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How we model the plasma

Hierarchy of descriptions (no quantum)

‣ “exact” description
• Klimontovich equation

‣ Ensemble average of Klimontovich equation
• Vlasov Fokker Planck equation

‣Take Limit of Nd very large
• Vlasov equation

‣Moments of  Vlasov (or Vlasov Focker Planck)
• Two fluid equations

‣ Ignore electron inertia
• MHD

Adapted from L.O. Silva
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How we model the plasma

Hierarchy of descriptions (no quantum) Particle-in-cell (PIC) code
Klimontovich description for finite size (macro) particles

‣ “exact”
• Klimontovich equation

‣ Ensemble average of Klimontovich equation
• Vlasov Fokker Planck equation

‣Take Limit of Nd very large
• Vlasov equation

‣Moments of  Vlasov (or Vlasov Focker Planck)
• Two fluid equations

‣ Ignore electron inertia
• MHD

‣ First principles
‣Accurate
‣Allows for multiple approximations
‣Variable computing resources

Adapted from L.O. Silva
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Why PIC?
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Why PIC?

PIC loop Plasma acceleration in high non-linear regimes: from simulations to experiments to theory
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PUKHOV et al. Laser wake field acceleration: the highly non-linear broken-wave regime 357

a b
FIGURE 2 Spectra of accelerated electrons: a final spectrum of the case of
Fig. 1; b the case of the 33-fs, 12-J laser pulse, time evolution of the energy
spectrum: (1) ct/λ = 350, (2) ct/λ = 450, (3) ct/λ = 550, (4) ct/λ = 650,
(5) ct/λ = 750 corresponding to Figs. 3, 4, and 5, (6) ct/λ = 850

tains a population of blue electrons, which stream from right
to left and feed the wave structure trailing the pulse.

The green wave crests are curved and start to break at their
vertex near the propagation axis. The curvature reflects the
3D structure of a plasma wave with transverse size of order
λp. A study in 2D geometry [15] has shown that these curved
wavefronts break at considerably lower wave amplitudes than
plane fronts. In the present 3D simulation, wave breaking oc-
curs already for Emax/Ewb ≈ 0.3 and strong electron depletion
is observed only in the first wave bucket. When comparing
with non-broken wake fields, the conspicuous new feature in
Fig. 1b–d is the stem of relativistic electrons growing out of
the base with a cross section of σtr ≈ 0.3 µm2 in this case.
The energy rises toward the top of the stem, with red elec-
trons which have been trapped first and accelerated over the
full propagation distance. This cavity with a stem is a surpris-
ingly stable structure. It is hardly affected by the drop in laser
intensity, which decreases steadily due to energy transfer to
electrons. The efficiency of electron acceleration in the cavity
is surprisingly high. At the end about 15% of the initial laser
energy has been transferred to the electron bunch. In Fig. 1d
the cavity arrives at the rear boundary of the plasma layer and
bursts, releasing the relativistic electron load into vacuum.

The electron pulse produced here consists of about 109

relativistic electrons in the range 10 < γ < 100, compressed
to a density above the ambient electron density and a pulse
length of just 5 fs. The energy spectrum consists of a plateau
extending from 1 to 50 MeV, as is seen in Fig. 2a. The spec-
trum is clearly non-thermal and thus different from the en-
ergy spectra observed with long laser pulses. Emerging from
a 2-µm spot with an angular divergence of about ±1◦, the elec-
tron bunch has a normalized emittance of γε⊥ < π mm mrad,
better than existing electron sources. These pulses may have
a broad range of applications, in particular for ultra-short,
ultra-bright, high-repetition-rate sources of X-rays and nu-
clear radiation (positrons, neutrons, etc.).

3 Quasi-monoenergetic beams of electrons from
laser-plasma cavities

As the second example (case II), we present the
simulation of a laser pulse with a 2 = 10, τ2 = 33 fs, and σ2 =

12λ, propagating in plasma with n e = 1019 cm− 3. A 3D per-
spective view of the fast electrons at time ct/λ = 700 is given
in Fig. 3. Here we plot each 100th electron above 10 MeV as
a dot colored according to its energy. We see that the highly
compressed stem of energetic electrons has a uniform color,
corresponding to a peak in the spectrum. The evolution of this
peak will be discussed in more detail below.

