a fusion cross section at the physical quark
masses that is consistent with its currently accepted value. Moreover, the leading two-nucleon axial
counterterm of pionless e↵ective field theory is determined to be L1,A = 3.9(0.1)(1.0)(0.3)(0.9) fm3

at a renormalization scale set by the physical pion mass, also in agreement with the accepted phe-
nomenological range. This work concretely demonstrates that weak transition amplitudes in few-
nucleon systems can be studied directly from the fundamental quark and gluon degrees of freedom
and opens the way for subsequent investigations of many important quantities in nuclear physics.

PACS numbers: 11.15.Ha, 12.38.Gc, 13.40.Gp

Weak nuclear processes play a central role in many set-
tings, from the instability of the neutron to the dynam-
ics of core-collapse supernova. In this work, the results
of the first lattice Quantum Chromodynamics (LQCD)
calculations of two such processes are presented, namely
the pp ! de+⌫e fusion process and tritium �-decay. The
pp ! de+⌫ process is centrally important in astrophysics
as it is primarily responsible for initiating the proton-
proton fusion chain reaction that provides the dominant
energy production mechanism in stars like the Sun. Sig-
nificant theoretical e↵ort has been expended in refining
calculations of the pp ! de+⌫ cross section at the ener-
gies relevant to solar burning, and progress continues to
be made with a range of techniques [1–10], as summarized
in Ref. [11]. This process is related to the ⌫d ! nne+

neutrino breakup reaction [12–14], relevant to the mea-
surement of neutrino oscillations at the Sudbury Neu-
trino Observatory (SNO) [15, 16], and to the muon cap-
ture reaction, µ�d ! nn⌫µ, which is the focus of cur-
rent investigation in the MuSun experiment [17]. The

second process studied in this work, tritium �-decay, is
a powerful tool for investigating the weak interactions
of the Standard model and plays an important role in
the search for new physics. The super-allowed process
3H !

3He e�⌫̄ is theoretically clean and is the simplest
semileptonic weak decay of a nuclear system. In con-
trast to pp fusion, this decay has been very precisely
studied in the laboratory (see Ref. [18] for a review)
and provides important constraints on the antineutrino
mass [19]. Tritium �-decay is also potentially sensitive to
sterile neutrinos [20, 21] and to interactions not present
in the Standard Model [21–24]. Although the dominant
contributions to the decay rate are under theoretical con-
trol as this is a super-allowed process, the Gamow-Teller
(GT) contribution (axial current) is somewhat more chal-
lenging to address than the Fermi (F) contribution (vec-
tor current). Improved constraints on multi-body con-
tributions to the GT matrix element will translate into
reduced uncertainties in predictions for decay rates of
larger nuclei and are a first step towards understanding

Nuclei and hyper-nuclei obtained from such an approach (at larger quark masses):



ii) Excitation energies of nuclei are much smaller than the QCD scale.
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Nuclear excitations of two pear-shaped nuclei 
(radium and radon)

Gaffney et al., Nature 497, 199–204 (013).
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Nuclear excitations of two pear-shaped nuclei 
(radium and radon)

Gaffney et al., Nature 497, 199–204 (013).

Kulikov, Dmitry A. et al., Central Eur.J.Phys. 11 (2013) .

Nucleon excitations

ii) Excitation energies of nuclei are much smaller than the QCD scale.

Getting radium directly from QCD will remain challenging for a long time! One should first 
compute A = 2, 3, 4 systems well. This is till not that easy:                      !Bd ⇡ 2 MeV



So what to do?

Applications in mesonic sector: Briceno, 
Dudek, and Young, Rev. Mod. Phys. 90 025001.

A good review: Beane, Detmold, Orginos, Savage, Prog. Part. Nucl. Phys. 66 (2011).

Applications in two-nucleon sector: Horz et al 
[CalLatt Collaboration], Phys. Rev. C103, 014003 
(2021), Green et al, arXiv:2103.01054 [hep-lat].

• With the most naive operators with similar overlaps to all states, unreasonably 
large times are needed to resolve nuclear energy gaps. 

• The key to success of this program is in the use of good interpolating operators 
for nuclei. Since nuclei are bound states, interpolating operators with good 
overlap to compact states in a volume are desired. 

• Ideally need to use a large set of operators for a variational analysis, but this has 
remained too costly in nuclear calculations, and is only recently possible. 

• Methods such as matrix Prony that eliminate the excited states in linear 
combinations of interpolators or correlations functions have shown to be useful.



iii) There is a severe signal-to-noise degradation.
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ū

u

d

u

d̄

ū
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The ground-state of the variance correlator 
is three pions and not two nucleons:

Parisi (1984) and Lepage (1989).

h|C|2i = h0|N†(t)N(t)N†(0)N(0)|0iiii) THERE IS A SEVERE SIGNAL-TO-NOISE DEGRADATION.

THE GROUND-SATATE OF THE 
VARIANCE CORRELATOR IS 3 
PIONS AND NOT TWO NUCLEONS:

Parisi (1984) and Lepage (1989).

Beane et al, NPLQCD 
collaboration (2009).
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i) Studies of nuclear isotopes, dense matter, and phase diagram of QCD…
both with lattice QCD and with ab initio nuclear many-body methods.

Source: The Facility for Antiproton and Ion Research (FAIR),GSI, Darmstadt, Germany.

LQCD ! LQCD � iµ
X

f

q̄f�
0qf

Path integral formulation:

e�S[U,q,q̄]

with a complex action:

National Science Foundation/LIGO/
Sonoma State University/A. Simonnet

GENERALLY SPEAKING, WE LIKELY NEED QUANTUM COMPUTING FOR:



ii) Real-time dynamics of matter in heavy-ion collisions or after Big Bang…

…and a wealth of dynamical response functions, transport properties, 
hadron distribution functions, and non-equilibrium physics of QCD.

eiS[U,qq̄]

Path integral formulation:

U(t) = e�iHt

Hamiltonian evolution:

GENERALLY SPEAKING, WE LIKELY NEED QUANTUM COMPUTING FOR:



ADDITIONALLY THE SIGN PROBLEM FORBIDS:

 arXiv:1204.4795 [nucl-th] 

NP is not short of hard computational 
problems. Quantum simulation may be the 
way forward in some. Much need to be done 
to change the game in comp. NP.

Appropriate DOF need to be identified 
(QCD DOF, nucleonic DOF, macroscopic and 
hydrodynamical DOF?), along with most 
efficient mappings to quantum hardware.

NP problems are different from CM and quantum 
chemistry problems. A lot can still be learned from 
progress in those areas, but new strategies and 
ideas need to be introduced for NP.

Theory-experiment co-development is a key to 
progress. Can NP impact quantum-simulation 
hardware developments?

Over the next decade, we will witness a 
new ecosystem, a quantum-skillful NP 
workforce, and unprecedented 
interdisciplinary collaborations.

Can we discover deeper connections in 
nuclear phenomenology by quantum-
information tools? Can prototypes 
provide insight?

One should leverage both analog and digital 
simulations. Hybrid analog-digital protocols may 
reduce time to solution in near term.

Leveraging our classical computing capabilities 
for hybrid classical-quantum simulations. 
Quantum means to develop better classical 
algorithms?

IT IS NOT POSSIBLE TO CONVEY ALL THE EXCITEMENT AND PROGRESS IN THIS TOPIC IN ONE 
TALK. I’D BE HAPPY TO DELIVER A FEW MESSAGES…
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QUANTUM SIMULATION FOR NUCLEAR STRUCTURE AND REACTION: EXAMPLE I

Dynamical response functions needed for 
v-nucleus cross sections

Exact

⌫ ?

A quantum computation of response function in Fermi-Hubbard model

Roggero, Carlson, Phys. Rev. C 100, 034610 (2019)

2

by the excitation operator Ô can be fully characterized
using the Dynamical Response Function, which can be
expressed as

SO(!) =
X

⌫

|h ⌫ |Ô| 0i|
2�(E⌫ � E0 � !) (1)

where | 0i is the ground-state of the system with energy
E0, | ⌫i are the final states of the reaction with ener-
gies E⌫ and ! is the energy transfer. It is convenient
to rescale the response function so that it’s zero moment
(the integral over frequencies) is 1; this can be achieved
by defining

Sr
O(!) =

X

⌫

|h ⌫ |Ô| 0i|
2

hÔ2i0

�(E⌫ � E0 � !) . (2)

The final normalization can be restored by either us-
ing the knowledge of one of the sum rules or by di-
rect evaluation of the ground state expectation value
hÔ2

i0 ⌘ h 0|Ô2
| 0i. Understanding this, in the follow-

ing we will drop the superscript r.
Our goal is to estimate the dynamical response func-

tion SO(!) with energy resolution �! and a precision
�S with probability 1 � ✏. We will indicate the di↵er-
ence between the largest eigenvalue of Ĥ and the ground
state energy by: �H = Emax�E0. Note that this quan-
tity grows only polynomially with system size for most
Hamiltonians of interest (see discussion below).

In the following we will assume to have access to three
black-box quantum procedures (oracles):

• a unitary ÛG which prepares the ground-state of
the Hamiltonian of interest

• a unitary ÛO which implements time evolution un-
der Ô for a short time � < poly(�S)

• a unitary Ût which implements time evolution un-
der the system Hamiltonian for time t

Even though the oracle ÛG may be impractical to im-
plement for a general Hamiltonian, for most systems of
interest many di↵erent algorithms are available in the
literature ([24–32]) and some have already be tested on
simple nuclear systems [33]. Also, close to optimal strate-
gies to implement the time-evolution operator for sparse
Hamiltonians are known [34, 35] and for Hubbard-type
Hamiltonians (like those derived within lattice-EFT [16])
e�cient implementations of Trotter steps with sub-linear
circuit depth are available [36]. For the common case
where Ô is a one-body operator the latter strategies can
be used to implement ÛO e�ciently.

Our scheme is composed of two quantum circuits

• a state preparation routine requiring O(1) calls to
ÛG and ÛO with a success probability (see Sec. IA)

Psuccess = O

 
�S

hÔ2
i0

kÔk2

!
(3)

where h·i0 denotes the expectation value on the
ground state and k · k is the operator norm;

• a second routine that provides access to SO(!)
which requires W = log2 (�!/�H) ancilla qubits,
the application of Ût for a maximum time tmax =
2⇡/�! and additional O (Wlog(W ))) gates

For typical situations where the implementation of ÛG

requires considerable e↵ort the success probability of the
first routine can be amplified to O(1) with additional
O(1/P 2

success) calls to the oracle ÛO. An alternative al-
gorithm which removes the dependence of Psuccess on �S
but is more di�cult to make deterministic is also pre-
sented in Sec. IA.
This whole circuit needs to be run a number of times

given approximately by

Nrep ⇡ ln

✓
2

✏

◆
1

2�2S
(4)

independent of the target resolution �!.
In summary, for a given choice of the excitation oper-

ator Ô our algorithm can be described by the following
steps:

while iteration number less than Niter do
prepare the ground state using ÛG

run the first quantum algorithm (Sec. IA)
if algorithm succeeds then

we have prepared |�Oi / Ô| 0i

run the second quantum algorithm (Sec. I B)
store result for classical post-processing
if final state information needed then

measure final state (eg. Sec II)
end if

end if
end while

In the next sections we describe in detail the implementa-
tion of the two quantum routines introduced above. We
also present examples obtained by classical simulation of
a simple 2D fermionic system described by the Hubbard
hamiltonian

H = �t
2X

�=1

MX

hi,ji

⇣
c†i,�cj,� + ci,�c

†
j,�

⌘

+ U
MX

i=1

n̂i,"n̂i,# ,

(5)

where hi, ji indicates the nearest-neighbor lattice sites
and n̂i,� = c†i,�ci,� denotes the number operator. The
results shown here were obtained for A = 2 ”nucleons”,
M = 312 lattice sites and U/t = �2. These parameters
are chosen to give a bound state considerably smaller
than the lattice.
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Dynamical response functions needed for 
v-nucleus cross sections

Roggero, Gu, Baroni, Papenbrock, 
arXiv:2009.13485 [quant-ph]

Exact

⌫ ?

A quantum computation of response function in Fermi-Hubbard model

Roggero, Carlson, Phys. Rev. C 100, 034610 (2019)

A toy model of thermal 
neutron-proton capture…

with quantum algorithms…

See also: Lamm, Lawrence, Yamauchi, Phys. Rev. R 2, 013272 (2020), and Mueller, Tarasov, Venugopalan, Phys. 
Rev. D 102, 016007 (2020) for computing structure functions in field theories with quantum algorithms.
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expressed as

SO(!) =
X

⌫

|h ⌫ |Ô| 0i|
2�(E⌫ � E0 � !) (1)

where | 0i is the ground-state of the system with energy
E0, | ⌫i are the final states of the reaction with ener-
gies E⌫ and ! is the energy transfer. It is convenient
to rescale the response function so that it’s zero moment
(the integral over frequencies) is 1; this can be achieved
by defining

Sr
O(!) =

X

⌫

|h ⌫ |Ô| 0i|
2

hÔ2i0

�(E⌫ � E0 � !) . (2)

The final normalization can be restored by either us-
ing the knowledge of one of the sum rules or by di-
rect evaluation of the ground state expectation value
hÔ2

i0 ⌘ h 0|Ô2
| 0i. Understanding this, in the follow-

ing we will drop the superscript r.
Our goal is to estimate the dynamical response func-

tion SO(!) with energy resolution �! and a precision
�S with probability 1 � ✏. We will indicate the di↵er-
ence between the largest eigenvalue of Ĥ and the ground
state energy by: �H = Emax�E0. Note that this quan-
tity grows only polynomially with system size for most
Hamiltonians of interest (see discussion below).

In the following we will assume to have access to three
black-box quantum procedures (oracles):

• a unitary ÛG which prepares the ground-state of
the Hamiltonian of interest

• a unitary ÛO which implements time evolution un-
der Ô for a short time � < poly(�S)

• a unitary Ût which implements time evolution un-
der the system Hamiltonian for time t

Even though the oracle ÛG may be impractical to im-
plement for a general Hamiltonian, for most systems of
interest many di↵erent algorithms are available in the
literature ([24–32]) and some have already be tested on
simple nuclear systems [33]. Also, close to optimal strate-
gies to implement the time-evolution operator for sparse
Hamiltonians are known [34, 35] and for Hubbard-type
Hamiltonians (like those derived within lattice-EFT [16])
e�cient implementations of Trotter steps with sub-linear
circuit depth are available [36]. For the common case
where Ô is a one-body operator the latter strategies can
be used to implement ÛO e�ciently.

Our scheme is composed of two quantum circuits

• a state preparation routine requiring O(1) calls to
ÛG and ÛO with a success probability (see Sec. IA)

Psuccess = O

 
�S

hÔ2
i0

kÔk2

!
(3)

where h·i0 denotes the expectation value on the
ground state and k · k is the operator norm;

• a second routine that provides access to SO(!)
which requires W = log2 (�!/�H) ancilla qubits,
the application of Ût for a maximum time tmax =
2⇡/�! and additional O (Wlog(W ))) gates

For typical situations where the implementation of ÛG

requires considerable e↵ort the success probability of the
first routine can be amplified to O(1) with additional
O(1/P 2

success) calls to the oracle ÛO. An alternative al-
gorithm which removes the dependence of Psuccess on �S
but is more di�cult to make deterministic is also pre-
sented in Sec. IA.
This whole circuit needs to be run a number of times

given approximately by

Nrep ⇡ ln

✓
2

✏

◆
1

2�2S
(4)

independent of the target resolution �!.
In summary, for a given choice of the excitation oper-

ator Ô our algorithm can be described by the following
steps:

while iteration number less than Niter do
prepare the ground state using ÛG

run the first quantum algorithm (Sec. IA)
if algorithm succeeds then

we have prepared |�Oi / Ô| 0i

run the second quantum algorithm (Sec. I B)
store result for classical post-processing
if final state information needed then

measure final state (eg. Sec II)
end if

end if
end while

In the next sections we describe in detail the implementa-
tion of the two quantum routines introduced above. We
also present examples obtained by classical simulation of
a simple 2D fermionic system described by the Hubbard
hamiltonian

H = �t
2X

�=1

MX

hi,ji

⇣
c†i,�cj,� + ci,�c

†
j,�

⌘

+ U
MX

i=1

n̂i,"n̂i,# ,

(5)

where hi, ji indicates the nearest-neighbor lattice sites
and n̂i,� = c†i,�ci,� denotes the number operator. The
results shown here were obtained for A = 2 ”nucleons”,
M = 312 lattice sites and U/t = �2. These parameters
are chosen to give a bound state considerably smaller
than the lattice.
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Collective neutrino oscillations are relevant 
for core-collapse supernova and neutron-star 
merger studies…an extremely hard quantum 
many-body problem to solve.

Hilbert space size is reduced from 2^N 
to 2N in a mean-field approximation. 
Quantum entanglement measures tell us 
this might not be a good approximation.

Would need quantum simulation!
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FIG. 1. Left: Comparison between mean-field and many-body calculations of the z component of the polarization vector,
Pz(!N ), for the neutrino with highest frequency !N . Shown here are the asymptotic (i.e., at r � R⌫) values of Pz(!N ),
for systems with various numbers of neutrinos, N , each starting from an initial configuration |⌫e, . . . , ⌫ei at µ0 = 5!0 [or,
equivalently, at the radius r0 ⇡ 6.6R⌫ , as per Table I and Eq. (3)]. Notably, for this configuration, the discrepancy between
the mean-field and many-body results grows with increasing N , at least for the small values of N examined here. Right: The
entanglement entropy S(!N ) of the highest frequency neutrino with the rest of the ensemble [calculated using Eqs. (11)–(14)],
as a function of radius r, for the same set of systems as in the left panel. In mean-field theory this entropy is zero. Here the
asymptotic values of S(!N ) also grow with N , demonstrating a possible correlation with the discrepancy between many-body
and mean-field results. Note that µ decreases with r—here we use the relationship from Eq. (3), which is borrowed from the
single-angle bulb model [18].

p = 1, . . . , N , where MF and MB denote mean-field and
many-body results, respectively, for the z component of
the polarization vector of the neutrino with frequency
!p = p!0, versus the entanglement entropy for this neu-
trino with the rest of the ensemble in the many-body
calculation. The left panel is for N = 4 neutrinos for all
16 (24) possible initial state configurations with neutri-
nos of definite flavor.3 The right panel is for an N = 8
neutrino system, for a subset of configurations where four
of the neutrinos, placed at either !1, . . . ,!4 or !5, . . . ,!8

are iterated through the same 16 initial configurations
as in the left panel, whereas the remaining ones are all
taken to be in the ⌫e flavor initially. This figure illus-
trates that, whenever a large deviation from mean-field
theory is exhibited, the entanglement entropy tends to be
large. However, the converse is not necessarily true—in
some cases, even when the entanglement entropy is large,
the deviations from mean-field theory can nevertheless be

3 A global inversion of both flavor and the ordering of ! values of
the evolved state results in another solution for a di↵erent initial
configuration, with ~P (!p) 7! �~P (!N�p). Therefore, each point
appearing in Fig. 2a, in fact, represents the same data for two dif-
ferent initial configurations of overall opposite flavor and reversed
ordering; for example, initial states |⌫e⌫x⌫x⌫xi and |⌫e⌫e⌫e⌫xi
correspond to the same four data points {S(!p),�Pz(!p)} for
p = 1, . . . , 4.

small. The lines drawn in Fig. 2 are of the quantity

�Pz(!p) = 1� P (S(!p)), (18)

where P (S) is the inverse of the function in Eq. (16).
We observe that a substantial number of �Pz(!p) values
cluster around this line, particularly for N = 8. This
alignment could occur, for instance, when Px and Py

components of these vectors are vanishingly small.