The wake field in this high-intensity regime is different
from that in Fig. 1. As seen in Fig. 4a–c, it has mutated into
a solitary cavity, and wave breaking has washed out all down-
stream structure. The laser pulse is so strong that it scatters
electrons sidewards, leaving an empty cavity behind. Com-
paring Fig. 4a and b, we see that the cavity stretches and the
stem elongates with time. At ct/λ = 700 the stem contains

FIGURE 3 The case of a 12-J, 33-fs laser pulse after propagating z/λ =
690 in 1019 cm− 3 plasma. 3D perspective view of hot electron distribution.
Each 100th electron above 10 MeV is shown as a dot colored according to its
energy. The white disc shows the laser-intensity surface at I = 1019 W/cm2

FIGURE 4 Solitary laser-plasma cavity produced by 12-J, 33-fs laser pulse.
a ct/λ = 500, b ct/λ = 700, c electron trajectories in the frame moving to-
gether with the laser pulse; color distinguishes electron groups with different
distances from the axis initially
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where  s represents a negative contribution from the
electron sheath and rb is a function of ct# z $ # . The
coefficients ! and " are 1=4 and 1=4 in 3D and 1=2 and
1=6 in 2D slab geometry. By equating %1"  & ! %1"
jaj2=2&1=2 on the axis for  given in Eq. (2), we estimate
that for the blowout radius rb to approach r1 the normal-
ized vector potential, a, must exceed 4.30 in 3D and 5.36
in 2D. This is one reason why the wake amplitude and the
self-injection does not occur until the lasers peak vector
potential evolves from an initial value of 3 to a value of 5.

For large values of rb, where  greatly exceeds unity,
the electrons will return to the axis with a large p? and
for the simulation parameters used here, the ponderomo-
tive potential vanishes at this position. Furthermore, as
the electrons converge to the axis, the ion column radius
decreases so that  is dominated by the negative contri-
bution from the electron sheath,  s (in the simulations
 s ! 0:5 at the convergence position). The large values of
p? and  being negative both contribute to make vx
approach unity leading to self-injection.

In Figs. 3(a) and 3(b) lineouts of the laser’s vector
potential and in Fig. 3(c) the lineout of the electric field
are shown at various propagation distances in units of
the initial peak fields. Each plot also shows the initial
laser profile. At the distance when the first stage of self-
injection occurs, 0.25 cm, the vector potential [Fig. 3(a)]
of the laser shows the expected self-phase modulation due
to the wake, with photon frequency being down-shifted at
the front and up-shifted at the back. Photon acceleration/
deceleration (PA/PD) [11] results when there is a gradient
in the index of refraction, causing phase fronts to catch
up/fall behind each other. In the blowout regime, PA/PD
is very localized because the gradients in the index of
refraction occur either at the front or the back of the
blowout region. At the front, the ponderomotive force
snowplows the density, leading to rapid PD to substan-
tially lower frequencies. The middle of the pulse prop-
agates nearly at c in the vacuum region, while the back
undergoes PA to higher frequencies by the density com-
pression caused by the convergence of the blow-out elec-
trons. This regime is very different from that recently
studied by Gordon et al. [12], who studied the ultrashort
pulse regime in which the entire pulse is photon
decelerated.

As seen in Figs. 3(a) and 3(b), PD combined with group
velocity dispersion modifies the vector potential and
electric fields differently, i.e., Ez ! 1:4 and a > 2 times
their initial values. The value of a has increased more
because PD acts like a ponderomotive force, or jaj2 am-
plifier. Although the energy in the laser decreases due to
pump depletion, the number of photons or, equivalently,
the action, jEj2=! ! !jaj2 is conserved locally [11].
Therefore, pump depletion (due to PD) leads to an in-

crease in the ponderomotive force which increases the
blowout radius and the wake’s amplitude.

At x ! 0:34 cm (the red curve in Fig. 3(c)), one sees
clearly the combined effect of self-phase modulation and
group velocity dispersion. At this time, the laser pulse is
not only broader, but the frequency content of the pulse
has been rearranged by group velocity dispersion. Now
the higher frequency components are at the front of the
pulse while the lower frequency photons have slipped to
the back. As the low frequency photons slip backward to
the density compression at the back, they are eventually
photon accelerated back to higher frequencies. This leads
to the pulse appearing as two short pulses at the front and
back of the blown-out region, as shown in the blue curve
in Fig. 3(c).