VI. ANALYTIC RESULTS FOR A
TWO-NEUTRINO SYSTEM

Before we elaborate further on the results overviewed
in Sec. V, it is instructive to illustrate the example of the
two-neutrino system. This system is simple enough to be
examined analytically, but it nevertheless brings to light
some key features that are generically present in many-
body systems. In Sec. VIA, we describe the adiabatic
evolution of the N = 2 neutrino system starting from
the di↵erent possible initial conditions, and in Sec. VIB,
for comparison, we present the mean-field evolution equa-
tions for the same system.

Single-angle but non-mean field approx.

Vacuum and forward vv interaction Hamiltonian:

2

interactions and represent a many-body problem.
In this work we focus on quantifying the entanglement

that can develop in a many-body neutrino system as de-
scribed by our toy model. For this purpose, we calculate
the time evolution of the entanglement entropy of the dif-
ferent neutrinos in systems with varying sizes and initial
configurations. Since entanglement is absent in mean-
field treatments, an entanglement measure can serve as
a quantifier for the extent to which many-body systems
can deviate from the mean-field approximation. Indeed,
we observe that the entropy of entanglement appears to
be correlated with the magnitude of the di↵erences in
the flavor evolution between many-body and mean-field
results, with significant deviations from the mean field
observed in some cases.

In our analysis we consider adiabatic evolution of the
many-neutrino system, with at most one neutrino in each
energy bin, in the single-angle approximation. The equa-
tions defining the model that we study are presented
in Sec. II. Adiabatic eigenvalues and eigenstates of this
many-neutrino Hamiltonian are obtained [42, 72, 73] us-
ing the Richardson-Gaudin algebraic approach [20, 84,
85]. This solution is outlined briefly in Sec. III. In Sec. IV
we define the entanglement measures that we have used
in our analysis. Section V presents an overview of the
main results, in particular the relationship between en-
tanglement entropy and the deviation of the many-body
results from their mean-field counterparts, for small-N
systems up to N = 9. Section VI presents the solution
for a two-neutrino system, which can be obtained ana-
lytically. A short summary of the mean-field evolution
equations for two neutrinos is also given. Section VII
contains detailed numerical solutions for the cases where
the number of neutrinos is greater than two. Finally,
Sec. VIII contains a brief discussion of our conclusions. In
Appendix A, we summarize our procedure for obtaining
eigenvalues and eigenvectors of the single-angle neutrino
Hamiltonian, and in Appendix B we explore the valid-
ity of using the adiabatic approximation for evolving the
many-body system.

II. THE NEUTRINO HAMILTONIAN

We consider the evolution of an ensemble of N free-
streaming neutrinos undergoing vacuum and collective
oscillations in two flavors: e and x. We neglect inelastic
collisions between these neutrinos, an approximation that
may not be appropriate under all circumstances [86] but
has the advantage of yielding a more tractable model.
This system is described by the many-body Hamiltonian
[72]

H =
X

p

!p
~B · ~Jp +

X

p,q

µpq
~Jp · ~Jq , (1)

where the vacuum oscillation frequencies are !p =
�m

2
/2|p| and p are the neutrino momenta. The strength

of collective interactions for each pair of neutrinos is

µpq =

p
2GF

V
(1� cos ✓pq), (2)

obtained from the leading-order e↵ective four-point
Fermi weak interaction diagrams of neutrinos in two fla-
vors; GF is the Fermi coupling constant, V is the volume
in a box quantization, and ✓pq is the angle between the
momenta of interacting neutrinos. The weak isospin vec-
tors ~Jp for each neutrino are defined in terms of creation
and annihilation operators of individual neutrinos in the
mass basis: J

z

p = 1
2 (a

†

1,pa1,p � a
†

2,pa2,p), J
+
p = a

†

1,pa2,p,

and J
�
p = a

†

2,pa1,p. Here we define isospins up and down
as corresponding to the neutrino vacuum mass eigen-
states ⌫1 and ⌫2. The vector ~B, which characterizes the
oscillations of the individual neutrinos and plays a role
similar to that of an external magnetic field if the J ’s are
interpreted as spins, takes the value ~B = (0, 0,�1) in the
mass basis. Note that each of the isospin operators and
the vector ~B may also be expressed in the flavor basis,
using a two-flavor mixing angle, ✓, unrelated to the ✓pq

in Eq. (2).
We study the tractable, but nevertheless interesting

problem that is obtained by taking a geometric aver-
age over the angles ✓pq, called the single-angle approx-
imation, which results in a single collective interaction
strength as a function of position or time. For example,
in a spherical neutrino bulb model [18, 21],

µ(r) =
GFp
2V


1�

✓
1� R

2
⌫

r2

◆1/2�2
, (3)

where r is the distance from the center of a neutrino
sphere of radius R⌫ . Here we adopt this form of µ(r) for
the rest of our study. At this point, we can replace the
3-vector momenta p with simple indices p = 1, . . . ,M to
label the discrete energy bins in our model. For brevity,
we henceforth also refer to µ(r) as simply µ, except when
the r dependence is relevant for calculations. Thus, our
Hamiltonian reduces to the simpler form

H = �
MX

p=1

!pJ
z

p
+ µ ~J · ~J, (4)

where ~J =
P

M

p=1
~Jp. This simpler Hamiltonian has sev-

eral conserved quantities that may be helpful to consider,
such as the total z-component isospin J

z =
P

M

p=1 J
z

p
and

a set of M conserved charges [72]:

hp = �J
z

p
+ 2µ

MX

q=1
q 6=p

~Jp · ~Jq
!p � !q

. (5)

Interestingly, the Hamiltonians in Eqs. (4) and (5)
are also of interest in condensed matter physics, e.g.,
Refs. [87–89].
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sphere of radius R⌫ . Here we adopt this form of µ(r) for
the rest of our study. At this point, we can replace the
3-vector momenta p with simple indices p = 1, . . . ,M to
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A nice near-term demonstration is presented in: Hall, Roggero, Baroni, Carlson, arXiv:2102.12556 [quant-ph].
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The last term in the Hamiltonian corresponds to the
invariant Casimir operator of the theory and represents
color electric field energy stored in the gauge links. Here,
L̂

2

n “ ∞
a L̂

a
nL̂

a
n “ ∞

a R̂
a
nR̂

a
n where L̂a

n and R̂a
n (with

a “ x, y, z) are respectively the left and right color elec-
tric field components on the link n. For a non-Abelian
gauge group, the right and left color electric field are
different and are related via the adjoint representation
R̂a

n “ ∞
bpÛadj

n qabL̂b
n, where pÛadj

n qab “ 2Tr

”
ÛnT̂ aÛ :

nT̂
b
ı
,

T̂ a “ �̂a{2 are the three generators of the SU(2) algebra
and �̂a are the Pauli matrices [38].

Symmetries and non-Abelian physics By virtue
of its gauge invariance, the Hamiltonian in equation (1)
commutes with the local gauge transformation genera-
tors, also called the Gauss’s law operators, and are given
by Ĝa

n ” L̂a
n´R̂a

n´1´Q̂a
n, where the non-Abelian charges

Q̂a
n acting on the site n are defined as

Q̂a
n “

ÿ

ij

�̂i:
n pT̂ aqij �̂j

n, a “ x, y, z. (2)

More precisely, the so-called physical Hilbert space of the
theory is spanned by the eigenstates of the Gauss’s law
operators Ĝa

n. In the following, we choose to work in
the sector with no external charges which is specified by
Ĝn | y “ 0, @n, and in the neutral total charge sector
Q̂a

tot | y “ ∞N
n“1 Q̂

a
n | y “ 0, @a.

Remarkably, the non-Abelian nature of the model al-
lows the existence of gauge invariant singlet states which
are forbidden in the Abelian case due to symmetry con-
straints. To see this, we note that the total color
charges Q̂a

tot “ ∞N
n“1 Q̂

a
n are conserved quantities and

commute with the Hamiltonian. Besides the three non-
Abelian charges, the Hamiltonian also commutes with
the redness and greenness operators defined as R̂ “∞N

n“1 �̂
1:
n �̂1

n ´ N{2 and Ĝ “ ∞N
n“1 �̂

2:
n �̂2

n ´ N{2, which
respectively measure the red and green color charges. Be-
cause redness and greenness do not have convenient sym-
metry properties, it is more natural to use their difference
(which is purely within the SU(2) gauge symmetry, since
R̂´Ĝ

2 “ Q̂z
tot) and their sum (which is a global U(1) sym-

metry). We therefore define the baryon quantum number
of the model as B̂ “ R̂`Ĝ

2 “ 1
2

∞N
n“1 �̂

:
n�̂n ´ N{2 which

measures the matter-antimatter imbalance.
The existence of multiple conserved charges in the non-

Abelian theory has to be contrasted with the Abelian
Up1q case of quantum electrodynamics (QED), where the
electric charge is the only conserved quantity. In QED,
the total electric charge coincides with the baryon num-
ber B of the system [39], and the neutral charge con-
straint thus imposes the value of the matter-antimatter
imbalance to be zero. In other words, neutral gauge in-
variant states of QED must contain as many electrons as
positrons leading to meson-type singlet states only. On
the other hand, the constraint of neutral charge for the
SU(2) theory Q̂i

tot | y “ 0, @i does not enforce the value
of the baryon quantum number B, since these are differ-

VQE preparation of the baryon massb
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a VQE circuit to prepare baryon and vacuum states

Exact baryon mass

Baryon mass (VQE)

FIG. 2. VQE calculation of a baryon. We variationally
simulate an effective eight sites chain with the experimental
circuit shown in a. The boxes represent single qubit gates.
Grey boxes are fixed gates while the color coding indicates
dependence from three variational parameters. Their exact
implementation changes depending on the combination of the
parameter values, which is automatically compiled from the
original circuit shown in Fig. 3. This takes into account the
coupling topology of the IBMQ Casablanca processor, which,
together with the qubit identification for the B “ 0 sector are
shown on the left. The circuit yields the mass of the baryon
(errorbars are smaller than markers), an SU(2)-“proton” (see
inset), for a range of x and m̃ “ 1 as explained in the main
text.

ent quantum numbers. Therefore, it is possible to con-
struct color neutral gauge invariant singlets with B ‰ 0,
which are forbidden in QED. While the states in the
B “ 0 sector are similar to the neutral states of QED,
the states in the sector with B ‰ 0 have no equivalent
in Abelian theories. In particular, we will refer to the
ground state in the sector with B “ 1 as a baryon state,
the ground state in B “ 0 will be the vacuum and the
first excited state will be called a meson state. A pictorial
comparison of a meson and a baryon is given in Fig. 1b.

Elimination of the gauge fields and qubit for-
mulation To study energy spectrum of the SU(2) the-
ory on a quantum computer, we map the lattice Hamil-
tonian in equation (1) to a qubit system. In one spatial
dimension and with open boundary conditions, the gauge
degrees of freedom can be integrated out [40–44] (see
Supplementary Information for details). This approach
eliminates redundant degrees of freedom and allows us
to simulate our target model with a minimal number of
qubits. As a second step, a Jordan-Wigner transforma-
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FIG. 10. Two plaquettes with periodic boundary conditions and an arrow convention amenable to infinite extension in the
two-dimensional plane. Indices local to each end of each link characterize states in SU(3) e.g., the color isospin and hypercharge
indices.

previous algorithms, for example, Ref. [13].

Similar to the methods employed for the one-plaquette system, Gauss’s law can be explicitly satisfied in the global

wavefunctions by construction of the basis states. Using the dimensionality of the color irrep of each link, as shown in

Fig. 10, the basis states for the two-plaquette system are written as |�(R1,Q1,R2,R3,Q2,R4)i. The gauge invariant

lattice wavefunction for this two-plaquette system, as discussed in greater generality in Appendix A, is

|�(R1,Q1,R2,R3,Q2,R4)i =
1

dim(Q1) dim(Q2)

X

all

|R1, a, bi|Q1, c, di|R2, e, fi|R3, g, hi|Q2, i, ji|R4, k, `i

hR3, h, R̄1, a|Q̄2, ji�312 hR1, b, R̄3, g|Q̄1, di�131

hR4, `, R̄2, e|Q2, ii�422 hR2, f, R̄4, k|Q1, ci�241 , (34)

where |R, a, bi is a link-state in the electric basis and hRi, f,Rj , k|Qk, ci�ijk are SU(3) CG coe�cients.

The global wavefunctions of the two-plaquette system are formed from combinations of these basis states, consistent

with the global symmetries of the system such as: color-parity symmetry resulting from the sum of ⇤ + ⇤† in the

Hamiltonian, e.g., {Ri,Qi} $ {Ri,Qi}, translation invariance, and reflection symmetry. These symmetries lead to a

natural block-diagonalization of the Hamiltonian in these projected bases. Quantum numbers may be assigned to the

states in each block, ±1 for each of the symmetries in the case of two-plaquettes. In this section, we consider a global

basis in which dynamical quantum states are mapped to symmetry-projected configurations of the full two-plaquette

lattice. Two related local truncations in color space are used to explore the convergence of both local and global

truncations.

A. Two-Plaquette: {1,3,3} Local Truncation

In limiting the local link basis to color irreps {1,3,3} for the two-plaquette system without constraints and symmetries,

there are 36 independent basis states. Imposing Gauss’s law at each vertex reduces this number down to 27. Further

restricting to global singlet states, as is the strong coupling vacuum and preserved by the Hamiltonian, the dynamical

Hilbert space becomes 9 dimensional, which decomposes into sectors of dimensions (4, 2, 2, 1) under the discrete

symmetries of color parity and spatial translation. Focusing on the sector that contains the trivial vacuum, the basis

states in the ++ sector are,

| (133;++)
1 i = |�(1,1,1,1,1,1)i

| (133;++)
2 i =

1

2

⇥
|�(3,3,3,1,3,1)i+ |�(3,3,3,1,3,1)i+ |�(1,3,1,3,3,3)i+ |�(1,3,1,3,3,3)i

⇤

| (133;++)
3 i =

1
p
2

⇥
|�(3,1,3,3,1,3)i+ |�(3,1,3,3,1,3)i

⇤

24

circuit in Eq. (19), and the third can be implemented with the following circuit relation

ei(↵Ẑ⌦X̂+�X̂⌦Ẑ) =
H • H ei↵Ẑ H • H

ei�Ẑ
. (43)

The results of performing first order Trotter time steps with g = 1 beginning in the electric vacuum are shown in

Fig. 12. Two middle qubits were used to store the state of the system and, when the measurement error mitigation

is implemented through voting, the remaining three qubits were used to inform the post-selection described in Sec-

tion III B 1. As the results show, three Trotter steps are capable of reproducing the first maximum and minimum

in the evolution of the electric energy and calculations on the Athens quantum processor are in agreement with the

exact calculation.
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FIG. 12. The (trivial-) vacuum-to-vacuum persistence probability |h00| Û(t) |00i|2 (left panel) and the energy in the electric
field (right panel) of the two plaquette system in the color parity basis truncated locally at 3 and 3. Evolution is a 1st-order
Trotterization of the Hamiltonian in Eq. (39). Points correspond to quadratic extrapolations of results obtained from IBM’s
Athens quantum processor, with systematic and statistical uncertainties combined in quadrature.

B. Two-Plaquette: {1,3,3,8} Local Truncation

To further explore global wavefunctions and also to demonstrate a further complexity in such calculations, the dis-

cussion in Subsection IVA is here extended to include the 8 in the local link basis. The construction involves

an expanded basis that requires considering non-trivial multiplicities in the products of irreps, in particular in

8 ⌦ 8 = 27 � 10 � 10 � 8 � 8 � 1. Of the 46 states in this local basis, 109 of them satisfy Gauss’s law. Pro-

jecting further to the global color singlet states—the global color charge being a quantum number conserved by the

Hamiltonian—there are 41 distinct physical configurations potentially connected to the strong coupling vacuum.

These physical and global color singlet states combine into states with definite transformation properties under the

discrete symmetries of color parity, translation, and reflection, which is no longer redundant in this larger basis as

3 ⌦ 3 = 8 � 1 leads to configurations that can be odd under reflection. Focusing only on the + + + sector, the 15

independent states are,

| (1338;+++)
1 i = |�(1,1,1,1,1,1)i ,

| (1338;+++)
2a i =

1

2

⇥
|�(3,3,3,1,3,1)i+ |�(3,3,3,1,3,1)i+ |�(1,3,1,3,3,3)i+ |�(1,3,1,3,3,3)i

⇤
,

| (1338;+++)
2b i =

1
p
2

⇥
|�(3,1,3,3,1,3)i+ |�(3,1,3,3,1,3)i

⇤
,

| (1338;+++)
3 i =

1
p
2
[ |�(8,1,1,8,1,1)i+ |�(1,1,8,1,1,8)i ] ,

2

mentum vanish. In weak coupling, the magnetic con-
tributions dominate and a theory of dynamical loops
emerges. The angular momentum basis describes the
quantum state of a generic link by its irreducible repre-
sentation, j, and associated third-component projections
at the left and right end of the link in the 2 and 2̄ rep-
resentations, |j,m,m

0
i ⌘ |j,mi⌦ |j,m

0
i, respectively. In

one dimension, SU(2) lattice gauge theory can be spa-
tially discretized onto a string of plaquettes (see Fig. 1).
With periodic boundary conditions (PBCs), only three-
point vertices contribute to such a plaquette chain. To
form gauge singlets, components of the three links at each
vertex are contracted with an SU(2) Clebsch-Gordan co-
e�cient. The wavefunction at each vertex has the form

V ⇠

X

b,c,e

hj1, b, j2, e|q, ci |j1, a, bi ⌦ |q, c, di ⌦ |j2, e, fi , (3)

where indices b, c, and e are located at the vertex. By
focusing on a system with an even number of plaquettes,
matrix elements of the arbitrary plaquette operator may
be determined. The state of an even-length lattice in
one dimension with PBCs and with definite link angular
momenta is

|�i = N

X

{m}

LY

i=1

hj
t
i ,m

t
i,R, j

t
i+1,m

t
i+1,L|qi,m

t
qii (4)

hj
b
i ,m

b
i,R, j

b
i+1,m

b
i+1,L|qi,m

b
qii

|j
t
i ,m

t
i,L,m

t
i,Ri ⌦ |j

b
i ,m

b
i,L,m

b
i,Ri ⌦ |qi,m

t
qi ,m

b
qii

with jL+1 = j1, mL+1 = m1, and normalization N =Q
i(dim(qi))�1 with dim(q) = 2q + 1. Referring to the

plaquette string’s ladder structure, on links located as
rungs of the ladder, angular momentum values are la-
beled by q. Thus, a plaquette string is created by two
strings of j-type registers connected periodically by rungs
of q-type registers. The contraction with Clebsch-Gordan
coe�cients at each vertex ensures the local gauge singlet
structure required by Gauss’s law. The link operator acts
on the degrees of freedom at each end of a link and is a
source of j = 1/2 angular momentum,

Û↵� |j, a, bi =
X

�J

s
dim(j)

dim(J)
|J, a+ ↵, b+ �i

⇥ hj, a,
1

2
,↵|J, a+ ↵ihj, b,

1

2
,�|J, b+ �i , (5)

which contains non-vanishing contributions only for J =
j±

1
2 [59]. It follows that matrix elements of the plaquette

FIG. 1. (top) Diagram of the lattice distribution of
dlog2(2⇤j + 1)e-qubit registers and the action of ⇤̂ on SU(2)
plaquettes in one dimension. ⇤̂ operates on the four qubit
registers in the plaquette and is controlled by the four neigh-
boring qubit registers to enforce the Gauss’s law constraint.
(bottom) The plaquette operator with labeled angular mo-
mentum registers.

operator in one dimension are

h�··· ,jt,b` ,q`f ,j
t,b
af ,qrf ,j

t,b
r ,···|⇤̂|�··· ,jt,b` ,q`i,j

t,b
ai ,qri,j

t,b
r ,···i =

q
dim(jtai) dim(jtaf ) dim(jbai) dim(jbaf )

⇥

q
dim(q`i) dim(q`f ) dim(qri) dim(qrf ) (6)

⇥ (�1)j
t
`+jb`+jtr+jbr+2(jtaf+jbaf�q`i�qri)

⇥

⇢
j
t
` j

t
ai q`i

1
2 q`f j

t
af

�⇢
j
b
` j

b
ai q`i

1
2 q`f j

b
af

�⇢
j
t
r j

t
ai qri

1
2 qrf j

t
af

�⇢
j
b
r j

b
ai qri

1
2 qrf j

b
af

�

where the indices j
t,b
` , q`i, q`f , j

t,b
a , qri, qrf , and j

t,b
r are

used to indicate the j-values relevant for the single pla-
quette operator (as depicted in Fig. 1) and the brack-
ets indicate Wigner’s 6-j symbols. The four registers
j
t,b
`,r outside the plaquette are not modified by the ac-
tion of the plaquette operator. However, their inclusion
as control registers is necessary to maintain Gauss’s law.
The sums over alignment in each gauge-invariant space
yield a dramatically reduced Hilbert space to be mapped
onto a quantum device, characterized entirely by the |ji’s
(rather than the |j,m,m

0
i’s) incrementing naturally by

half-integers. The qubit representation of the periodic
plaquette string is shown on the top panel of Fig. 1, where
each link contains a dlog2(2⇤j + 1)e-qubit register with
⇤j the angular momentum truncation per link.
In the following, circuits are devised for the plaquette

operator with angular momentum truncation ⇤j = 1/2.
For time evolution beginning in the strong-coupling vac-
uum, the top and bottom j values are equivalent with this
cuto↵ due to SU(2) flux conservation. As a result, the
bottom j registers need not be mapped onto the quan-
tum device [94] and the plaquette operator reduces to a
five-qubit operator.
While matrix elements of the plaquette operator in the

physical space are critical, those in the unphysical space
are not. As long as the matrix elements mixing the two
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FIG. 4. (top) Expectation value of the electric energy contri-
bution of the first plaquette in the two-plaquette lattice with
PBCs and coupling g

2 = 0.2 computed on IBM’s Tokyo. The
dashed, dot-dashed, and thin gray lines are the NTrot = 1, 2, 3
Trotterized expectation values, while the thick gray line is the
exact time evolution. (bottom) Measured survival probability
to remain in the physical subspace. Uncertainties represent
statistical variation, as well as a systematic uncertainty esti-
mated from reproducibility measurements. The icons appear-
ing are defined in Ref. [41].

Real-time evolution of two plaquettes with PBCs (see
the right panel of Fig. 3) and truncation ⇤j = 1/2 has
been implemented on IBM’s quantum device Tokyo, se-
lected for its available connectivity of a four-qubit loop.
The top panel of Fig. 4 shows time-evolved expectation
values of the energy contributions from the first electric
plaquette calculated with one and two Trotter steps [95].
The electric contributions, being localized in their mea-
surement to the four-dimensional physical subspace, are
well determined after a small number of samples. In
contrast, measuring the energy contributions from the
magnetic Hamiltonian requires increased sampling due
to the operator’s natural representation in the Pauli-X
basis of the q`, ja, and qr qubit registers—distributing the
wavefunction’s amplitude throughout the Hilbert space.
Results have been corrected for measurement error by
the constrained inversion of a 16-dimensional calibration
matrix informed by preparation of each of the 16 com-
putational basis states prior to calculation. The result-
ing probabilities are linearly extrapolated in the presence
of CNOT gates, post-selected within the gauge-invariant
space, and renormalized. The linear extrapolation is in-
formed by r = 1, 2, where r = 1 is the circuit in Fig. 3
and r = 2 stochastically inserts a pair of CNOTs ac-
companying each of the three CNOTs either in the first
or second half of the plaquette operator. The combined

noise and gate fidelity of the device were found to limit
the ability to extrapolate further in CNOT noise, even
with a single Trotter step. It can be seen that these er-
ror mitigation techniques have allowed calculation of the
electric energy associated with the SU(2) gauge field to
the precision obtained after a single Trotter step.
It is important to determine the feasibility of retaining

gauge-invariant Hilbert spaces with near-term quantum
hardware. For our calculations on IBM’s Tokyo quan-
tum device, before CNOT extrapolation, the (NTrot, r) =
(1, 1) measurements were found to remain in the gauge
invariant space with a survival population of ⇠ 45%, as
shown in the bottom panel of Fig. 4. After linear extrap-
olation in the probabilities, this was increased to ⇠ 65%,
with survival population decreasing as evolution time in-
creases. The survival population for NTrot = 2 was found
to be ⇠ 25%, consistent with loss of quantum coherence
of a four-dimensional physical space embedded onto four
qubits, precluding CNOT extrapolation. This observable
is a diagnostic of the calculation. As it approaches the
decorrelated limit (25%), CNOT extrapolations become
less reliable leading to the underestimate of systematic
uncertainties in Fig. 4. Because neither the proposed
qubit representation, nor the subsequent Trotterization,
produce gauge-variant error contributions, the observed
decay of population in the physical subspace is a mea-
sure of the device’s ability to robustly isolate Hilbert
subspaces. This is likely to be an essential capability for
evolving lattice gauge theories and other systems with
conserved quantities, as well as for quantum error cor-
rection.
When increasing ⇤j , the plaquette operator must be

calculated and designed over 8 qubit registers, each con-
taining dlog2 (2⇤j + 1)e qubits. The classical compu-
tational resources required to define this operator with
Eq. (6) scales with the number of unique non-zero ma-
trix elements, which is polynomial in ⇤j . When con-
structing the time evolution operator for ⇤j > 1/2, the
combination of Trotterization and Pauli decomposition of
the 4-register operators in j`,r-controlled sectors gener-
ically generates interactions breaking gauge invariance
[56, 69, 96]. The breaking of gauge invariance will be im-
portant to control if this decomposition is used in future
calculations.
Developing quantum computation capabilities for non-

Abelian gauge field theories is a major objective of nu-
clear physics and high-energy physics research. One of
the challenges facing such calculations is that the map-
ping of the gauge theory onto a discretized lattice involves
a digitization of the gauge fields. We have presented cal-
culations of the dynamics of a one-dimensional SU(2) pla-
quette string with implementation on IBM’s Q Experi-
ence superconducting hardware. This was made feasible
by an improved mapping of the angular momentum ba-
sis states describing link variables. Our design of the pla-
quette operator for digital quantum devices requires local
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FIG. 3: Density-density correlation. (a) Left: Idealized
sketches of the initial and final state. The domain length of
the final state equals to the distance between two unconverted
atoms, which are removed from the system before measure-
ment. Right: Measured interference patterns in initial and
final state (averaged over 523 and 1729 images, respectively).
The x-lattice defining the 1D chains is tilted by 4� relative to
the imaging plane. (b) Single-pixel sections along the x direc-
tion through the center of the patterns in a. In the final state,
additional peaks at ±0.5~k appear, indicating the emergence
of a new ordering.

J/U is ramped from 0.014 up to 0.065 and back to 0.019.
Simultaneously, we linearly lower the z-lattice potential
to ramp the on-site interaction U from 1.82(1) kHz to
1.35(1) kHz. This ramp corresponds to driving the sys-
tem from a large and negative m, through its critical
point at m ⇠ 0, to a large and positive value deep within
the C/P-broken phase.

To probe the system dynamics, we ramp up the lattice
barriers after evolution time t and extract the probabil-

ity distributions p
(m/g)
j (n) of the occupation number n.

With our optical resolution of ⇠1 µm, in situ observables
average the signal over a small region around site j. Our
measurements distinguish between even matter sites (m)
and odd gauge-field sites (g). We illustrate the procedure

for p(g)j (n). To extract it for n  3, we combine the three
schemes sketched in Fig. 2a (see Methods for a detailed

translation of (i)-(iii) to the p(m/g)
j (n)). (i) The mean oc-

cupation of gauge-field sites is recorded by in situ absorp-
tion imaging after applying a site-selective spin flip in the

superlattice, which gives n̄
(g) =

P
n np

(g)

j (n) with natu-
ral numbers n. (ii) We use a photoassociation (PA) laser
to project the occupancy into odd or even parity. Unlike
selecting out doublons via Feshbach resonances [25, 26],
the PA-excited molecule decays spontaneously and gains
kinetic energy to escape from the trap, with which the

residual atomic density is n̄
(g)

c =
P

n mod2(n)p
(g)

j (n).
(iii) A further engineering of atoms in DWs allows us to
measure the probabilities of occupancies larger than two.
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FIG. 4: Fulfillment of Gauss’s law. (a) Correlated mea-
surements detect gauge-invariant states |...nj�1njnj+1...i, j
even, within gauge-matter-gauge three-site units. For prob-
ing |...010...i, we first flip the hyperfine levels of the atoms
on odd sites. Then, we change the superlattice into two
kinds of DW structures and monitor the tunneling of the
middle atoms. For |...002...i and |...200...i, we split the dou-
blons into two sites and mark them by the hyperfine lev-
els. Their state populations correlate to the oscillation am-
plitudes of tunneling dynamics. (b) From the probabilities
of the gauge-invariant states, we extract the gauge violation
✏(t) = 1 �

�
p|...010...i + p|...002...i + p|...200...i

�
. While the in-

version between the Fock states after the phase transition is
stronger in the ideal QLM (exact numerics, orange and blue
curves), a high level of gauge invariance is retained through-
out. The experimental results are in quantitative agreement
with t-DMRG calculations for our isolated Bose–Hubbard sys-
tem (red curve).

We first clean the matter sites and then split the atoms
into DWs. After a subsequent parity projection via il-
lumination with PA light, the remaining atomic density

is n̄
(g)

c + 2p(g)j (2). From the population, we find that
high-energy excitations, such as n = 3, are negligible
throughout our experiment.

As the data for p(m/g)
j (n) in Fig. 2b-c shows, after the

ramp through the phase transition, on average 80(3)%
of the atoms have left the even sites and 39(2)% of dou-
ble occupancy is observed on the odd sites (we checked
the coherence and reversibility of the process by ramp-
ing back from the final state, see Methods). This cor-
responds to the annihilation of 78(5)% of particle–anti-

Schwinger model within quantum link model 
formulation…
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FIG. 3: Density-density correlation. (a) Left: Idealized
sketches of the initial and final state. The domain length of
the final state equals to the distance between two unconverted
atoms, which are removed from the system before measure-
ment. Right: Measured interference patterns in initial and
final state (averaged over 523 and 1729 images, respectively).
The x-lattice defining the 1D chains is tilted by 4� relative to
the imaging plane. (b) Single-pixel sections along the x direc-
tion through the center of the patterns in a. In the final state,
additional peaks at ±0.5~k appear, indicating the emergence
of a new ordering.
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to ramp the on-site interaction U from 1.82(1) kHz to
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FIG. 4: Fulfillment of Gauss’s law. (a) Correlated mea-
surements detect gauge-invariant states |...nj�1njnj+1...i, j
even, within gauge-matter-gauge three-site units. For prob-
ing |...010...i, we first flip the hyperfine levels of the atoms
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kinds of DW structures and monitor the tunneling of the
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els. Their state populations correlate to the oscillation am-
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of the gauge-invariant states, we extract the gauge violation
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. While the in-

version between the Fock states after the phase transition is
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curves), a high level of gauge invariance is retained through-
out. The experimental results are in quantitative agreement
with t-DMRG calculations for our isolated Bose–Hubbard sys-
tem (red curve).
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ramp through the phase transition, on average 80(3)%
of the atoms have left the even sites and 39(2)% of dou-
ble occupancy is observed on the odd sites (we checked
the coherence and reversibility of the process by ramp-
ing back from the final state, see Methods). This cor-
responds to the annihilation of 78(5)% of particle–anti-
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Some non-Abelian gauge theory analog proposals:
Zohar, Cirac, Reznik, Phys. Rev. A 88 023617 (2013).
Zohar, Cirac, Reznik, Phys. Rev. Lett. 110, 125304 
(2013), Phys. Rev. A 88 023617 (2013), Rep. Prog. Phys. 
79, 014401 (2016). González Cuadra, Zohar, Cirac, New 
J. Phys. 19 063038 (2017).Dasgupta and Raychowdhury, 
arXiv:2009.13969 [hep-lat].
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m

"

x

sx'
†
x'x

+ g 2

2

"

&xy'

#
L2

xy + R2
xy

$
! 1

4g 2

"

!
Tr

%
U! + U†

!
&

.

(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy
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xUxy'y + '†
yU†

xy'x
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(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Hamiltonian formalism maybe more natural than the path integral formalism for quantum 
simulation/computation:
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tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #
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µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
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fields
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It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|
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f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form
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Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '
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xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
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zero, which turns the pions into light, but not exactly
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that decay into nucleons (protons or neutrons) and pi-
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tain states of isolated quarks or gluons, which are instead
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tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m

"

x

sx'
†
x'x

+ g 2

2

"

&xy'

#
L2

xy + R2
xy

$
! 1

4g 2

"

!
Tr

%
U! + U†

!
&

.

(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.

!"" C( 2013 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheimwww.ann-phys.org

Fermion 
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Fermion hopping term Energy of color 
electric field

Energy of color 
magnetic field

Kogut and Susskind formulation:

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Hamiltonian formalism maybe more natural than the path integral formalism for quantum 
simulation/computation:

Hackett et al, Phys. Rev. 
A 99, 062341 (2019)

ZD, Raychowdhury, and Shaw, 
arXiv:2009.11802 [hep-lat]

SU(2) pure gauge in 3+1 D 
in group element basis

SU(2) with matter in 1+1 D 
in electric-field basis

SU(3) pure gauge in 2+1 D 
in local-irreps basis

Ciavarella, Klco, and Savage, 
arXiv:2101.10227 [quant-ph]
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FIG. 3. On a grid (left panel) of irreducible representations organized by their dimensionality and plaquette connectivity (as
shown in Fig. 2), support of the the ground state wavefunction  (R), shown for g = 0.5, is localized to low irrep dimensionalities
(center panel). Conjugate irreps appear on the left half of the grid with real irreps appearing along the center vertical. The
right panel shows log (R) on a scaled quadratic grid for visual clarity of the convergence structure.
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FIG. 4. Mass gap (left panel) and vacuum expectation value of the Hermitian magnetic plaquette operator ⇤̂+ ⇤̂† (right panel)
for one plaquette in SU(3) gauge theory as a function of ⇤p, the irrep tensor index truncation. Convergence is demonstrated
for six di↵erent values of the coupling (g = 0.1 to 1). Inset panels show the percent deviation in observables from their values
without truncation. The inset x-axes are squared for visual clarity of the convergence structure.

structure of the irrep-space wavefunction is visually clear.

The exponential localization of the single plaquette wavefunction extends this profitable convergence also to static

and dynamic observables. Figure 4 shows the convergence of the mass gap and the magnetic plaquette operator

expectation value at a range of couplings. Static observables for the unit coupling are found to converge to 10�8

percent of their asymptotic values at a low irrep truncation of ⇤p = 4 up to and including tensor irreps with four

fundamental and four anti-fundamental indices. As g is lowered and the wavefunction disperses in irrep space,

truncation errors naturally become more dramatic. Interestingly, the mass gap demonstrates low g-dependence at

high truncation, ⇤p, throughout the shown coupling range. The insets of Fig. 4 provide convergence information

with tensor index truncations scaled quadratically, as in the right panel of Fig. 3, such that the linear trajectories

experienced at large tensor index truncations express Gaussian-type convergence structure. From these insets, one

can connect necessary quantum resources to the attainable precision of local observables as the weak-coupling limit is

approached. For example, percent-level precision for these quantities at couplings g � 0.3 is expected to be achievable

with ⇤p  10 or equivalently 3-4 qubits per index register. These features are expected to apply to the link-space

localization and convergence on larger lattices of SU(3) gauge theory. This suggests that SU(3) Yang-Mills simulations

in a cubic spatial lattice of extent 10⇥ 10⇥ 10 could be performed with <
⇠ 104 qubits at this coupling.