In Fig. 4, a sequence of density contours are shown in
two transverse planes, n%x; y; z ! 0& and n%x; y ! 0; z& for
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FIG. 3 (color). (a), (b) The vector potential and (c) the elec-
tric field both normalized to their initial values in the plasma
channel. The dotted lines are the initial envelope of the laser.
The horizontal scale is x%c=!p& in (a), (b), and (c).
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FIG. 4 (color). Electron density contour showing the wake
structure at three different locations in the channel in %z vs x&
and out %y vs x& of the plane of the electric field of the laser. 1
and 2 are the locations of the first and second self-injected
electron bunch, respectively.
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a b
FIGURE 2 Spectra of accelerated electrons: a final spectrum of the case of
Fig. 1; b the case of the 33-fs, 12-J laser pulse, time evolution of the energy
spectrum: (1) ct/λ = 350, (2) ct/λ = 450, (3) ct/λ = 550, (4) ct/λ = 650,
(5) ct/λ = 750 corresponding to Figs. 3, 4, and 5, (6) ct/λ = 850

tains a population of blue electrons, which stream from right
to left and feed the wave structure trailing the pulse.

The green wave crests are curved and start to break at their
vertex near the propagation axis. The curvature reflects the
3D structure of a plasma wave with transverse size of order
λp. A study in 2D geometry [15] has shown that these curved
wavefronts break at considerably lower wave amplitudes than
plane fronts. In the present 3D simulation, wave breaking oc-
curs already for Emax/Ewb ≈ 0.3 and strong electron depletion
is observed only in the first wave bucket. When comparing
with non-broken wake fields, the conspicuous new feature in
Fig. 1b–d is the stem of relativistic electrons growing out of
the base with a cross section of σtr ≈ 0.3 µm2 in this case.
The energy rises toward the top of the stem, with red elec-
trons which have been trapped first and accelerated over the
full propagation distance. This cavity with a stem is a surpris-
ingly stable structure. It is hardly affected by the drop in laser
intensity, which decreases steadily due to energy transfer to
electrons. The efficiency of electron acceleration in the cavity
is surprisingly high. At the end about 15% of the initial laser
energy has been transferred to the electron bunch. In Fig. 1d
the cavity arrives at the rear boundary of the plasma layer and
bursts, releasing the relativistic electron load into vacuum.

The electron pulse produced here consists of about 109

relativistic electrons in the range 10 < γ < 100, compressed
to a density above the ambient electron density and a pulse
length of just 5 fs. The energy spectrum consists of a plateau
extending from 1 to 50 MeV, as is seen in Fig. 2a. The spec-
trum is clearly non-thermal and thus different from the en-
ergy spectra observed with long laser pulses. Emerging from
a 2-µm spot with an angular divergence of about ±1◦, the elec-
tron bunch has a normalized emittance of γε⊥ < π mm mrad,
better than existing electron sources. These pulses may have
a broad range of applications, in particular for ultra-short,
ultra-bright, high-repetition-rate sources of X-rays and nu-
clear radiation (positrons, neutrons, etc.).

3 Quasi-monoenergetic beams of electrons from
laser-plasma cavities

As the second example (case II), we present the
simulation of a laser pulse with a 2 = 10, τ2 = 33 fs, and σ2 =

12λ, propagating in plasma with n e = 1019 cm− 3. A 3D per-
spective view of the fast electrons at time ct/λ = 700 is given
in Fig. 3. Here we plot each 100th electron above 10 MeV as
a dot colored according to its energy. We see that the highly
compressed stem of energetic electrons has a uniform color,
corresponding to a peak in the spectrum. The evolution of this
peak will be discussed in more detail below.

The wake field in this high-intensity regime is different
from that in Fig. 1. As seen in Fig. 4a–c, it has mutated into
a solitary cavity, and wave breaking has washed out all down-
stream structure. The laser pulse is so strong that it scatters
electrons sidewards, leaving an empty cavity behind. Com-
paring Fig. 4a and b, we see that the cavity stretches and the
stem elongates with time. At ct/λ = 700 the stem contains

FIGURE 3 The case of a 12-J, 33-fs laser pulse after propagating z/λ =
690 in 1019 cm− 3 plasma. 3D perspective view of hot electron distribution.
Each 100th electron above 10 MeV is shown as a dot colored according to its
energy. The white disc shows the laser-intensity surface at I = 1019 W/cm2

FIGURE 4 Solitary laser-plasma cavity produced by 12-J, 33-fs laser pulse.
a ct/λ = 500, b ct/λ = 700, c electron trajectories in the frame moving to-
gether with the laser pulse; color distinguishes electron groups with different
distances from the axis initially
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where  s represents a negative contribution from the
electron sheath and rb is a function of ct# z $ # . The
coefficients ! and " are 1=4 and 1=4 in 3D and 1=2 and
1=6 in 2D slab geometry. By equating %1"  & ! %1"
jaj2=2&1=2 on the axis for  given in Eq. (2), we estimate
that for the blowout radius rb to approach r1 the normal-
ized vector potential, a, must exceed 4.30 in 3D and 5.36
in 2D. This is one reason why the wake amplitude and the
self-injection does not occur until the lasers peak vector
potential evolves from an initial value of 3 to a value of 5.