It is important to keep in mind that our analysis has been performed in the electric basis, and requires increasing
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FIG. 17. The quantity �E0

E0 ⌘
E0

(⇤)�E0
(⇤=8)

E0(⇤)
as a function

of ⇤ for various values of x, and for the 1st, 21st, and 283rd
lowest-lying states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The dashed lines denote the first
⇤ values at which the corresponding scaled energies become
equal or less than 10% of their values at ⇤ = 8 (which are
approximated as the ⇤ ! 1 values). When needed for pre-
sentational clarity, the points are artificially displaced along
the horizontal axis by a small amount. The numerical val-
ues associated with these plots are provided in Supplemental
Material.
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FIG. 18. The quantity �E0

E0 ⌘
E0

(⇤)�E0
(⇤=8)

E0(⇤)
as a function of

p
x for given values of ⇤ as denoted in the plots, and for the

1st and 21st states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The asymptotic (x ! 1) values of
the quantity, r, are obtained from the fits to data points in
each case with an exponentially varying function of

p
x, and

are denoted in the plots. The colored regions denote the
p

x

values excluded from the fits. The numerical values associated
with these plots are provided in Supplemental Material.

tonian H
0(KS):

H
0(KS)

⌘
2

ag2
H

(KS)

= x

N1X

x=0

⇥
 

†(x)U(x) (x + 1) + h.c.
⇤
+

N2X

x=0

E2(x) + µ

N3X

n=0

(�1)n
 

†(x) (x), (89)

where x = 1

a2g2 , µ = 2m

g2a
, and N1, N2, and N3 are defined

in Sec. II. The limit x ! 0 corresponds to the strong-
coupling limit of the theory, while the limit x ! 1 at a
fixed m

g
provides a trajectory in parameter space along

which the continuum limit can be taken. The matrix el-
ements of this Hamiltonian can be formed using the KS
angular-momentum or LSH bases, giving rise to identical
results in the physical sector, which serves as a strong
check of the newly-developed LSH formulation for the
1+1 D case. While e�cient classical simulations such as
those based on tensor networks have enabled studies of
SU(2) lattice gauge theories with a large number (hun-
dreds) of sites [16, 90–92], enabling the continuum limit
of the results to be taken systematically, such considera-
tions are not the focus of this work. Instead, the aim is
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FIG. 17. The quantity �E0

E0 ⌘
E0

(⇤)�E0
(⇤=8)

E0(⇤)
as a function

of ⇤ for various values of x, and for the 1st, 21st, and 283rd
lowest-lying states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The dashed lines denote the first
⇤ values at which the corresponding scaled energies become
equal or less than 10% of their values at ⇤ = 8 (which are
approximated as the ⇤ ! 1 values). When needed for pre-
sentational clarity, the points are artificially displaced along
the horizontal axis by a small amount. The numerical val-
ues associated with these plots are provided in Supplemental
Material.
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E0(⇤)
as a function of

p
x for given values of ⇤ as denoted in the plots, and for the

1st and 21st states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The asymptotic (x ! 1) values of
the quantity, r, are obtained from the fits to data points in
each case with an exponentially varying function of

p
x, and

are denoted in the plots. The colored regions denote the
p

x

values excluded from the fits. The numerical values associated
with these plots are provided in Supplemental Material.
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where x = 1

a2g2 , µ = 2m
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, and N1, N2, and N3 are defined

in Sec. II. The limit x ! 0 corresponds to the strong-
coupling limit of the theory, while the limit x ! 1 at a
fixed m

g
provides a trajectory in parameter space along

which the continuum limit can be taken. The matrix el-
ements of this Hamiltonian can be formed using the KS
angular-momentum or LSH bases, giving rise to identical
results in the physical sector, which serves as a strong
check of the newly-developed LSH formulation for the
1+1 D case. While e�cient classical simulations such as
those based on tensor networks have enabled studies of
SU(2) lattice gauge theories with a large number (hun-
dreds) of sites [16, 90–92], enabling the continuum limit
of the results to be taken systematically, such considera-
tions are not the focus of this work. Instead, the aim is
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as a function

of ⇤ for various values of x, and for the 1st, 21st, and 283rd
lowest-lying states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The dashed lines denote the first
⇤ values at which the corresponding scaled energies become
equal or less than 10% of their values at ⇤ = 8 (which are
approximated as the ⇤ ! 1 values). When needed for pre-
sentational clarity, the points are artificially displaced along
the horizontal axis by a small amount. The numerical val-
ues associated with these plots are provided in Supplemental
Material.

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

◇

◇ ◇ ◇ ◇ ◇ ◇

0 2 4 6 8

-0.05

0.00

0.05

0.10

Λ

Δ
E n
/E
n ▽ 1st

◦ 21st

◇ 283rd

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

◇

◇ ◇ ◇ ◇ ◇ ◇

0 2 4 6 8

-0.05

0.00

0.05

0.10

Λ

Δ
E n
/E
n ▽ 1st

◦ 21st

◇ 283rd

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽
◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

◇

◇ ◇ ◇ ◇ ◇ ◇

0 2 4 6 8

-0.05

0.00

0.05

0.10

Λ

Δ
E n
/E
n ▽ 1st

◦ 21st

◇ 283rd

�
E

0 /
E

0

p
x

⇤ = 0

⇤ = 1

▽▽

▽
▽

▽
▽ ▽ ▽ ▽ ▽

0 10 20 30 40 50 60

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

x

Δ
E/
E

◦◦

◦
◦

◦ ◦ ◦ ◦ ◦ ◦
0 10 20 30 40 50 60

-0.5

-0.4

-0.3

-0.2

-0.1

0.0

x

Δ
E/
E

r ⇡ �0.940

r ⇡ �0.461

⇤ = 2

r ⇡ �0.879

⇤ = 2◇◇

◇
◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇

0 20 40 60 80 100

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

x

Δ
E/
E

�
E

0 /
E

0

p
x

◇

◇
◇

◇ ◇
◇ ◇ ◇ ◇ ◇ ◇

20 40 60 80 100
-0.886
-0.884
-0.882
-0.880
-0.878
-0.876
-0.874
-0.872

x

Δ
E/
E

p
x

r ⇡ �0.884

FIG. 18. The quantity �E0

E0 ⌘
E0

(⇤)�E0
(⇤=8)

E0(⇤)
as a function of

p
x for given values of ⇤ as denoted in the plots, and for the

1st and 21st states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The asymptotic (x ! 1) values of
the quantity, r, are obtained from the fits to data points in
each case with an exponentially varying function of

p
x, and

are denoted in the plots. The colored regions denote the
p

x

values excluded from the fits. The numerical values associated
with these plots are provided in Supplemental Material.

tonian H
0(KS):

H
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⌘
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H

(KS)

= x
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†(x)U(x) (x + 1) + h.c.
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+

N2X

x=0

E2(x) + µ

N3X

n=0

(�1)n
 

†(x) (x), (89)

where x = 1

a2g2 , µ = 2m

g2a
, and N1, N2, and N3 are defined

in Sec. II. The limit x ! 0 corresponds to the strong-
coupling limit of the theory, while the limit x ! 1 at a
fixed m

g
provides a trajectory in parameter space along

which the continuum limit can be taken. The matrix el-
ements of this Hamiltonian can be formed using the KS
angular-momentum or LSH bases, giving rise to identical
results in the physical sector, which serves as a strong
check of the newly-developed LSH formulation for the
1+1 D case. While e�cient classical simulations such as
those based on tensor networks have enabled studies of
SU(2) lattice gauge theories with a large number (hun-
dreds) of sites [16, 90–92], enabling the continuum limit
of the results to be taken systematically, such considera-
tions are not the focus of this work. Instead, the aim is
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FIG. 17. The quantity �E0

E0 ⌘
E0

(⇤)�E0
(⇤=8)

E0(⇤)
as a function

of ⇤ for various values of x, and for the 1st, 21st, and 283rd
lowest-lying states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The dashed lines denote the first
⇤ values at which the corresponding scaled energies become
equal or less than 10% of their values at ⇤ = 8 (which are
approximated as the ⇤ ! 1 values). When needed for pre-
sentational clarity, the points are artificially displaced along
the horizontal axis by a small amount. The numerical val-
ues associated with these plots are provided in Supplemental
Material.
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E0

(⇤)�E0
(⇤=8)

E0(⇤)
as a function of

p
x for given values of ⇤ as denoted in the plots, and for the

1st and 21st states in the spectrum of the KS Hamiltonian
in the physical Hilbert space with N = 6 and ⌫ = 1 with
PBC. E

0(⇤) is the scaled energy corresponding to the scaled
Hamiltonian in Eq. (89). The asymptotic (x ! 1) values of
the quantity, r, are obtained from the fits to data points in
each case with an exponentially varying function of

p
x, and

are denoted in the plots. The colored regions denote the
p

x

values excluded from the fits. The numerical values associated
with these plots are provided in Supplemental Material.
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where x = 1

a2g2 , µ = 2m

g2a
, and N1, N2, and N3 are defined

in Sec. II. The limit x ! 0 corresponds to the strong-
coupling limit of the theory, while the limit x ! 1 at a
fixed m

g
provides a trajectory in parameter space along

which the continuum limit can be taken. The matrix el-
ements of this Hamiltonian can be formed using the KS
angular-momentum or LSH bases, giving rise to identical
results in the physical sector, which serves as a strong
check of the newly-developed LSH formulation for the
1+1 D case. While e�cient classical simulations such as
those based on tensor networks have enabled studies of
SU(2) lattice gauge theories with a large number (hun-
dreds) of sites [16, 90–92], enabling the continuum limit
of the results to be taken systematically, such considera-
tions are not the focus of this work. Instead, the aim is
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plots the relative systematic error induced by
the di↵erent digitization schemes for the data
shown in Fig. 6. The Polyakov loop is close to
zero in the confined phase, and so we see pre-
dominantly noise at lower �s. However, in the
deconfined phase, the curves in Fig. 7 appear
to be flat, indicating that the e↵ect of the dig-
itization for each � value is simply an overall
multiplication by a constant smaller than one.
Figure 8 shows the relative error averaged over
the range 2.4  �  2.6 as a function of bits-
per-link, making it clear that this multiplicative
constant approaches zero as the bits-per-link are
reduced, again consistent with our arguments
in Sec. III B. Figure 8 also shows convergence
to the undigitized result explicitly. Projection
with APR produces less error than with the L2
norm and appears to converge to the undigitized
value quicker, but our data are unable to deter-
mine whether any systematic error survives in
the limit of large bits-per-link for either scheme.
We see no error due to digitization and projec-
tion in the critical value of � where the system
deconfines, a positive indication as projection
should not change the phase dynamics.

Finally, we turn to the static potential. Fig. 9

shows the static potential aV (r) as a function of
distance r/a, computed in the usual lattice QCD
ultrafine digitization. Due to the large lattice
spacing of this ensemble (i.e., the strong bare
coupling), the potential is dominantly linear in
all distance scales in our simulation. Above
r/a ⇡ 6, the data become unreliable due to
the exponentially decreasing signal in the Wil-
son loop as shown in Eq. (5). We restrict our
subsequent discussion and figures to the region
r/a . 6.

Fig. 10 shows the digitization error in the
static potential as a function of distance. The
most interesting feature of this figure is the dis-
tance dependence. For any given mesh size,
within our statistical precision, the error induced
by digitizing V (r) decreases with distance until
saturating around r/a ⇡ 3 where our statistical
error becomes appreciable. It is also worth not-
ing that the static potential gets larger as the
bits-per-link gets smaller, a consequence of the
expectation values of Wilson loops approaching
zero for projections to coarser digitizations. The
APR projection outperforms the L2 projection
at short distances. At longer distances r/a & 3
the situation is not as clear: APR appears to

10
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m

"

x

sx'
†
x'x

+ g 2

2

"

&xy'

#
L2

xy + R2
xy

$
! 1

4g 2

"

!
Tr

%
U! + U†

!
&

.

(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m

"

x

sx'
†
x'x

+ g 2

2

"

&xy'

#
L2

xy + R2
xy

$
! 1

4g 2

"

!
Tr

%
U! + U†

!
&

.

(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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Suppressing the link index xy, the various operators obey
the commutation relations

[La, Lb] = 2i fabc Lc, [Ra, Rb] = 2i fabc Rc,

[La, Rb] = 0, [La, U] = !!aU, [Ra, U] = U!a. (29)

Operators associated with different links commute
with each other. The Hermitean generators of SU(N)
obey the commutation relation [!a, !b] = 2i fabc!

c, where
fabc are the structure constants of the SU(N) algebra
and Tr!a!b = 2"ab. By construction, the Hamiltonian
of Eq. (28) is gauge invariant, i.e. it commutes with
the infinitesimal generators of SU(N) gauge transfor-
mations

Ga
x = # i†

x !a
i j#

j
x +

!

k

"
La

x,x+k̂ + Ra
x!k̂,x

#
,

$
Ga

x, Gb
y

%
= 2i"xy fabcGc

x. (30)

Again, physical states |$" are gauge invariant and must
obey the Gauss law Ga

x|$" = 0. A general SU(N) gauge
transformation, %x = exp(i&a

x!
a), is represented by the

unitary transformation V =
&

x exp(i&a
x Ga

x), which acts
as

# #
x = V †#xV = %x#x, #†

x
# = V †#†

x V = #†
x%

†
x,

U#
xy = V †Uxy V = %xUxy%

†
y. (31)

In Wilson’s lattice gauge theory, the commutation re-
lations of Eq. (29) are realized in an infinite-dimensional
Hilbert space per link. In fact, every link is analogous to
a quantum mechanical “particle” moving in the group
space SU(N), with L2

xy + R2
xy representing the corre-

sponding Laplacian.
In an SU(2) gauge theory the various operators can

be represented by harmonic oscillators [97] (also known
as prepotentials) using bosonic creation and annihila-
tion operators ai†

x,±k and ai
x,±k, which carry a color index

i $ {1, 2}. The bosonic operators are associated with the
left and right ends of a link and are labeled by a lattice
point x and a link direction ±k, and one can write

La
xy = ai†

x,+' a
i ja

j
x,+, Ra

xy = ai†
y,!' a

i ja
j
y,!,

Uxy = 1
Nxy
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a2†
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y,! ! a2
x,+a1
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(

.

(32)

Here Nxy = ai†
x,+ai

x,+ = ai†
y,!ai

y,! counts the number of
bosons, which is the same at both ends of the link.
The link operator Uxy changes the number of bosons by
two, by either creating or annihilating a boson on each
end of a link. Since the link Hilbert space is infinite-
dimensional, the total number of bosons can be arbi-
trarily large. In SU(3) gauge theory the construction is
much more involved [98]. Instead of two, it involves four
species of colored bosons per link, which span a Hilbert
space that is larger than the one of the gauge theory. In
order to correct for this, the link operators are no longer
constructed as boson bilinears, but as polynomials of a
higher degree. Even then, the commutation relations of
Eq. (29) are satisfied only in the gauge theory subspace of
the bosonic Hilbert space, and it is not obvious how to re-
strict oneself to that subspace. While there are construc-
tions for quantum simulators using SU(2) prepotentials
[74, 75], it is difficult to imagine that the SU(3) prepoten-
tials of [98] can be implemented in ultracold matter.

Up to now, we have defined the theory on a lattice
with non-zero lattice spacing a, whose inverse 1

a serves as
an ultraviolet momentum cut-off. Ultimately, we want to
take the continuum limit a % 0. This is done by properly
adjusting the bare coupling constant g . We may fix the
overall energy scale by putting t = 1. When we set m = 0,
we are in the chiral limit of massless quarks, which will
lead to a massless Goldstone pion. The bare gauge cou-
pling g is then adjusted in order to take the continuum
limit. This can be done by considering any dimension-
ful physical quantity, for example, the nucleon mass. The
nucleon mass Mn = E1 ! E0 is the energy difference be-
tween the ground states of HQCD in the baryon number
1 and 0 sectors. Let us consider the nucleon mass in lat-
tice units, i.e. Mna, as a function of g . Due to the prop-
erty of asymptotic freedom, in the g % 0 limit the nu-
cleon mass behaves as Mna & exp(!(0/g 2), where (0 > 0
is the leading coefficient of the QCD (-function. Keeping
the physical quantity Mn fixed and sending g % 0, one
approaches the continuum limit a % 0. We have thus
traded the dimensionless bare coupling constant g for
a dimensionful physical scale — in this case Mn. In this
process of dimensional transmutation, the scale invari-
ance of the QCD Lagrangian in the massless chiral limit is
explicitly broken by the ultraviolet regulator 1

a . It should
be pointed out that massless QCD does not predict the
value of any dimensionful scale like the nucleon mass.
After all, the nucleon mass, e.g. in units of kilograms, re-
lies on a man-made convention, and essentially reduces
to the question how many protons and neutrons were
deposited near Paris, when the kilogram was defined a
long time ago. However, once an overall energy scale,
e.g. Mn, has been picked, QCD predicts the values of
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m

"

x

sx'
†
x'x

+ g 2

2

"

&xy'

#
L2

xy + R2
xy

$
! 1

4g 2

"

!
Tr

%
U! + U†

!
&

.

(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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charge ! 1
3 e), while neutrons consist of one u-quark and

two d-quarks. In addition, protons and neutrons con-
tain a fluctuating number of gluons and quark-anti-
quark pairs. The non-Abelian vector potential, Gµ(x) =
ig Ga

µ(x)T a, describing the gluons is constructed from
real-valued fields Ga

µ(x) multiplying the N2 ! 1 traceless
Hermitean generators T a of SU(N) — the group of uni-
tary N " N matrices with determinant 1. In the real world
the number of colors is N = 3. For N = 2 the genera-
tors T a = 1

2 ! a are given by the Pauli matrices, while for
N = 3 they are given by the Gell-Mann matrices T a =
1
2 "a. Here g is the strong coupling constant, i.e. the non-
Abelian analog of the elementary electric charge e. The
non-Abelian covariant derivative takes the form

Dµ = #µ + Gµ(x) #

Dµi j = #µ$i j + Gµi j (x) = #µ$i j + ig Ga
µ(x)T a

i j , (25)

and the gluon field strength tensor is given by

Gµ%(x) = #µG%(x) ! #%Gµ(x) + [Gµ(x), G%(x)]. (26)

Unlike photons, which are electrically neutral, gluons
carry color charge. This manifests itself in the non-
Abelian commutator term in Gµ%(x), which is absent in
QED. The QCD Lagrangian is invariant under color gauge
transformations &(x) $ SU(N) of the quark and gluon
fields

' f (x)% = &(x)' f (x) # ' f i(x)% = &i j (x)' f j (x),

Gµ(x)% = &(x)[Gµ(x) + #µ]&(x)† #

Gµ%(x)% = &(x)Gµ%(x)&(x)†. (27)

It should be pointed out that, unlike Fµ% in Abelian gauge
theories, the non-Abelian field strength Gµ% is not gauge
invariant. The gluon field couples to the color index i of
the quark field ' f i(x), but does not distinguish between
quarks of different flavors f , which differ only in their
masses m f .

Quarks and anti-quarks are distinguished by their
baryon numbers B = ± 1

N . In the real world (with N =
3) three quarks form a baryon (e.g. a proton or neu-
tron), while three anti-quarks from an anti-baryon (e.g.
an anti-proton or anti-neutron). Under the global U(1)B

baryon number symmetry the quark fields transform as
' f i(x)% = exp(i()' f i(x), which leaves LQCD invariant. In
the absence of quark masses, i.e. for m f = 0, the QCD
Lagrangian has a global SU(Nf )L " SU(Nf )R chiral sym-
metry acting separately on the left- and right-handed
quark and anti-quark fields. At low temperature, chi-
ral symmetry is spontaneously broken to its vector sub-

group SU(Nf )L=R, known as isospin for Nf = 2. The or-
der parameter for this symmetry breaking is the chiral
condensate &''' = &0|

!
f,i '

f,i
(x)' f,i(x)|0'. Here |0' is

the QCD vacuum state, the lowest energy eigenstate in
the sector with baryon number B = 0. According to the
Goldstone theorem, the spontaneous breakdown of chi-
ral symmetry gives rise to N2

f ! 1 Goldstone bosons — 3
pions in the Nf = 2 case. In the real world, the masses mu

and md of the up and down quarks are small, but non-
zero, which turns the pions into light, but not exactly
massless, pseudo-Goldstone bosons. Besides the pions,
the QCD spectrum contains other mesons (states with
baryon number B = 0 that contain an equal number of
quarks and anti-quarks), as well as baryon resonances
that decay into nucleons (protons or neutrons) and pi-
ons. Most important, the QCD spectrum does not con-
tain states of isolated quarks or gluons, which are instead
permanently confined inside hadrons.

4.2 Lattice QCD

The standard formulation of lattice QCD is due to Wilson.
He represented the gluon field by parallel transporter
N " N unitary matrices Uxy of determinant 1, that take
values in the non-Abelian color gauge group SU(N), and
are associated with the link connecting nearest neigh-
bor lattice sites x and y. While Wilson originally con-
structed the theory in the Lagrangian formulation, it was
soon expressed by Kogut and Susskind in the Hamilto-
nian formulation [96]. In close analogy to lattice QED,
again using staggered fermions, the lattice QCD Hamil-
tonian takes the form

HQCD = !t
"

&xy'
sxy

#
'†

xUxy'y + '†
yU†

xy'x
$
+ m
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x'x
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(28)

Here we are using one “flavor” of staggered fermions with
mass m. Due to fermion doubling, in the continuum limit
this will give rise to multiple fermion species. We have
suppressed the color indices, which in a hopping term
would appear as '

†
xUxy'y = ' i

x
†Ui j

xy'
j

y . As in the Abelian
case, the plaquette product U! = UwxUxyU†

zyU†
wz repre-

sents the color magnetic field. The color electric field is
described by the flux operators Lxy and Rxy, associated
with the left and right end of the link xy. These non-
Abelian analogs of Exy are operators that take appropri-
ate derivatives with respect to the matrix elements of Uxy.
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Suppressing the link index xy, the various operators obey
the commutation relations

[La, Lb] = 2i fabc Lc, [Ra, Rb] = 2i fabc Rc,

[La, Rb] = 0, [La, U] = !!aU, [Ra, U] = U!a. (29)

Operators associated with different links commute
with each other. The Hermitean generators of SU(N)
obey the commutation relation [!a, !b] = 2i fabc!

c, where
fabc are the structure constants of the SU(N) algebra
and Tr!a!b = 2"ab. By construction, the Hamiltonian
of Eq. (28) is gauge invariant, i.e. it commutes with
the infinitesimal generators of SU(N) gauge transfor-
mations

Ga
x = # i†

x !a
i j#

j
x +

!

k

"
La

x,x+k̂ + Ra
x!k̂,x

#
,

$
Ga

x, Gb
y

%
= 2i"xy fabcGc

x. (30)

Again, physical states |$" are gauge invariant and must
obey the Gauss law Ga

x|$" = 0. A general SU(N) gauge
transformation, %x = exp(i&a

x!
a), is represented by the

unitary transformation V =
&

x exp(i&a
x Ga

x), which acts
as

# #
x = V †#xV = %x#x, #†

x
# = V †#†

x V = #†
x%

†
x,

U#
xy = V †Uxy V = %xUxy%

†
y. (31)

In Wilson’s lattice gauge theory, the commutation re-
lations of Eq. (29) are realized in an infinite-dimensional
Hilbert space per link. In fact, every link is analogous to
a quantum mechanical “particle” moving in the group
space SU(N), with L2

xy + R2
xy representing the corre-

sponding Laplacian.
In an SU(2) gauge theory the various operators can

be represented by harmonic oscillators [97] (also known
as prepotentials) using bosonic creation and annihila-
tion operators ai†

x,±k and ai
x,±k, which carry a color index

i $ {1, 2}. The bosonic operators are associated with the
left and right ends of a link and are labeled by a lattice
point x and a link direction ±k, and one can write

La
xy = ai†

x,+' a
i ja

j
x,+, Ra

xy = ai†
y,!' a

i ja
j
y,!,

Uxy = 1
Nxy

'
a2†

x,+ a1
x,+

!a1†
x,+ a2

x,+

( '
a1†

y,! a2†
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a2
y,! !a1

y,!

(

= 1
Nxy
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a2†

x,+a1†
y,! + a1

x,+a2
y,! a2†

x,+a2†
y,! ! a1

x,+a1
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!a1†
x,+a1†

y,! + a2
x,+a2

y,! !a1†
x,+a2†

y,! ! a2
x,+a1

y,!

(

.

(32)

Here Nxy = ai†
x,+ai

x,+ = ai†
y,!ai

y,! counts the number of
bosons, which is the same at both ends of the link.
The link operator Uxy changes the number of bosons by
two, by either creating or annihilating a boson on each
end of a link. Since the link Hilbert space is infinite-
dimensional, the total number of bosons can be arbi-
trarily large. In SU(3) gauge theory the construction is
much more involved [98]. Instead of two, it involves four
species of colored bosons per link, which span a Hilbert
space that is larger than the one of the gauge theory. In
order to correct for this, the link operators are no longer
constructed as boson bilinears, but as polynomials of a
higher degree. Even then, the commutation relations of
Eq. (29) are satisfied only in the gauge theory subspace of
the bosonic Hilbert space, and it is not obvious how to re-
strict oneself to that subspace. While there are construc-
tions for quantum simulators using SU(2) prepotentials
[74, 75], it is difficult to imagine that the SU(3) prepoten-
tials of [98] can be implemented in ultracold matter.

Up to now, we have defined the theory on a lattice
with non-zero lattice spacing a, whose inverse 1

a serves as
an ultraviolet momentum cut-off. Ultimately, we want to
take the continuum limit a % 0. This is done by properly
adjusting the bare coupling constant g . We may fix the
overall energy scale by putting t = 1. When we set m = 0,
we are in the chiral limit of massless quarks, which will
lead to a massless Goldstone pion. The bare gauge cou-
pling g is then adjusted in order to take the continuum
limit. This can be done by considering any dimension-
ful physical quantity, for example, the nucleon mass. The
nucleon mass Mn = E1 ! E0 is the energy difference be-
tween the ground states of HQCD in the baryon number
1 and 0 sectors. Let us consider the nucleon mass in lat-
tice units, i.e. Mna, as a function of g . Due to the prop-
erty of asymptotic freedom, in the g % 0 limit the nu-
cleon mass behaves as Mna & exp(!(0/g 2), where (0 > 0
is the leading coefficient of the QCD (-function. Keeping
the physical quantity Mn fixed and sending g % 0, one
approaches the continuum limit a % 0. We have thus
traded the dimensionless bare coupling constant g for
a dimensionful physical scale — in this case Mn. In this
process of dimensional transmutation, the scale invari-
ance of the QCD Lagrangian in the massless chiral limit is
explicitly broken by the ultraviolet regulator 1

a . It should
be pointed out that massless QCD does not predict the
value of any dimensionful scale like the nucleon mass.
After all, the nucleon mass, e.g. in units of kilograms, re-
lies on a man-made convention, and essentially reduces
to the question how many protons and neutrons were
deposited near Paris, when the kilogram was defined a
long time ago. However, once an overall energy scale,
e.g. Mn, has been picked, QCD predicts the values of

C' 2013 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim #$%www.ann-phys.org

Generator of infinitesimal 
gauge transformation

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Hamiltonian formalism maybe more natural than the path integral formalism for quantum 
simulation/computation:

…

qx = 0

qx 6= 0qx 6= 0

qx 6= 0



QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

…

qx = 0

qx 6= 0qx 6= 0

qx 6= 0

p = 1.660� 0.656 e�1.320⇤

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽▽
▽

▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

0 2 4 6 8 10
0
2
4
6
8
10
12
14

Λ
Ex
po
ne
nt
/N

p = 1.780 + 3.787 log(1 + ⇤)

SU(2) gauge theory with matter in 1+1D

ZD, Raychowdhury, and Shaw, arXiv:2009.11802 [hep-lat]

13

(a)

(b)

▽

▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽

▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

0 2 4 6 8 10
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7

Λ

Ex
po
ne
nt

p = 1.660+ 0.022-0.004

▽

▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽

▽
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

0 2 4 6 8 10
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7

Λ

Ex
po
ne
nt
/N

p = 1.660+ 0.022-0.004

▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

0 2 4 6 8 10
1.0

1.2

1.4

1.6

1.8

Λ

Ex
po
ne
nt
/N

p = 1.800+ 0.0014-0.003

▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

▽

▽

▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

0 2 4 6 8 10
1.0

1.2

1.4

1.6

1.8

Λ

Ex
po
ne
nt
/N

p = 1.800+ 0.0014-0.003

FIG. 6. The number of states in the physical Hilbert space,
Nstates, within the KS (and LSH) formulation with PBC (a)
and OBC (b) is approximated by epN , and the coe�cient of
the lattice size, N , in the exponent is obtained from fits to the
N dependence of Nstates for several values of ⇤. The expo-
nents approach, with an exponential form, a fixed value, and
the empirical fit to this ⇤ dependence obtains the asymptotic
value of p denoted by the horizontal lines in the plots and
shown in the inset boxes. The uncertainty on these values is
estimated by variations in the fit values when each data point
is removed from the set, one at a time, and the remaining
points are refit. The numerical values associated with these
plots are listed in Appendix B.

the plot. Second, as expected, the number of states
grows exponentially with the system size at a fixed
cuto↵, as plotted in Fig. 5-(a). The growth, up
to constant factors and higher order terms in the
exponent, can be approximated by Nstate ⇠ e

pN .
The coe�cient of N in the exponent approaches a
constant value as a function of cuto↵, as shown in
Fig. 6-(a). This value can be obtained from a fit to
points shown in the plot, as depicted in the figure.
For moderate N values such that the higher-order
terms in the exponent are negligible, this p value
can be used to approximate the number of states
in the physical Hilbert space with PBC as ⇤ ! 1.

. For OBC, the number of states in the physical
Hilbert space grows as a function of ⇤ until it be-
comes a constant for ⇤ � N (⇤ � N +2✏0 for an ar-
bitrary ✏0), as depicted in Fig. 4-(b). The reason for
this behavior is that the J quantum number only
changes (by 1

2
) from the left to the right side of site

x if the site’s total fermionic occupation number is
equal to one. If the JR value at site x = 0 is set
to ✏0, it can become at most JL = ✏0 + N/2 at the
last site. Increasing the cuto↵ beyond this value
will not change the states present in the physical
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FIG. 7. The number of states in the physical Hilbert space,
Nstates, within the KS (and LSH) formulation with OBC is
approximated by eq⇤, and the coe�cient of the cuto↵ on the
electric-field excitations, ⇤(= 2Jmax), in the exponent is ob-
tained from fits to the ⇤ dependence of Nstates for several val-
ues of N . The exponents approach, with a exponential form,
a fixed value, and the empirical fit to this N dependence ob-
tains the asymptotic value of q denoted by the horizontal line
in the plot and shown in the inset box. The uncertainty on
this value is estimated by variations in the fit values when
each data point is removed from the set, one at a time, and
the remaining points are refit. The numerical values associ-
ated with these plots are listed in Appendix B.

Hilbert space. The growth of the number of states
to this saturation value at a fixed N can be approx-
imated by an exponential form, Nstates ⇠ e

q⇤. The
coe�cient of ⇤ in the exponent for various values
of N is plotted in Fig. 7 and is seen to asymptote
to a constant value at large N . The fit to this
asymptotic value is shown in the plot. This value
can be used to approximate the number of states
in the physical Hilbert space for an arbitrary large
N and any ⇤. Similarly, the dependence of the
number of states in the physical Hilbert space on
the lattice size can be approximated by an expo-
nential form, Nstate ⇠ e

pN , for a fixed cuto↵, and
up to constant factors and higher order terms in
the exponent. The coe�cient of N in the exponent
asymptotes to a constant value at large ⇤, as shown
in Fig. 6-(b).

. The size of the full Hilbert space before implement-
ing physical constraints can be approximated by

N
(full)

states
(N, ⇤) =

2

44 ⇥
X

j

(2j + 1)2

3

5
N

, (68)

with PBC, where j = {0,
1

2
, 1, · · · ,

⇤

2
}. To com-

pare this with the number of states in the physical
Hilbert space with PBC, one can again write the
lattice-size dependence of the number of states as
e
pN . The coe�cient of N in this exponent as a

function of ⇤ can be plotted for both the full and
physical Hilbert space, as is shown in Fig. 8. As is
evident, even for small values of the cuto↵, the full
Hilbert space grows much faster with the system’s
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QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Either start from locally gauge-invariant 
building blocks: Loop String Hadron 
framework for SU(2) LGT…

Incoming  strings

Outgoing  strings

Loops

A point-splitting procedure allows 
generalization to all dimensions.

Building the 
Hilbert space is 
easy and 
efficient as non-
Abelian Gauss’s 
law is solved.



Raychowdhury, Stryker, Phys. 
Rev. D 101, 114502 (2020).

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: THEORY DEVELOPMENTS

Either start from locally gauge-invariant 
building blocks: Loop String Hadron 
framework for SU(2) LGT…

…or try to suppress gauge-symmetry 
violation in the implementation.

See also Stannigel, Hauke, Marcos, Hafezi, Diehl, Dalmonte, Zoller, Phys. Rev. Lett. 112, 120406, Tran, Su, Carney, Taylor 
arXiv:2006.16248 [quant-ph] and Lamm, Lawrence, Yamauchi, arXiv:2005.12688 [quant-ph] for similar symmetry-protection ideas.

Add to the Hamiltonian:

Gauss’s law operator

Halimeh, Lang, Mildenberger, Jiang, Hauke, 
arXiv:2007.00668 [quant-ph]

Incoming  strings

Outgoing  strings

Loops

A point-splitting procedure allows 
generalization to all dimensions.

Building the 
Hilbert space is 
easy and 
efficient as non-
Abelian Gauss’s 
law is solved.



IN FACT MANY MANY MORE FORMULATIONS EXIST, EACH WITH ITS OWN PROS AND CONS:

Group-element representation 
Zohar et al; Lamm et al

Manifold lattices  
Buser et al

Spin-dual representation 
and hydrogen atom basis 
Mathur et al

Fermionic basis 
Hamer et al; Martinez 
et al; Banuls et al

Bosonic basis 
Cirac and Zohar

Link models and qubit regularization 
Brower, Chandrasekharan, Wiese et al

Prepotential formulation 
Mathur, Raychowdhury et al

Local irreducible representations 
Byrnes and Yamamoto; 
Ciavarella, Klco, and Savage

Dual plaquette (magnetic) basis 
Bender, Zohar et al; Kaplan and 
Styker; Unmuth-Yockey; Hasse et al

Gauge-field theories (Abelian and non-Abelian):

(Effective) models and light-front quantization 
Ortega at al; Kreshchuk, Love et al.

Loop-String-Hadron basis 
Raychowdhury and Stryker

Maximal tree and coupled-cluster basis 
Ligterink, Bishop et al



IN FACT MANY MANY MORE FORMULATIONS EXIST, EACH WITH ITS OWN PROS AND CONS:

Scalar field theory

Field basis 
Jordan, Lee, and Preskill

Harmonic-oscillator basis 
Klco and Savage

Single-particle basis 
Barata , Mueller, Tarasov, and Venugopalan.

Continuous-variable basis 
Pooser, Siopsis et al

Group-element representation 
Zohar et al; Lamm et al

Manifold lattices  
Buser et al

Spin-dual representation 
and hydrogen atom basis 
Mathur et al

Fermionic basis 
Hamer et al; Martinez 
et al; Banuls et al

Bosonic basis 
Cirac and Zohar

Prepotential formulation 
Mathur, Raychowdhury et al

Local irreducible representations 
Byrnes and Yamamoto; 
Ciavarella, Klco, and Savage

Dual plaquette (magnetic) basis 
Bender, Zohar et al; Kaplan and 
Styker; Unmuth-Yockey; Hasse et al

Gauge-field theories (Abelian and non-Abelian):

(Effective) models and light-front quantization 
Ortega at al; Kreshchuk, Love et al.

Maximal tree and coupled-cluster basis 
Ligterink, Bishop et al

Loop-String-Hadron basis 
Raychowdhury and Stryker

Link models and qubit regularization 
Brower, Chandrasekharan, Wiese et al



OBSERVABLES TOO REQUIRE DEDICATED STUDIES TO BE CAST IN HAMILTONIAN LANGUAGE.

Structure functions and PDFs 
Mueller, Tarasov, Venugopalan; 
Lamm, Lawrence, Yamauchi

Scattering and decay amplitudes 
Jordan, Lee, Preskill; Ciavarella; 
Surace, Lerose; Gustafson, Meurice, et al

Viscosity and transport coefficients 
Cohen, Lamm, Lawrence, Yamauchi

Dynamical phase transition and topological order 
Zache, Mueller, Berges, et al

Thermalization and many-body localization 
Brenes, Dalmonte, et al



OBSERVABLES TOO REQUIRE DEDICATED STUDIES TO BE CAST IN HAMILTONIAN LANGUAGE.

NORMALIZATION AND CONTINUUM LIMIT, TRUNCATION ERRORS, FINITE-VOLUME EFFECTS, 
etc. ALL MUST BE UNDERSTOOD.