For large values of rb, where  greatly exceeds unity,
the electrons will return to the axis with a large p? and
for the simulation parameters used here, the ponderomo-
tive potential vanishes at this position. Furthermore, as
the electrons converge to the axis, the ion column radius
decreases so that  is dominated by the negative contri-
bution from the electron sheath,  s (in the simulations
 s ! 0:5 at the convergence position). The large values of
p? and  being negative both contribute to make vx
approach unity leading to self-injection.

In Figs. 3(a) and 3(b) lineouts of the laser’s vector
potential and in Fig. 3(c) the lineout of the electric field
are shown at various propagation distances in units of
the initial peak fields. Each plot also shows the initial
laser profile. At the distance when the first stage of self-
injection occurs, 0.25 cm, the vector potential [Fig. 3(a)]
of the laser shows the expected self-phase modulation due
to the wake, with photon frequency being down-shifted at
the front and up-shifted at the back. Photon acceleration/
deceleration (PA/PD) [11] results when there is a gradient
in the index of refraction, causing phase fronts to catch
up/fall behind each other. In the blowout regime, PA/PD
is very localized because the gradients in the index of
refraction occur either at the front or the back of the
blowout region. At the front, the ponderomotive force
snowplows the density, leading to rapid PD to substan-
tially lower frequencies. The middle of the pulse prop-
agates nearly at c in the vacuum region, while the back
undergoes PA to higher frequencies by the density com-
pression caused by the convergence of the blow-out elec-
trons. This regime is very different from that recently
studied by Gordon et al. [12], who studied the ultrashort
pulse regime in which the entire pulse is photon
decelerated.

As seen in Figs. 3(a) and 3(b), PD combined with group
velocity dispersion modifies the vector potential and
electric fields differently, i.e., Ez ! 1:4 and a > 2 times
their initial values. The value of a has increased more
because PD acts like a ponderomotive force, or jaj2 am-
plifier. Although the energy in the laser decreases due to
pump depletion, the number of photons or, equivalently,
the action, jEj2=! ! !jaj2 is conserved locally [11].
Therefore, pump depletion (due to PD) leads to an in-

crease in the ponderomotive force which increases the
blowout radius and the wake’s amplitude.

At x ! 0:34 cm (the red curve in Fig. 3(c)), one sees
clearly the combined effect of self-phase modulation and
group velocity dispersion. At this time, the laser pulse is
not only broader, but the frequency content of the pulse
has been rearranged by group velocity dispersion. Now
the higher frequency components are at the front of the
pulse while the lower frequency photons have slipped to
the back. As the low frequency photons slip backward to
the density compression at the back, they are eventually
photon accelerated back to higher frequencies. This leads
to the pulse appearing as two short pulses at the front and
back of the blown-out region, as shown in the blue curve
in Fig. 3(c).

In Fig. 4, a sequence of density contours are shown in
two transverse planes, n%x; y; z ! 0& and n%x; y ! 0; z& for
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FIG. 3 (color). (a), (b) The vector potential and (c) the elec-
tric field both normalized to their initial values in the plasma
channel. The dotted lines are the initial envelope of the laser.
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FIG. 4 (color). Electron density contour showing the wake
structure at three different locations in the channel in %z vs x&
and out %y vs x& of the plane of the electric field of the laser. 1
and 2 are the locations of the first and second self-injected
electron bunch, respectively.
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action length (see Fig. 4). In contrast, at higher densities the
dephasing distance is shorter than the interaction distance, and so
a quasi-maxwellian distribution of electrons emerges from the
plasma (Fig. 2d).