Finite-volume effects in Minkowski 
amplitudes 
Briceno, Hansen, et al; ZD, Kadam

Renormalization and continuum limit 
Klco, Savage; Barata, Mueller, Tarasov, Venugopalan; 
Carena, Lamm, Li, Liu

Truncation effects in scalar and gauge theories 
Hackett, et al; Klco, Savage; ZD, Raychowdhury, Shaw

Structure functions and PDFs 
Mueller, Tarasov, Venugopalan; 
Lamm, Lawrence, Yamauchi

Scattering and decay amplitudes 
Jordan, Lee, Preskill; Ciavarella; 
Surace, Lerose; Gustafson, Meurice, et al

Viscosity and transport coefficients 
Cohen, Lamm, Lawrence, Yamauchi

Thermalization and many-body localization 
Brenes, Dalmonte, et al

Dynamical phase transition and topological order 
Zache, Mueller, Berges, et al



Theory developments

Algorithmic developments

Implementation and benchmark

QUANTUM SIMULATION OF QUANTUM FIELD THEORIES: EXAMPLE III



JLP: Jordan, Lee, and Preskill, 
Quant. Inf. Comput.14,1014(2014)

Klco, Savage, Phys. Rev. A 99, 052335 (2019).

See also: Barata , Mueller, 
Tarasov, Venugopalan (2020) 
for a single-particle basis

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: ALGORITHMIC DEVELOPMENTS
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Shaw, Lougovski, Stryker, Wiebe, Quantum 4, 306 (2020), Stryker, arXiv:2105.11548 [hep-lat].

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: 
ALGORITHMIC DEVELOPMENTS

Circuit and recourse analysis

|j⌘�1i
+1 �1...

|j0i H • • H H • • H S
† H • • H S S

† H • • H S

|ri • H • Rz(xt/4) • • Rz(xt/4) • H S
† H • Rz(�xt/4) • • Rz(�xt/4) • H • S

|r + 1i Rz(�xt/4) Rz(�xt/4) Rz(xt/4) Rz(xt/4)

Figure 3: A circuit to simulate the Schwinger model hopping terms,
r1

j=4 e≠iT (j)t/2
, in the order corresponding to

(50). The locality of the presented operator will be expanded to include ÷-distance CNOTs between qubits representing

fermionic degrees of freedom in quantum registers with one-dimensional connectivity. The gates labeled +1 and ≠1 are

the incrementer and decrementer circuits.

with S the “phase gate,” |0Í È0| + i |1Í È1|. To reduce clutter, these composite operators are denoted by

Gr := XrXr+1 + YrYr+1 and G̃r := XrYr+1 ≠ YrXr+1. (49)

To simulate a hopping term in the Trotter step V (t), we will employ the approximation

e≠i
xt

8 ((A+Ã)¢G+(B+B̃)¢G̃) ¥ e≠itT
(4)

/2e≠itT
(3)

/2e≠itT
(2)

/2e≠itT
(1)

/2, (50)

where

T (1) := x(A ¢ G)/4, (51)
T (2) := x(Ã ¢ G)/4, (52)
T (3) := x(B̃ ¢ G̃)/4, (53)
T (4) := x(B ¢ G̃)/4. (54)

A circuit representation of the right-hand side of (50) is given in Figure 3. This routine can be understood
in a simple way by first noting the similarity of the four T (i) operators:

T (2)
r

= S†
E,r

T (1)
r

SE,r (55)

T (3)
r

= S†
E,r

(Sb

0,r
Sf

r
)
1

≠T (1)
r

2
(Sb

0,r
Sf

r
)†SE,r (56)

T (4)
r

= (Sb

0,r
Sf

r
)
1

≠T (1)
2

(Sb

0,r
Sf

r
)† (57)

Consequently, the whole circuit is essentially just four applications of e≠itT
(1)

/2 along with appropriately inserted
basis transformations and rotation angle negations. The specific ordering of the T (i) chosen yields cancellations
that reduce the number of internal basis transformations that must be individually executed. A few single-
and two-qubit gates are also spared by additional cancellations. The remainder of this section addresses the
implementation of eûitT

(1)
/2.

To e�ect an application of e≠itT
(1)

/2, one can first transform to a basis in which X ¢ G is diagonal. (Recall
A is just X0 – a bit flip on the last bit of the bosonic register.) G is diagonalized by the so-called Bell states,

|—abÍ = |0 bÍ + (≠1)a |1 b̄ÍÔ
2

(58)

G |—abÍ = 2b(≠1)a |—abÍ (59)

with b̄ indicating the binary negation of b, while X is diagonalized by |±Í = (|0Í ± |1Í)/
Ô

2. From this, we have
that

e≠ ixt

8 X¢G |±Í |—00Í = |±Í |—00Í (60)

e≠ ixt

8 X¢G |±Í |—01Í = eû ixt

4 |±Í |—01Í (61)

e≠ ixt

8 X¢G |±Í |—10Í = |±Í |—10Í (62)

e≠ ixt

8 X¢G |±Í |—11Í = e± ixt

4 |±Í |—11Í . (63)

Thus, in the Bell basis, we implement rotations conditioned on a and b.
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Part of electric field 
interactions acting on 
gauge DOF registers

Sample gauge-fermion 
interaction block

|j0i Rz(20t) • • • • •

|j1i Rz(21t) Rz(21t) • • • •

|j2i Rz(22t) Rz(22t) Rz(23t) •
...

...
. . . . . .

|j⌘�2i Rz(2⌘�2t) Rz(2⌘�2t) Rz(2⌘�1t) • •

|j⌘�1i Rz(2⌘�1t) Rz(2⌘�1t) Rz(2⌘t) Rz(22⌘�3t)
(68)

Figure 4: Simplified circuit for simulating e≠iE2
r

t
in qubit limited setting. The circuit is shown acting on the product

state ¢÷≠1
k=0 |jkÍ to clearly mark which qubit each gate is intended to act upon although the circuit is valid for arbitrary

inputs.

The first two time slices of the circuit serve to change to the X ¢ G eigenbasis. The subsequent parallel Rz

rotations flanked by CNOTs implement the controlled rotations in the computational basis, taking

|zÍ |00Í æ |zÍ |00Í , (64)

|zÍ |01Í æ e(≠1)z̄ ixt

4 |zÍ |01Í , (65)
|zÍ |10Í æ |zÍ |10Í , (66)

|zÍ |11Í æ e(≠1)z ixt

4 |zÍ |11Í ; (67)

this is equivalent to acting with e≠ ixt

4 Z¢Z . After undoing the basis transformation, we will have e�ected
e≠ ixt

8 A¢G. Three similar operations are executed in the remainder of the circuit; an incrementer SE (denoted
by “+1”), the phase gates, and the overall minus sign on the rotations in the latter half of the circuit all stem
directly from the relations given in (55,56,57).

The above discussion is summarized below as a lemma for convenience.

Lemma 1. For any (evolution time) t œ R the operation

e≠itT
(4)

/2e≠itT
(3)

/2e≠itT
(2)

/2e≠itT
(1)

/2

can be performed using at most 8 + 2÷ single-qubit rotations, 4 ÷-qubit quantum Fourier transform circuits, 18
CNOT gates and no ancillary qubits.

3.2 Implementing (Diagonalized) Mass and Electric Energy Terms (D)
Lemma 2. The circuit provided in Figure 4 implements e≠iE

2
t on ÷ qubits exactly, up to an (e�ciently com-

putable) global phase, using (÷+2)(÷≠1)
2 CNOT operations and ÷(÷+1)

2 single-qubit rotations.

Proof. The time evolution associated with the electric energy can be exactly implemented utilizing the structure
of the operator. As defined in (14), E2 = diag[�2, (� ≠ 1)2, · · · , 1, 0, 1, · · · , (� ≠ 1)2], where � is the electric
field cuto�. Note that the diagonal elements are not distributed symmetrically—the first diagonal entry is �2

while the last entry is (� ≠ 1)2. This lack of symmetry is required to incorporate the gauge configuration with
zero electric field. However, symmetry can be leveraged by using the following operator identity:

E2 =
3

E + 1
2I

42
≠

3
E + I

2

4
+ I

4 (69)

The operator E+ 1
2 I = 1

2 diag[≠2�+1, · · · , ≠1, 1, · · · , 2�≠1] is skew persymmetric—containing positive-negative
pairs along the diagonal. We then have from (69) and since [Er, E2

r
] = 0 that

e≠iE
2
t = e≠i(E+ 1

2 I)2
tei(E+ 1

2 I)te≠it/4. (70)

Since unitaries are equivalent in quantum mechanics up to a global phase, we can ignore the last phase in the
computation (even if we didn’t want to ignore it, it can be e�ciently computed as t is a known quantity).
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Recourse analysis  for lattice Schwinger model

Far term

Near term

Shaw, Lougovski, Stryker, Wiebe, Quantum 4, 306 (2020), Stryker, arXiv:2105.11548 [hep-lat].

QUANTUM SIMULATION OF GAUGE FIELD THEORIES: 
ALGORITHMIC DEVELOPMENTS

Circuit and recourse analysis See also an analysis of 2+1 QED qubit resource requirement in: 
Haase, Dellantonio, Celi, Paulson, Kan, Jansen, Muschik, Quantum 5, 393 (2021).



ADDITIONALLY THE SIGN PROBLEM FORBIDS:

 arXiv:1204.4795 [nucl-th] 

NP is not short of hard computational 
problems. Quantum simulation may be the 
way forward in some. Much need to be done 
to change the game in comp. NP.

Appropriate DOF need to be identified 
(QCD DOF, nucleonic DOF, macroscopic and 
hydrodynamical DOF?), along with most 
efficient mappings to quantum hardware.

NP problems are different from CM and quantum 
chemistry problems. A lot can still be learned from 
progress in those areas, but new strategies and 
ideas need to be introduced for NP.

Theory-experiment co-development is a key to 
progress. Can NP impact quantum-simulation 
hardware developments?

Over the next decade, we will witness a 
new ecosystem, a quantum-skillful NP 
workforce, and unprecedented 
interdisciplinary collaborations.

Can we discover deeper connections in 
nuclear phenomenology by quantum-
information tools? Can prototypes 
provide insight?

One should leverage both analog and digital 
simulations. Hybrid analog-digital protocols may 
reduce time to solution in near term.

Leveraging our classical computing capabilities 
for hybrid classical-quantum simulations. 
Quantum means to develop better classical 
algorithms?

IT IS NOT POSSIBLE TO CONVEY ALL THE EXCITEMENT AND PROGRESS IN THIS TOPIC IN ONE 
TALK. I’D BE HAPPY TO DELIVER A FEW MESSAGES…



https://medium.com/@aryaan

SOME SIMILARITIES BUT MAJOR DIFFERENCES



Starting from the Standard Model 

Both bosonic and fermionic DOF are 
dynamical and coupled, exhibit both global 
and local (gauge) symmetries, relativistic 
hence particle number not conserved, vacuum 
state nontrivial in strongly interacting theories.

SOME SIMILARITIES BUT MAJOR DIFFERENCES

Starting from the nucelar Hamiltonian 

More complex Hamiltonian, itself unknown 
with arbitrary accuracy, short, intermediate, 
and long-range interactions, three and multi-
body interactions, pions (bosons) and other 
hadrons can become dynamical.



Attempts to cast QFT problems in a language 
closer to quantum chemistry and NR simulations:
Kreshchuk, Kirby, Goldstein, Beauchemin,  Love, 
arXiv:2002.04016 [quant-ph]
Liu, Xin, arXiv:2004.13234 [hep-th]
Barata , Mueller, Tarasov, Venugopalan (2020)

SOME SIMILARITIES BUT MAJOR DIFFERENCES

Starting from the nucelar Hamiltonian 

More complex Hamiltonian, itself unknown 
with arbitrary accuracy, short, intermediate, 
and long-range interactions, three and multi-
body interactions, pions (bosons) and other 
hadrons can become dynamical.

Starting from the Standard Model 

Both bosonic and fermionic DOF are 
dynamical and coupled, exhibit both global 
and local (gauge) symmetries, relativistic 
hence particle number not conserved, vacuum 
state nontrivial in strongly interacting theories.



EXAMPLE I: QUANTUM CHEMISTRY VS. NP IN ANALOG SIMULATIONS

Long-range interactions between electrons mediated 
with Mott insulator spin excitations. Already challenging.

Effective potential

Argüello-Luengo, González-Tudela, Shi, Zoller, 
Cirac, Nature 574, 215-218 (2019)



EXAMPLE I: QUANTUM CHEMISTRY VS. NP IN ANALOG SIMULATIONS

Long-range interactions between electrons mediated 
with Mott insulator spin excitations. Already challenging.

Effective potential

How about analog schemes for nuclear Hamiltonian 
with more complex interactions?

Or in the language of effective field theories:

Argüello-Luengo, González-Tudela, Shi, Zoller, 
Cirac, Nature 574, 215-218 (2019)

?



EXAMPLE II: QUANTUM CHEMISTRY/CM VS. NP IN DIGITAL SIMULATIONS

:

e�iH1�t

e�iH2�t

t = N�t

Evolve with 

e�iHt

H = H1 +H2 + · · ·Analog Digital



EXAMPLE II: QUANTUM CHEMISTRY/CM VS. NP IN DIGITAL SIMULATIONS

:

e�iH1�t

e�iH2�t

t = N�t

Evolve with 

e�iHt

H = H1 +H2 + · · ·Analog Digital

Childs, Su, Tran, Wiebe, Zhu, 
arXiv:1912.08854 [quant-ph]



EXAMPLE II: QUANTUM CHEMISTRY/CM VS. NP IN DIGITAL SIMULATIONS

:

e�iH1�t

e�iH2�t

t = N�t

Evolve with 

e�iHt

H = H1 +H2 + · · ·Analog Digital

No such scaling studies performed for NP 
Hamiltonian. Limited studies started for 

quantum field theories.

Shaw, Lougovski, Stryker, 
Wiebe, Quantum 4, 306 (2020)

Jordan, Lee, and 
Preskill, Quant. Inf. 
Comput.14,1014 (2014)



EXAMPLE II: QUANTUM CHEMISTRY/CM VS. NP IN DIGITAL SIMULATIONS

(0,0) (0,1) (0,2) (0,3)

(1,0) (1,1) (1,2) (1,3)

(2,0) (2,1) (2,2) (2,3)

(3,0) (3,1) (3,2) (3,3)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

(0,0) (0,1) (0,2) (0,3) (1,3)(1,2)(1,1)(1,0) (2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)

Jordan-Wigner transformation is not efficient for 
encoding Fermionic statistics in qubits in D>1. 



EXAMPLE II: QUANTUM CHEMISTRY/CM VS. NP IN DIGITAL SIMULATIONS

Derby, Klassen, arXiv:2003.06939 [quant-ph]

Local mappings using 
auxiliary gauge groups exist. 
Can leverage our gauge 
theory algorithms here?

Chen, Phys. Rev. Research 2, 
033527 (2020). 
Zohar, Cirac, Phys. Rev. B 98, 
075119 (2018)

(0,0) (0,1) (0,2) (0,3)

(1,0) (1,1) (1,2) (1,3)

(2,0) (2,1) (2,2) (2,3)

(3,0) (3,1) (3,2) (3,3)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

(0,0) (0,1) (0,2) (0,3) (1,3)(1,2)(1,1)(1,0) (2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)

Jordan-Wigner transformation is not efficient for 
encoding Fermionic statistics in qubits in D>1. 



EXAMPLE II: QUANTUM CHEMISTRY/CM VS. NP IN DIGITAL SIMULATIONS
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(0,0) (0,1) (0,2) (0,3) (1,3)(1,2)(1,1)(1,0) (2,0) (2,1) (2,2) (2,3) (3,0) (3,1) (3,2) (3,3)

Jordan-Wigner transformation is not efficient for 
encoding Fermionic statistics in qubits in D>1. 

Again a complete study of the most efficient  
fermionic mapping given the structure of nuclear 

Hamiltonian is needed. First steps are taken.

Roggero, Li, Carlson, Gupta, Perdue, 
Phys. Rev. D 101, 074038 (2020)



ADDITIONALLY THE SIGN PROBLEM FORBIDS:

 arXiv:1204.4795 [nucl-th] 

NP is not short of hard computational 
problems. Quantum simulation may be the 
way forward in some. Much need to be done 
to change the game in comp. NP.

Appropriate DOF need to be identified 
(QCD DOF, nucleonic DOF, macroscopic and 
hydrodynamical DOF?), along with most 
efficient mappings to quantum hardware.

NP problems are different from CM and quantum 
chemistry problems. A lot can still be learned from 
progress in those areas, but new strategies and 
ideas need to be introduced for NP.

Theory-experiment co-development is a key to 
progress. Can NP impact quantum-simulation 
hardware developments?

Over the next decade, we will witness a 
new ecosystem, a quantum-skillful NP 
workforce, and unprecedented 
interdisciplinary collaborations.

Can we discover deeper connections in 
nuclear phenomenology by quantum-
information tools? Can prototypes 
provide insight?

One should leverage both analog and digital 
simulations. Hybrid analog-digital protocols may 
reduce time to solution in near term.

Leveraging our classical computing capabilities 
for hybrid classical-quantum simulations. 
Quantum means to develop better classical 
algorithms?

IT IS NOT POSSIBLE TO CONVEY ALL THE EXCITEMENT AND PROGRESS IN THIS TOPIC IN ONE 
TALK. I’D BE HAPPY TO DELIVER A FEW MESSAGES…



AN EXAMPLE FROM THE WORLD OF ANALOG SIMULATIONS

Credit: Shaw/Davoudi, UMD



EXAMPLE: A TRAPPED-ION ANALOG SIMULATOR
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J (xx)
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|i� j|↵ , 0 < ↵ < 3

with coupling:

Effective Hamiltonian

Zhang et al, Nature 551, 601–604 (2017).
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Ŷ

Ẑ

A global addressing scheme



EXAMPLE: A TRAPPED-ION DIGITAL SIMULATOR

X̂

Ŷ

Ẑ

An individual addressing scheme 
for digital computation

VQE for finding deuteron’s binding

Shehab et al, Phys. Rev. A 100, 062319 (2019)

C. Figgatt (2018)
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Engineering a Heisenberg model Hamiltonian
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early times. This is achieved with |⌘
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When B
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(t), and ↵
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(t) in Eqs. (8) and (9)
develop an oscillatory time dependence but with a lin-
ear growth in the magnitude of its amplitude. These

terms are proportional to B
(i)
z �

(i)
y and B

(i)
z �

(i)
x . Assum-

ing that the magnetic field is comparable in size to the
e↵ective spin-spin couplings, such contaminating terms
do not severely impact the desired evolution as long as
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(i)
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⌦(i)
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|, |⌘
(i)
II,m

⌦(i)
II

|. Unfortunately, this con-
dition limits the size of (e↵ective) magnetic fields that
can be studied in models considered below. Nonetheless,
a range of interesting possibilities can still be explored.

Under the conditions described above, the time-
evolution operator in Eq. (7) can be approximated as

U(t) ⇡ e
�iHefft, (11)

where
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As a result, the individual-addressing scheme proposed
here enables analog quantum simulations of a rather
generic Heisenberg spin model. The spin-spin coupling
matrices in Eq. (12) are derived from discussions above
(see also Appendix C), and read
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Here, RL = (�kL)2

2M
is the recoil frequency of the ion given

the lasers L = I, II, III.
It is worth noting that despite the case of a usual

Molmer-Sorenson transition where the starting Hamil-
tonian is proportional to �x, the Magnus expansion
in the scheme described above is not cut o↵ at any
order in the Lamb-Dicke parameter, due to the non-
zero commutation of Pauli operators in Eqs. (3-6).
It is therefore important to ensure that not only����
⌘
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I,m⌦(i)

I

µI�!T
m

���� ,
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���� ⌧ 1 as stated before,
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���� ⌧ 1 for integer p � 2. This guar-

antees that contributions from the p
th-sideband transi-

tions are suppressed compared to the first-sideband tran-
sitions. These conditions are easier to satisfy for trans-
verse modes than the axial modes. This is because the
axial modes have lower frequencies, and their correspond-
ing Lamb-Dicke parameters are larger. Finally, one notes
that coherent operations on a single spin correspond to
the zeroth-order terms in Eq. (1) in the Lamb-Dicke limit,

and with �!
(i)
L

= !0. Hence, the laser frequencies ap-
plied must be far detuned from such “carrier transitions”
of the ions.

III. OPTIMIZED SPIN-SPIN HAMILTONIANS
IN AN ION TRAP: 1+1D SCHWINGER MODEL

A unique testbed for exploring theoretical and experi-
mental proposals for quantum simulations of gauge theo-
ries is the 1+1D QED, i.e., the Schwinger model. It is an
Abelian gauge theory, hence avoiding complexities of its
non-Abelian counterparts. It is also a low-dimensional
theory, allowing numerical and experimental studies of
its approximate dynamics with finite resources. Despite
these simplifications in the formulation, the theory ex-
hibits rich properties, similar to those seen in more com-
plex theories such as QCD. In particular, phenomena
such as confinement and spontaneous symmetry breaking
arise in the model. The spontaneous creation of electron-
positron pairs in the time evolution of the “vacuum”
exhibits a clear signature of such non-trivial dynamics.
Since the time evolution of quantum states is, in gen-
eral, a computationally intractable problem with classical
Monte Carlo methods, addressing such a problem using
a quantum simulation platform is of significant value, see
Refs. [8, 9] for digital implementations.

The strong-coupling dynamics of the Schwinger model
can be studied through non-perturbative LGT methods.
In the staggered formulation of Kogut and Susskind [89,
90], the (scaled) lattice Hamiltonian takes the form

H = �ix
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h
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where �n (�†
n
) is a one-component fermion field that

creates (annihilates) an electron on the odd site while
annihilates (creates) a positron on an even site. Due to
this distinction, there is a staggered mass term in the
Hamiltonian, with the fermion (scaled) mass µ. ✓n is
the U(1) gauge potential with the corresponding gauge
link e

i✓n originating at site n. The latter is introduced in
the Hamiltonian to render the fermion hopping (kinetic)
term gauge invariant. The pair creation and annihilation
in the theory originates from this term. The correspond-
ing electric field at site n is denoted as Ln (with the
operator relation [✓n, Lm] = i�n,m), which adds a contri-
bution to the Hamiltonian due to the energy stored in the
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dition limits the size of (e↵ective) magnetic fields that
can be studied in models considered below. Nonetheless,
a range of interesting possibilities can still be explored.

Under the conditions described above, the time-
evolution operator in Eq. (7) can be approximated as
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As a result, the individual-addressing scheme proposed
here enables analog quantum simulations of a rather
generic Heisenberg spin model. The spin-spin coupling
matrices in Eq. (12) are derived from discussions above
(see also Appendix C), and read
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Here, RL = (�kL)2

2M
is the recoil frequency of the ion given

the lasers L = I, II, III.
It is worth noting that despite the case of a usual

Molmer-Sorenson transition where the starting Hamil-
tonian is proportional to �x, the Magnus expansion
in the scheme described above is not cut o↵ at any
order in the Lamb-Dicke parameter, due to the non-
zero commutation of Pauli operators in Eqs. (3-6).
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antees that contributions from the p
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tions are suppressed compared to the first-sideband tran-
sitions. These conditions are easier to satisfy for trans-
verse modes than the axial modes. This is because the
axial modes have lower frequencies, and their correspond-
ing Lamb-Dicke parameters are larger. Finally, one notes
that coherent operations on a single spin correspond to
the zeroth-order terms in Eq. (1) in the Lamb-Dicke limit,

and with �!
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= !0. Hence, the laser frequencies ap-
plied must be far detuned from such “carrier transitions”
of the ions.

III. OPTIMIZED SPIN-SPIN HAMILTONIANS
IN AN ION TRAP: 1+1D SCHWINGER MODEL

A unique testbed for exploring theoretical and experi-
mental proposals for quantum simulations of gauge theo-
ries is the 1+1D QED, i.e., the Schwinger model. It is an
Abelian gauge theory, hence avoiding complexities of its
non-Abelian counterparts. It is also a low-dimensional
theory, allowing numerical and experimental studies of
its approximate dynamics with finite resources. Despite
these simplifications in the formulation, the theory ex-
hibits rich properties, similar to those seen in more com-
plex theories such as QCD. In particular, phenomena
such as confinement and spontaneous symmetry breaking
arise in the model. The spontaneous creation of electron-
positron pairs in the time evolution of the “vacuum”
exhibits a clear signature of such non-trivial dynamics.
Since the time evolution of quantum states is, in gen-
eral, a computationally intractable problem with classical
Monte Carlo methods, addressing such a problem using
a quantum simulation platform is of significant value, see
Refs. [8, 9] for digital implementations.

The strong-coupling dynamics of the Schwinger model
can be studied through non-perturbative LGT methods.
In the staggered formulation of Kogut and Susskind [89,
90], the (scaled) lattice Hamiltonian takes the form
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where �n (�†
n
) is a one-component fermion field that

creates (annihilates) an electron on the odd site while
annihilates (creates) a positron on an even site. Due to
this distinction, there is a staggered mass term in the
Hamiltonian, with the fermion (scaled) mass µ. ✓n is
the U(1) gauge potential with the corresponding gauge
link e

i✓n originating at site n. The latter is introduced in
the Hamiltonian to render the fermion hopping (kinetic)
term gauge invariant. The pair creation and annihilation
in the theory originates from this term. The correspond-
ing electric field at site n is denoted as Ln (with the
operator relation [✓n, Lm] = i�n,m), which adds a contri-
bution to the Hamiltonian due to the energy stored in the

ion index i

ion index j

Ji,j
2⇡

[kHz]

For Schwinger model, Z_2 gauge theory in 2+1D, 
Chern-Simons theory in 2+1D.

ZD, HAFEZI, MONROE, PAGANO, SEIF AND SHAW, Phys. Rev. R 2, 023015 (2020)

An enhanced individual addressing 
scheme for analog simulation

EXAMPLE: A TRAPPED-ION ANALOG SIMULATOR
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Engineering a three-spin Hamiltonian

For quantum link models, etc.

A global (and individual) 
addressing scheme for analog 
(and digital) simulation

EXAMPLE: A TRAPPED-ION ANALOG SIMULATOR
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Andrade, ZD, Grass, Hafezi, Monroe, Pagano, Seif, arXiv: 2107.xxxx [quant-ph].

See also: Bermudez et al, Pays.Rev.A79, 060303 R (2009).

For QLMs, see Wiese talk earlier.
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NP is not short of hard computational 
problems. Quantum simulation may be the 
way forward in some. Much need to be done 
to change the game in comp. NP.

Appropriate DOF need to be identified 
(QCD DOF, nucleonic DOF, macroscopic and 
hydrodynamical DOF?), along with most 
efficient mappings to quantum hardware.

NP problems are different from CM and quantum 
chemistry problems. A lot can still be learned from 
progress in those areas, but new strategies and 
ideas need to be introduced for NP.

Theory-experiment co-development is a key to 
progress. Can NP impact quantum-simulation 
hardware developments?

Over the next decade, we will witness a 
new ecosystem, a quantum-skillful NP 
workforce, and unprecedented 
interdisciplinary collaborations.

Can we discover deeper connections in 
nuclear phenomenology by quantum-
information tools? Can prototypes 
provide insight?

One should leverage both analog and digital 
simulations. Hybrid analog-digital protocols may 
reduce time to solution in near term.

Leveraging our classical computing capabilities 
for hybrid classical-quantum simulations. 
Quantum means to develop better classical 
algorithms?

IT IS NOT POSSIBLE TO CONVEY ALL THE EXCITEMENT AND PROGRESS IN THIS TOPIC IN ONE 
TALK. I’D BE HAPPY TO DELIVER A FEW MESSAGES…



Single-spin gates Two-spin gate (MS)Spin-(normal) 
phonon gate

Spin-(local) 
phonon gate

Standing-wave gate

Single-spin gates Two-spin gate (MS)

Trapped-ion analog-digital operations

Trapped-ion digital operations

ZD, Linke, Pagano, arXiv:2104.09346 [quant-ph].

EXAMPLE: AN ANALOG-DIGITAL SCHEME FOR QFTs
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Collective normal modes 
used to perform two-ion 
entangling gates. Local transverse modes used to encode 

the dynamic of the gauge fields.

Lattice Schwinger model

Ions in a linear Paul trap

axj axj+1

am
�j �j+1

 j+1 j

{Ej+1, Uj+1}{Ej , Uj}

See also Casanova et al, Phys. Rev. Lett. 108, 190502 (2012), Lamata et al, EPJ Quant. 
Technol. 1, 9 (2014), and Mezzacapo et al, Phys. Rev. lett. 109, 200501 (2012) for 
analog-digital approaches to other interacting fermion-boson theories.

See Yang et al, Physical Review A 94, 052321 (2016) for the 
highly-occupied bosonic model of the Schwinger model.

ZD, Linke, Pagano, arXiv:2104.09346 [quant-ph].
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Collective normal modes 
used to perform two-ion 
entangling gates. Local transverse modes used to encode 

the dynamic of the gauge fields.

Lattice Schwinger model

Ions in a linear Paul trap

axj axj+1

am
�j �j+1

 j+1 j

{Ej+1, Uj+1}{Ej , Uj}

Fermion-gauge interactions

Fermion mass term

Gauge-field 
interactions

· · ·

· · ·

Analog-Digital

ZD, Linke, Pagano, 
arXiv:2104.09346 [quant-ph].
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Yukawa theory

Fermion hopping Fermion mass Free scalar fields Fermion scalar-field interaction

Analog-digital O (N) O (1) O (1) O
�
N2

�

Digital O (N) O (1) O (1) O
�
N2 (log⇤)2

�

Schwinger model

Fermion-gauge interaction Fermion mass Electric-field term

Analog-digital O (N) O (1) O(N)

Digital O
�
N2 (log⇤)2

�
O (1) O

�
N (log⇤)2

�

TABLE III. The scaling of the entangling-gate count per Trotter step as a function of the lattice size N and the cuto↵ on the
boson (phonon) excitations ⇤ for the Yukawa theory and the Schwinger model (within HOBM) assuming analog-digital and
fully digital implementations.

Hamiltonian H
(III)
Yukawa in Eq. (24) is implemented with a

single ancilla qubit and with O(N(N + 1)) spin-phonon
gates, which are considered to be free compared with
entangling spin-spin gates. In a fully digital implementa-

tion, e
�iH

(III)
Yukawa�t can be implemented by writing H

(III)
Yukawa

as

H
(III)
Yukawa =

g

N

X

j

X

k

r
2

"k
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�2⇡kj

N
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†
j
 j(dk + d

†
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N

X

j

X

k

r
2

"k

sin(2⇡kj/N) †
j
 ji(dk � d

†
k
).

(48)

The implementation of these terms follows the procedure
explained in Ref. [39] in the case of realizing the dynam-
ics of fermion-gauge interaction term in the Schwinger
model. First, Eq. (48) indicates that the operations pro-
portional to A ⌘ (dk + d

†
k
) and B ⌘ i(dk � d

†
k
) opera-

tors are only performed if the fermion occupies a given
site, necessitating a controlled operation on the qubit reg-
ister of the fermion. The A and B operators are two
near-diagonal matrices whose exponential can be imple-
mented using the shift operators, that are realized using
quantum Fourier transform circuits and single-qubit ro-
tations in the Fourier space. As a reminder, for a bi-
nary number with log ⇤ digits, each quantum Fourier
transform requires O((log ⇤)2+log ⇤) CNOT operations.
Relating A and B operators to the shift operators re-
quires a periodic wrapping of the matrices, i.e., identi-
fying the least and most values of harmonic-oscillator
occupation. This unphysical modification can subse-
quently be removed by application of appropriate log ⇤-
controlled operations, amounting to O(log ⇤) additional
CNOT gates [39]. Putting everything together, including
the controlled operations required on the fermionic reg-
ister, and taking into account all the terms in the lattice

sums in Eq. (48), the time evolution operator e
�iH

(III)
Yukawa�t

can be implemented using O(N2(log ⇤)2) CNOT opera-
tions. Therefore, assuming that spin-phonon gates of the
hybrid scheme are free compared with spin-spin entan-

gling gates, the digital approach is inferior to the hy-
brid approach. Even if the spin-phonon gate performs
comparably to the spin-spin (CNOT) gate, the digital
scheme require O((log ⇤)2) more entangling operations
which can be significant when ⇤ � 1.

Such an advantage is at the core of the power of the hy-
brid approach: phonons are represented naturally and as
many phonon excitations as permitted in the dynamics
can be generated without the need to cut their spectrum
o↵. Of course, an excessive number of phonons in the
system can lead to Kerr cross-coupling and loss of co-
herence in the simulator, and therefore a balance should
be established between accuracy of the simulated theory
given a truncated boson spectrum and the experimen-
tal error in the simulator. It is for this reason that ex-
perimental benchmarks are necessary in confirming these
qualitative theoretical expectations. A summary of the
entangling-gate count of both schemes for evolving each
term in the Hamiltonian of the Yukawa theory is provided
in Table III.

B. The Schwinger model

Except for the time evolution of the fermion mass term,
both the fermion-gauge field interaction and the electric-
field term (the boson self interactions in the HOBM) are
implemented di↵erently in the hybrid and fully digital
schemes.

The circuit in Fig. 6 reveals that the time evolution of
the interacting fermion-boson field in the HOBM requires
O(N) spin-spin gates and O(N) spin-phonon gates, with
the latter expected to be not too costly. In the fully dig-

ital scheme, e
�iH

(I)0

U(1)
�t with the Hamiltonian in Eq. (41)

can be implemented following the circuit construction
described earlier in the case of fermion scalar-field in-
teractions of the Yukawa theory. The only di↵erences
are that now the bosons are defined locally, and associ-
ated with each site (link) there is one such boson (as op-
posed to N bosons associate with all momentum modes
in the Yukawa theory), and that the fermions correspond

Let us compare the circuit structure of digital and 
analog-digital cases when gauge DOF are present:

ZD, Linke, Pagano, arXiv:2104.09346 [quant-ph].
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Yukawa theory

Fermion hopping Fermion mass Free scalar fields Fermion scalar-field interaction

Analog-digital O (N) O (1) O (1) O
�
N2

�

Digital O (N) O (1) O (1) O
�
N2 (log⇤)2

�

Schwinger model

Fermion-gauge interaction Fermion mass Electric-field term

Analog-digital O (N) O (1) O(N)

Digital O
�
N2 (log⇤)2

�
O (1) O

�
N (log⇤)2

�

TABLE III. The scaling of the entangling-gate count per Trotter step as a function of the lattice size N and the cuto↵ on the
boson (phonon) excitations ⇤ for the Yukawa theory and the Schwinger model (within HOBM) assuming analog-digital and
fully digital implementations.

Hamiltonian H
(III)
Yukawa in Eq. (24) is implemented with a

single ancilla qubit and with O(N(N + 1)) spin-phonon
gates, which are considered to be free compared with
entangling spin-spin gates. In a fully digital implementa-

tion, e
�iH

(III)
Yukawa�t can be implemented by writing H

(III)
Yukawa

as
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Yukawa =
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(48)

The implementation of these terms follows the procedure
explained in Ref. [39] in the case of realizing the dynam-
ics of fermion-gauge interaction term in the Schwinger
model. First, Eq. (48) indicates that the operations pro-
portional to A ⌘ (dk + d

†
k
) and B ⌘ i(dk � d

†
k
) opera-

tors are only performed if the fermion occupies a given
site, necessitating a controlled operation on the qubit reg-
ister of the fermion. The A and B operators are two
near-diagonal matrices whose exponential can be imple-
mented using the shift operators, that are realized using
quantum Fourier transform circuits and single-qubit ro-
tations in the Fourier space. As a reminder, for a bi-
nary number with log ⇤ digits, each quantum Fourier
transform requires O((log ⇤)2+log ⇤) CNOT operations.
Relating A and B operators to the shift operators re-
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(III)
Yukawa�t
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entangling-gate count of both schemes for evolving each
term in the Hamiltonian of the Yukawa theory is provided
in Table III.
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Except for the time evolution of the fermion mass term,
both the fermion-gauge field interaction and the electric-
field term (the boson self interactions in the HOBM) are
implemented di↵erently in the hybrid and fully digital
schemes.

The circuit in Fig. 6 reveals that the time evolution of
the interacting fermion-boson field in the HOBM requires
O(N) spin-spin gates and O(N) spin-phonon gates, with
the latter expected to be not too costly. In the fully dig-

ital scheme, e
�iH

(I)0

U(1)
�t with the Hamiltonian in Eq. (41)

can be implemented following the circuit construction
described earlier in the case of fermion scalar-field in-
teractions of the Yukawa theory. The only di↵erences
are that now the bosons are defined locally, and associ-
ated with each site (link) there is one such boson (as op-
posed to N bosons associate with all momentum modes
in the Yukawa theory), and that the fermions correspond

Let us compare the circuit structure of digital and 
analog-digital cases when gauge DOF are present:
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Figure 1. Experimental system for observing hopping of
a single phonon excitation between local transverse motional
modes along the X-direction. (a) The local phonon frequen-
cies are represented by Êi in a frame rotating at the transverse
common mode frequency Êx, and Ÿjk is the phonon hopping
strength between modes j and k. Phonon blockades on indi-
vidual sites (here ion 3) is implemented by driving resonant
red sideband transitions with strength �r

j that gives rise to
an energy splitting between the ground state |g, 0Í and the
first excited polaritonic states |±, 1Í. (b) An experimental
sequence where each ion is prepared in the ground state of
spin and motion |g, 0Í using Raman sideband cooling (SBC).
A single phonon is excited on ion 2 using fi-pulses at the blue
sideband (fib) and carrier (fi) transitions. Local phonon block-
ades are applied using resonant red sideband pulses (shown
in red). The hopping duration · is varied to observe the dy-
namics of local phonon occupancy (0 or 1 phonon) measured
by first projecting it to the internal spin states (|gÍ or |eÍ)
of each ion using red sideband fi-pulses (fir) followed by the
detection of state-dependent fluorescence from each ion using
a photomultiplier tube array.

sented by the blockade Hamiltonian as

Hb =
ÿ

j

�j |eÍjÈe|j +
ÿ

j

�r

j

2 (‡+
j aj + ‡

≠
j a

†
j
). (2)

Here, the spin-1/2 ‘ground’ and ‘excited’ states of the
j≠th ion are represented by |gÍj and |eÍj , respectively,
with energy splitting ÊHF , and spin raising and lowering
operators ‡

+
j and ‡

≠
j . A local motional red sideband is

driven at a Rabi frequency �r

j and detuned from reso-
nance by �j .