This acceleration mechanism described is supported by particle-
in-cell simulations of the interaction, performed using the code
OSIRIS25 on an eight G5 node “Applecluster” at Imperial College
London. The simulations were performed over the range of our
experimental parameters, and in 2D3V (two spatial but three
momentum and field dimensions.) As previously noted14, 2D3V
simulations can underestimate the maximum electron energies,

owing to reductions in the degrees of freedom for self-focusing and
plasma wave growth. However, they do accurately describe the
phenomenology of the interaction.
As in the experiments, the simulations show that for plasma

densities for which the plasma wavelength is greater than the pulse
length (lp $ ct), a plasma wave is generated, but there is no wave-
breaking. At these low densities the forced laser wakefield mecha-
nism14 is ineffective. But at densities slightly above this threshold, a
noticeable change occurs in the interaction. The generation of the
plasma wave causes self-focusing of the laser pulse away from its
leading edge, owing to the radial density profile of the plasma wave.
It is noted that for short pulses relativistic self-focusing is ineffective
for the front of the pulse26. The laser pulse becomes shaped like a
cone, tapered towards the rear, with a length close to lp. This causes
a feedback mechanism, where the increasing laser intensity towards
the back causes the plasma wave amplitude to grow, which can
further focus the laser pulse. As the plasma wave reaches large
amplitude the longitudinal motion of the electrons in the wave
becomes relativistic, which leads to a lengthening of the plasma
wavelength.
Crucially, as the laser pulse length is now less than the plasma

wavelength, plasma electrons can stream into the plasma wave
transversely behind the laser pulse, where previously they were
excluded by the laser’s ponderomotive force. Because the waveform
is non-sinusoidal, a large number of electrons can be injected into a
particular phase of the plasma wave and experience an accelerating
force. This transverse breaking of the wave reduces the electric field
strength of the plasma wave, thus preventing further injection and
so ensuring an electron bunch localized in position and time. The
transverse injection of electrons can explain why the plasma wave
can break at amplitudes significantly less (E < E0) than the one-
dimensional cold wave-breaking limit, Ewb ¼

ffiffiffi
2

p
ðgp 2 1Þ1=2E0,

where gp is the Lorentz factor associated with the plasma wave
(gp < q 0/q pe) (ref. 24).
All of the electrons in this bunch then experience very similar

acceleration as is demonstrated in Fig. 5, until they begin to outrun
the steepened accelerating front of the plasma wave. If the length of

Figure 3Measured electron spectrum at a density of 2 £ 1019 cm23. Laser parameters:

E ¼ 500mJ, t ¼ 40 fs, I < 2.5 £ 1018W cm22. The energy spread is ^3%. The

energy of this monoenergetic beam fluctuated by,30%, owing to variations in the laser

parameters.

Figure 5 Evolution of the energy spectrum of the electrons (integrated over the two-

dimensional simulation box) during a 1mm interaction at a plasma density of

n e ¼ 2.1 £ 1019 cm23. The simulation space was 1,536 £ 1,024 cells (16 cells per l)

with 4 electrons per cell. At the time indicated by the arrow (1) the pulse is self-focused

and some relativistic electrons have appeared, but at quite low energies. The laser pulse

front begins to steepen owing to the forced wakefield mechanism14 and this causes the

wakefield amplitude to grow. At time (2), the plasma wavelength begins to increase

relativistically, and at this point transverse wave-breaking takes place. This bunch

experiences a uniform acceleration to high energy. At later time (3), further plasma

oscillations, behind the initial one, also break transversely, resulting in multiple bunches

of accelerated electrons. As they travel further, these electron bunches begin to

dephase with respect to the plasma wave causing energy spread, just before they leave

the plasma (4).

Figure 4 Plot of dephasing length and cold wave-breaking amplitude versus plasma
density. Simulations show that the dephasing length in a nonlinear plasma wave remains

close to the linear value, L d < 2pcq 2/q pe
3 , owing to competition between the

nonlinearly increasing plasma wavelength, and the decrease in laser pulse group velocity

due to photon deceleration. The dephasing lengths (circles) and wave-breaking

amplitudes (squares) corresponding to the spectra shown in Fig. 2 are indicated; those in

the red shaded region correspond to the spectra that exhibited monoenergetic features,

and those in the blue shaded region correspond to the spectra that exhibited maxwellian

energy distributions. The green line indicates the interaction length observed using

transverse imaging diagnostics.
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high-charge electron beams with small energy spread at high energy,
a unique feature that has not been observed in previous laser plasma
acceleration experiments. To obtain the beam charge, the spec-
trometer phosphor screen has been calibrated against an integrating
current transformer (ICT) and against radionuclide activation
measurements9, both of which are consistent. For the data shown
in Fig. 3, the ^2% energy spread of the peak centred at 86MeV is
essentially limited by the spectrometer resolution, so that the beam
may in fact have narrower energy spread. The divergence of the
bunch at 86MeV was half that of the integrated beam observed on
the phosphor before the magnet, consistent with previous exper-
iments that have shown that higher-energy electrons were more
collimated2. The bunch shows a contrast ratio greater than 10:1
above a broad distribution of charge extending on either side. Space
charge effects should be minimal for this relativistic beam, so
assuming ballistic propagation from a source the size of the laser
spot in the channel (8.5 mm at entrance, 24 mm at exit), an upper
limit for the emittance can be obtained. Femtosecond bunches have
hence been produced25 containing 2 £ 109 electrons with geometric
and normalized r.m.s. emittances e x below 0.05–0.01 pmmmrad
and below 1–2 pmmmrad r.m.s., respectively. The peak current is
of the order of 10 kAwith emittance comparable to the best state of
the art RF facilities11. Bunches with energy up to 150MeV have been
observed on separate shots (see below).
Two-dimensional simulations using the particle in cell (PIC)