Phonon blockades are applied on individual sites that
have ions prepared in the ground state of spin and mo-
tion |g, 0Í, where the second index denotes the local mode
phonon number. Upon applying the Jaynes-Cummings
interaction at resonance (�j = 0), a maximal energy
splitting of |Êj ± �r

j/2| occurs between |g, 0Í and the
next excited polaritonic states |±, 1Í. This energy cost
suppresses phonons from entering the targeted sites and
thereby creates a blockade (see Fig. 1a). This scheme
is analogous to implementing photon blockades using
single-atom cavity QED systems [18].

The experiment consists of a linear chain of three
171Yb+ions, each with an internal spin defined by a pair
of hyperfine ‘clock’ states as |gÍ = |F = 0, mF = 0Í
and |eÍ = |F = 1, mF = 0Í of the 2S1/2 electronic
ground level with a hyperfine energy splitting of ÊHF =
2fi ◊ 12.642812 GHz [19]. Here, F and mF denote the
quantum numbers associated with the total atomic an-
gular momentum and its projection along the quantiza-
tion axis defined by an applied magnetic field of 5.2 G.
The external motion of the trapped ions is defined by
a linear rf-Paul trap with transverse (X,Y) and axial
(Z) harmonic confinement at frequencies {Êx, Êy, Êz} =
2fi ◊ {3.10, 2.85, 0.15} MHz such that the ion chain is
aligned along Z with a distance of dj,j+1 = 10.1(2) µm
between adjacent ions. During an experiment, we excite
local phonons in the transverse modes along X, which
can then hop between the ion sites. The inherent hop-
ping rates are approximately Ÿj,j+1 ¥ 2fi ◊ 3 kHz and
Ÿj,j+2 ¥ Ÿj,j+1/8, respectively. The combined e�ect of
the transverse (X) harmonic confinement and repulsion
between ions (determined by djk) define the position-
dependent local mode frequency shifts {Êj}. Fig. 1a
represents the local modes with frequencies {Êj} in a
frame rotating at the common mode frequency Êx.

Coherent control of the spin and motion of each ion
is implemented with stimulated Raman transitions using
a 355 nm mode-locked laser [20], where pairs of Raman
beams couple the spin of an ion to its transverse motion
[3]. A global beam illuminates the entire chain, and a
counterpropagating array of individual addressing beams
is focused to a waist of ¥ 1µm at each ion. The beat note
between the Raman beams can then be tuned to ÊHF to
implement a “carrier” transition for coherent spin flips, or
tuned to ÊHF ±(Êx +Êj) to drive a blue- or red-sideband
transition involving local phonon modes. The individual
addressing beams are modulated independently using a
multi-channel acousto-optic modulator [21], each chan-
nel of which is driven by a separate arbitrary waveform
generator [22]. The wave vector di�erence �k̄ between
Raman beams has a projection along both the X and Y
directions of motion. Each transverse mode can then be
addressed by tuning near their sideband transitions. In
order to spectrally resolve each local mode, we choose
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No phonon
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Figure 2. The evolution of local phonon occupancies with initial single-phonon excitations on ions 1, 2, and 3 as shown by
the shaded orange, green, and blue circles, respectively. In the absence of a blockade (a-c), the dynamics are governed by
the hopping strengths {Ÿjk} and the local mode frequencies {Êj}. The corresponding dynamics in the presence of a blockade
(d-g) indicate hopping suppression, which is determined by the blockade strength {�r

j }. The theoretical plots are obtained by
fitting a Jaynes-Cummings Hubbard model (Hamiltonian in Eq. 1 and 2) with free parameters {�r

j }, {Êj} and {Ÿjk} using all
evolution data sets collectively. Error bars represent statistical uncertainties of 2‡.

sideband Rabi frequencies �r

j , �b

j < |Êx ≠ Êy|, while also
satisfying |Êj | π |Êx ≠ Êy| to prevent crosstalk between
the modes.

A typical experimental sequence, as shown in Fig. 1b,
starts with the preparation of each ion in state |g, 0Í by
Doppler cooling and subsequent Raman sideband cooling
of each of the transverse modes. A single phonon excita-
tion is introduced at a single site by resonantly driving
a blue-sideband and carrier fi≠pulse to prepare the state
|g, 1Í. In order to minimize the e�ect of hopping during
this process, the sideband and carrier fi≠pulses are kept
short (¥ 10 µs and ¥ 1 µs, respectively). Phonon block-
ades are applied to particular ions, initially prepared in
the |g, 0Í state, by resonantly driving the red-sidebands of
their respective local modes. Finally, the single phonon
occupancy denoted by states |g, 0Í and |g, 1Í is measured
at each site using a red-sideband fi≠pulse on each ion,
which coherently projects it to spin states |gÍ and |eÍ,
respectively. The spin-dependent fluorescence can then
be detected using a multi-channel photomultiplier tube,
thereby measuring a binary phonon occupancy of 0 or 1
for each site [3, 19].

Figure 2 shows the hopping dynamics. During free
hopping, a single excitation is observed to hop predomi-
nantly to the neighboring site. The extent of hopping is
indicated by the amplitude of the oscillations in phonon
occupancy. This is determined by the strength of hopping
Ÿjk relative to the energy splitting between local modes

Parameter Fitted value Measured value

Ê12 11.58 —
Ê23 7.36 —
Ÿ12 2.90 3.27(19)
Ÿ23 2.96 3.36(20)
�r

1 39.7 43.1(16)
�r

2 45.9 47.6(14)
�r

3 46.3 46.0(19)

Table I. Observed experimental parameters relevant to hop-
ping and the blockade in units of 2fi◊kHz. The values ob-
tained from fits to the hopping data (Fig.2) are compared
with those obtained from direct measurement. The mea-
sured hopping rate Ÿij is obtained from inter-ion distances
{d12, d23} = {10.1(2), 10.0(2)}µm, where the systematic error
is due to uncertainty in dij . The measured red-sideband Rabi
frequency is directly obtained from sideband spectroscopy
(see Fig.S1). The local mode frequencies measured from side-
band spectroscopy are not given due to large Stark shifts that
vary between experimental runs with beam alignment [23].

Êjk = Êj ≠ Êk. We observe di�erent hopping rates be-
tween ions 1 and 2 compared to that between 2 and 3,
which indicates an asymmetry in the local mode energy
di�erences, |Ê12| ”= |Ê23|. This is likely due to a sta-
ble non-linearity in the transverse confinement of the ion

Debnath et al, Phys. Rev. Lett. 120, 073001 (2018).

Monroe-Linke Group

Is phonon control experimentally feasible? Yes…at 
least for small systems so far!

ZD, Linke, Pagano, arXiv:2104.09346 [quant-ph].



EXAMPLE: AN ANALOG-DIGITAL QPU FOR NP

Programmable gates with superconducting qudits
Two-neutron spin dynamics with LLNL 
superconducting-cavity QPU 

Holland et al., Phys. Rev. A 101, 062307 (2020)
Wu, Wendt, Kravvaris, Ormand, DuBois, Rosen, 
Pederiva, and Quaglioni (2020).

Wu, Tomarken, Petersson, 
Martinez, Rosen, DuBois 
arXiv:2005.13165



ADDITIONALLY THE SIGN PROBLEM FORBIDS:

 arXiv:1204.4795 [nucl-th] 

NP is not short of hard computational 
problems. Quantum simulation may be the 
way forward in some. Much need to be done 
to change the game in comp. NP.

Appropriate DOF need to be identified 
(QCD DOF, nucleonic DOF, macroscopic and 
hydrodynamical DOF?), along with most 
efficient mappings to quantum hardware.

NP problems are different from CM and quantum 
chemistry problems. A lot can still be learned from 
progress in those areas, but new strategies and 
ideas need to be introduced for NP.

Theory-experiment co-development is a key to 
progress. Can NP impact quantum-simulation 
hardware developments?

Over the next decade, we will witness a 
new ecosystem, a quantum-skillful NP 
workforce, and unprecedented 
interdisciplinary collaborations.

Can we discover deeper connections in 
nuclear phenomenology by quantum-
information tools? Can prototypes 
provide insight?

One should leverage both analog and digital 
simulations. Hybrid analog-digital protocols may 
reduce time to solution in near term.

Leveraging our classical computing capabilities 
for hybrid classical-quantum simulations. 
Quantum means to develop better classical 
algorithms?

IT IS NOT POSSIBLE TO CONVEY ALL THE EXCITEMENT AND PROGRESS IN THIS TOPIC IN ONE 
TALK. I’D BE HAPPY TO DELIVER A FEW MESSAGES…
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EXAMPLES OF ENHANCING SIMULATIONS IN THE NEAR TERM WITH CLASSICAL 
AND QUANTUM SIMULATING METHODS COMBINED…



Hamiltonian under which the system evolves 
respects some symmetries of the original theory 
and is implemented in an analog fashion.

EXAMPLE I: VARIATIONAL QUANTUM SIMULATION OF LATTICE SCHWINGER MODEL

Kokail et al, Nature 569, 355 (2019).

See alo the VQE applied to calculation of neutron binding 
in Dumitrescu, McCaskey, Hagen, Jansen, Morris, 
Papenbrock, Pooser, Dean, Lougovski Phys. Rev. Lett. 120, 
210501 (2018)



EXAMPLE II: STATE PREPARATION ROUTINE FOR LATTICE GAUGE THEORIES

Harmalkar, Lamm, Lawrence1, arXiv:2001.11490 [hep-lat]

State preparation can be done using Monte Carlo methods if no sign or signal-to-noise problems 
occur, and time evolution can be ported to quantum hardware.

The use of VQE to 
generate optimized 
operators to in 
Monte Carlo 
simulation of lattice 
Schwinger model.

Avkhadiev, Shanahan, Young, Phys. Rev. Lett. 124, 
080501 (2020)

D(4) gauge theory



Z(3) gauge theory in 2+1D with a PEPS ansatzSU(2) gauge theory coupled 
to matter in 1+1D with a 
MPS ansatz

EXAMPLE III: TENSOR NETWORKS FORM CLASSICAL TO QUANTUM COMPUTING

Emonts, Bañuls, Cirac, Zohar, Phys. Rev. D 102, 
074501 (2020)

Bañuls, Cichy, Cirac, Jansen, Kühn, Phys. 
Rev. X 7, 041046 (2017)

For a recent nice review see: Meurice, Sakai, Unmuth-Yockey, arXiv:2010.06539 [hep-lat]
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TWO EXAMPLES TO DEMONSTRATE THIS POINT…



EXAMPLE I: QUANTUM ENTANGLEMENT IN LOW-ENERGY NUCLEAR PHYSICS
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Beane, Kaplan, Klco and Savage, 
Phys. Rev. Lett. 122, 102001 (2019)

Wagman, Winter, Chang, ZD, Detmold, 
Orginos, Savage, Shanahan (NPLQCD),Phys. 
Rev. D 96, 114510 (2017)

Nf = 3, m⇡ = 0.806 GeV, a = 0.145(2) fm

B

B B

B
N N

N N

NN interactions at low energies are consistent 
with vanishing entanglement…

…as are low-energy BB interactions as obtained 
with lattice QCD.

SU(16)SU(4) 2

FIG. 1. The entanglement power, E(Ŝ), of the S-matrix as a
function of p, the center-of-mass nucleon momentum. The 1S0

and 3S1 phase shifts used to calculate E(Ŝ) were taken from
four di↵erent models [53–57] to provide a näıve estimate of
systematic uncertainties. Data for this figure may be found
in Table II in the supplemental material.

| outih out| with | outi = Ŝ| ini. By describing the av-
erage action of Ŝ to transition a tensor-product state to
an entangled state, the entanglement power expresses a
state-independent entanglement measure that vanishes
when | outi remains a tensor product state for any | ini.

Following the analysis of Ref. [20], we consider the
spin-space entanglement of two distinguishable particles,
the proton and neutron for nf = 2 QCD. Neglecting the
small tensor-force-induced mixing of the 3S1 channel with
the 3D1 channel, the S-matrix for low-energy scattering
below inelastic threshold in these sectors can be decom-
posed as

Ŝ =
1

4

�
3ei2�1 + ei2�0

�
1̂ +

1

4

�
ei2�1 � ei2�0

�
�̂ · �̂, (2)

where 1̂ = Î2 ⌦ Î2 and �̂ · �̂ =
3P

↵=1

�̂↵ ⌦ �̂↵. It follows

that the entanglement power of Ŝ is

E(Ŝ) = 1

6
sin2 (2(�1 � �0)) , (3)

which vanishes when �1 � �0 = m⇡
2
for any integer m.

This includes the SU(4) symmetric case �1 = �0 where
the coe�cient of �̂·�̂ vanishes. Special fixed points where
the entanglement power vanishes occur when the phase
shifts both vanish, �1 = �0 = 0, or are both at unitarity,
�1 = �0 = ⇡

2
, or when �1 = 0, �0 = ⇡

2
or �1 = ⇡

2
, �0 =

0. The S-matrices at these fixed points with vanishing
entanglement power are Ŝ = ±1̂ and ±(1̂+ �̂ · �̂)/2 2.

The entanglement power in nature is plotted in Fig. 1
as a function of the center-of-mass nucleon momentum,
p, up to pion production threshold, making use of the
1S0 and 3S1 phase shifts derived from the analyses of

2 The S-matrices at the four fixed points realize a representation
of the Klein four-group, Z2 ⌦ Z2.

Refs. [53–56]. The four regions indicated are distin-
guished by the role of non-perturbative physics. Region
I shows that entanglement power approaches zero in the
limit p ! 0, as will be the case for any finite range inter-
action not at unitarity. At momenta around the scale
of the inverse scattering lengths, region II, poles and
resonances of Ŝ produce highly-entangling interactions.
This non-perturbative structure could be considered a
source of ultra-low-momentum entanglement power; ex-
perimental evidence for this is expected to be found in
the vanishing modification of np-scattering quantum cor-
relations at 19.465(42) MeV where the phase shifts dif-
fer by ⇡/2 and |p ", n #i scatters into |p #, n "i. In re-
gion IV, where energies are of order the chiral symme-
try breaking scale, the entangling interactions of quark
and gluon degrees of freedom become prominent. It is
region III that is the main focus of this paper—away
from the far-infrared structure but with nucleons as fun-
damental degrees of freedom, the entanglement power
is suppressed. Once relativistic corrections and 3S1-3D1

mixing—parametrically suppressed at low-energy—are
included in Eq. (19), E(Ŝ) is expected to remain sup-
pressed but non-zero, indicating that the entanglement
suppression in nature is only partial.
Much progress has been made in nuclear physics in re-

cent years by considering low-energy e↵ective field theo-
ries (EFTs), constrained by data from nucleon scattering.
The �0,1 phase shifts can be computed for energies below
the pion mass, from the pionless EFT for nucleon-nucleon
interactions. The leading interaction in the e↵ective La-
grangian is

Lnf=2

LO
= �1

2
CS(N

†N)2� 1

2
CT

�
N†�N

�
·
�
N†�N

�
, (4)

where N represents both spin states of the proton and
neutron fields. These interactions can be re-expressed as
contact interactions in the 1S0 and 3S1 channels with cou-
plings C0 = (CS�3CT ) and C1 = (CS+CT ) respectively,
where the two couplings are fit to reproduce the 1S0 and
3S1 scattering lengths. The C coe�cients both run with
the renormalization group as described in Ref. [58, 59]
with a stable IR fixed point at C = 0, corresponding to
free particles, and a nontrivial, unstable IR fixed point
at C = C? corresponding to a divergent scattering length
and constant phase shift of � = ⇡/2 (the “unitary” fixed
point). At the four fixed points (described above), where
{C0, C1} take the values 0 or C?, the theory has a con-
formal (“Schrödinger”) symmetry; there is also a fixed
line of enhanced symmetry at CT = 0, or equivalently
C0 = C1, where the theory possesses the Wigner SU(4)
symmetry, as apparent from the form of Eq. (4) with
CT = 0. When fitting to the scattering lengths one
finds CT ⌧ CS ' C?, since scattering lengths are un-
naturally large in both channels. Therefore, low-energy
QCD has approximate SU(4) symmetry and sits close
to the {C?, C?} conformal fixed point [60]. The emer-
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four di↵erent models [53–57] to provide a näıve estimate of
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I shows that entanglement power approaches zero in the
limit p ! 0, as will be the case for any finite range inter-
action not at unitarity. At momenta around the scale
of the inverse scattering lengths, region II, poles and
resonances of Ŝ produce highly-entangling interactions.
This non-perturbative structure could be considered a
source of ultra-low-momentum entanglement power; ex-
perimental evidence for this is expected to be found in
the vanishing modification of np-scattering quantum cor-
relations at 19.465(42) MeV where the phase shifts dif-
fer by ⇡/2 and |p ", n #i scatters into |p #, n "i. In re-
gion IV, where energies are of order the chiral symme-
try breaking scale, the entangling interactions of quark
and gluon degrees of freedom become prominent. It is
region III that is the main focus of this paper—away
from the far-infrared structure but with nucleons as fun-
damental degrees of freedom, the entanglement power
is suppressed. Once relativistic corrections and 3S1-3D1

mixing—parametrically suppressed at low-energy—are
included in Eq. (19), E(Ŝ) is expected to remain sup-
pressed but non-zero, indicating that the entanglement
suppression in nature is only partial.
Much progress has been made in nuclear physics in re-

cent years by considering low-energy e↵ective field theo-
ries (EFTs), constrained by data from nucleon scattering.
The �0,1 phase shifts can be computed for energies below
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contact interactions in the 1S0 and 3S1 channels with cou-
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