code VORPAL26 with parameters close to the experiment indicate
that the high-quality electron bunches observedmay be formed by a
combination of pulse evolution, beam loading, and dephasing. As
the drive laser pulse propagates through the plasma it self modu-
lates, driving an intense plasmawake that traps electrons. The initial
bunch of trapped electrons induces a secondary wake which inter-
feres with the primary wake, reducing its amplitude27. If the drive
laser pulse energy is just above the threshold for trapping, this beam
loading effect suppresses further injection, creating an electron
bunch isolated in phase space. The trapped electrons are then
accelerated until they outrun (dephase from) the wake, at which
point they are concentrated in phase and energy, forming a high-
quality bunch with low energy spread (Fig. 4). Matching accelerator
length and dephasing length to obtain high-quality bunches with
the parameters (jet length and ZR) of this experiment required
maintaining the intensity of the laser over many ZR using a guiding

channel. This dephasing condition can alternatively be met by a
short plasma at high density (see below) or by using a larger laser
spot size to extend ZR, but these alternatives are less efficient since
high density lowers peak energy while large spot size requires many
times greater laser power. Fluid28 and other PIC29 simulations have
also observed that longer acceleration length results in narrow
energy spread. Only one accelerating period of the plasma wave
contributes to the high-energy beam due to beam loading in these
simulations, so that the bunch length is less than a plasma period; for
the experimental parameters the bunch length is near 10 fs FWHM.

The quality of optical guiding as well as the pointing, quality and
charge of the electron beams at high energy fluctuated from shot to
shot, probably caused by laser pointing jitter that changes the
overlap between the wake drive pulse and the channel formation
pulses (and hence guide quality and incoupling) as well as laser
power fluctuations. Beams with 3 £ 109 electrons have been
observed at similar energies (78 ^ 3MeV FWHM), and electrons
were observed up to the limit of our 558 high-resolution spec-
trometer (92MeV). Using a separate phosphor screen placed after
the magnet at a 58 angle to the beam, we observed bunches at
energies up to 150MeV, but this diagnostic does not allow the fine
resolution required to resolve energy spread. Structure in the energy
spectrum has been seen for electrons with energy as low as 15MeV.
Below 15MeV there is an essentially continuous distribution, and
total beam charge was 1.7 £ 1010 electrons as measured by the ICT,
subtending f/8. Using a bend magnet, the low-energy contribution
can be separated, leaving a high-energy, high-quality beam with a
few times 109 electrons. Consistent control of guiding and electron
injection16,17 in order to stabilize these beams are among the next
challenges for laser accelerators.

To provide a baseline for evaluating the effects of guiding, the
accelerator was operated with the same gas jet and laser but without
the guiding channel. As seen in Fig. 2c and d, the laser pulse
diffracted strongly, limiting the acceleration length. The electron
beam had a total charge of 1.5 £ 1010 electrons, as measured by the
ICT, with divergence near 50mrad FWHM. The electron energy
spectrum is described by a two-temperature Boltzmann distri-
bution characterized by a 2.6MeV temperature below 10MeV and
an 8MeV temperature above 10MeV. Structure in the energy
spectrum did occur occasionally in the tail of the distribution
above 15MeV containing ,2% of the charge, consistent with a
beam accelerated over a short distance and with previous exper-

Figure 3 Single-shot electron beam spectrum and divergence of the channel-guided

accelerator, showing a bunch containing 2 £ 109 electrons in a narrow distribution at

86 ^ 1.8MeV and 3mrad divergence FWHM with contrast .10:1 above background.

This distribution is qualitatively different from the exponential distribution obtained in past

(unchannelled) laser acceleration experiments. The magnetic spectrometer consists of a

slit 82 cm from the gas jet, a bend of 558 in a dipole magnet to provide dispersion, and a

phosphor screen (LANEX Fast backed by an aluminium foil to reject laser light) imaged by

a CCD camera. Single-shot energy range is^15% about a central value selectable from 1

to 80MeV, and resolution is dE/E ¼ ^2%. The vertical beam size is obtained in the

undispersed direction, allowing the simultaneous determination of (vertical) divergence

and energy. Since electron beams observed on the phosphor before the magnet were

typically round in shape, this vertical divergence measurement is representative.

Figure 4 Particle in cell simulations, here displaying the phase space of the electrons,

show an energy distribution similar to that in the experiments. A high-quality electron

bunch is formed when the acceleration length is matched to the dephasing length, and

when the laser strength is such that beam loading is sufficiently strong to turn off injection

after the initial bunch of electrons is loaded. The peak energy observed in the simulations

is 200MeV, close to the experimental result.
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edge, this is the smallest divergence ever measured for a beam
emerging from a plasma accelerator. Figure 2b shows the deviation
of the beam when a magnetic field is applied. The image shows a
narrow peak around 170MeV, indicating efficient monoenergetic
acceleration. For comparison, Fig. 2c shows an image obtained at
higher electron density in the plasma (n e ¼ 2 £ 1019 cm23). Here,
electrons are randomly accelerated to all energies and the number of
high-energy electrons is low. In addition, the beam divergence
is much larger than in Fig. 2b. Figure 3 shows an electron
spectrum after deconvolution. The distribution is clearly quasi-
monoenergetic and peaks at 170MeV, with a 24% energy spread
(corresponding to the spectrometer resolution).

Finally, the charge contained in this beam can be inferred using an
integrating current transformer: the whole beam contains
2 ^ 0.5 nC, and the charge at 170 ^ 20MeV is 0.5 ^ 0.2 nC.
From the above, we can deduce that the electron beam energy was
100mJ. Thus, the energy conversion from the laser to the electron
beam was 10%.

Experimentally, this regime could be reached in a narrow range of
parameters: stretching the pulse duration above 50 fs was sufficient
to lose the peaked energy distribution. Similarly, when the electron
density was increased from 6 £ 1018 cm23 to 7.5 £ 1018 cm23,
the energy distribution became a broad plateau, similar to
previous results5. Above 1019 cm23, the electron distribution was
maxwellian-like with very few electrons accelerated at high energy.
Below 6 £ 1018 cm23, the number of accelerated electrons
decreased dramatically, although the distribution was still mono-
energetic. The evolution of electron spectra with experimental
parameters indicates that using laser pulses shorter than the plasma
period is beneficial for high-quality and monoenergetic electron
acceleration.

To reach a deeper understanding of the experiment, we have run
three-dimensional (3D) particle-in-cell (PIC) simulations using the
code Virtual Laser Plasma Laboratory21. The simulation results are
shown in Fig. 4a–c. The simulation suggests that our experimental
results can be explained by the following scenario. (1) At the
beginning of the simulation, the laser pulse length (9 mm) is nearly
resonant with the plasma wave (lp ¼ 13.6 mm); but its diameter
(21 mm . lp) is larger than the matched diameter. (2) As the pulse
propagates in the plateau region of the gas jet, it self-focuses and
undergoes longitudinal compression by plasma waves (Fig. 4a).
This decreases the effective radius of the laser pulse and increases the

Figure 3 Experimental and simulated electron spectra. Blue line with crosses, electron
spectrum corresponding to Fig. 2b, after deconvolution. Dashed line, estimation of the

background level. Red horizontal error bars, resolution of the spectrometer. Green line,

electron spectrum obtained from 3D PIC simulations. dN/dE is the number of electrons per

MeV (E is the electron energy in MeV).

Figure 4 3D PIC simulation results. a, b, Distributions of laser intensity (a) and electron
density (b) in the x–z plane, which is perpendicular to the polarization direction and passes
through the laser axis. The laser pulse runs from left to right, and has propagated 2mm in

the plasma. The bubble structure is clearly visible. The laser pushes the electron fluid

forward at the bubble head and creates a density compression there. Behind the laser we

see the cavitated region with nearly zero electron density. The radially expelled electrons

flow along the cavity boundary and collide at the X-point at the bubble base. Some

electrons are trapped and accelerated in the bubble. The beam of accelerated electrons is

seen as the black rod in b. These electrons are propagating behind the laser pulse (a) and
are not disturbed by the laser field. c, Electron phase space density f (x,g) in arbitrary
units. g is the relativistic factor of the electron: g ¼ (1 2 v 2/c 2)21/2, and v is the

electron velocity. We see that the electrons have dephased and have self-bunched in the

phase space around g .. 350. This self-bunching results in the mono-energetic peak in

the energy spectrum (Fig. 3). The red horizontal dashed lines indicate the location of the

mono-energetic peak in the phase space.
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Why PIC?

PIC loop Plasma acceleration in high non-linear regimes: from simulations to experiments to theory
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a b
FIGURE 2 Spectra of accelerated electrons: a final spectrum of the case of
Fig. 1; b the case of the 33-fs, 12-J laser pulse, time evolution of the energy
spectrum: (1) ct/λ = 350, (2) ct/λ = 450, (3) ct/λ = 550, (4) ct/λ = 650,
(5) ct/λ = 750 corresponding to Figs. 3, 4, and 5, (6) ct/λ = 850

tains a population of blue electrons, which stream from right
to left and feed the wave structure trailing the pulse.

The green wave crests are curved and start to break at their
vertex near the propagation axis. The curvature reflects the
3D structure of a plasma wave with transverse size of order
λp. A study in 2D geometry [15] has shown that these curved
wavefronts break at considerably lower wave amplitudes than
plane fronts. In the present 3D simulation, wave breaking oc-
curs already for Emax/Ewb ≈ 0.3 and strong electron depletion
is observed only in the first wave bucket. When comparing
with non-broken wake fields, the conspicuous new feature in
Fig. 1b–d is the stem of relativistic electrons growing out of
the base with a cross section of σtr ≈ 0.3 µm2 in this case.
The energy rises toward the top of the stem, with red elec-
trons which have been trapped first and accelerated over the
full propagation distance. This cavity with a stem is a surpris-
ingly stable structure. It is hardly affected by the drop in laser
intensity, which decreases steadily due to energy transfer to
electrons. The efficiency of electron acceleration in the cavity
is surprisingly high. At the end about 15% of the initial laser
energy has been transferred to the electron bunch. In Fig. 1d
the cavity arrives at the rear boundary of the plasma layer and
bursts, releasing the relativistic electron load into vacuum.

The electron pulse produced here consists of about 109

relativistic electrons in the range 10 < γ < 100, compressed
to a density above the ambient electron density and a pulse
length of just 5 fs. The energy spectrum consists of a plateau
extending from 1 to 50 MeV, as is seen in Fig. 2a. The spec-
trum is clearly non-thermal and thus different from the en-
ergy spectra observed with long laser pulses. Emerging from
a 2-µm spot with an angular divergence of about ±1◦, the elec-
tron bunch has a normalized emittance of γε⊥ < π mm mrad,
better than existing electron sources. These pulses may have
a broad range of applications, in particular for ultra-short,
ultra-bright, high-repetition-rate sources of X-rays and nu-
clear radiation (positrons, neutrons, etc.).

3 Quasi-monoenergetic beams of electrons from
laser-plasma cavities

As the second example (case II), we present the
simulation of a laser pulse with a 2 = 10, τ2 = 33 fs, and σ2 =

12λ, propagating in plasma with n e = 1019 cm− 3. A 3D per-
spective view of the fast electrons at time ct/λ = 700 is given
in Fig. 3. Here we plot each 100th electron above 10 MeV as
a dot colored according to its energy. We see that the highly
compressed stem of energetic electrons has a uniform color,
corresponding to a peak in the spectrum. The evolution of this
peak will be discussed in more detail below.

The wake field in this high-intensity regime is different
from that in Fig. 1. As seen in Fig. 4a–c, it has mutated into
a solitary cavity, and wave breaking has washed out all down-
stream structure. The laser pulse is so strong that it scatters
electrons sidewards, leaving an empty cavity behind. Com-
paring Fig. 4a and b, we see that the cavity stretches and the
stem elongates with time. At ct/λ = 700 the stem contains

FIGURE 3 The case of a 12-J, 33-fs laser pulse after propagating z/λ =
690 in 1019 cm− 3 plasma. 3D perspective view of hot electron distribution.
Each 100th electron above 10 MeV is shown as a dot colored according to its
energy. The white disc shows the laser-intensity surface at I = 1019 W/cm2

FIGURE 4 Solitary laser-plasma cavity produced by 12-J, 33-fs laser pulse.
a ct/λ = 500, b ct/λ = 700, c electron trajectories in the frame moving to-
gether with the laser pulse; color distinguishes electron groups with different
distances from the axis initially
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where  s represents a negative contribution from the
electron sheath and rb is a function of ct# z $ # . The
coefficients ! and " are 1=4 and 1=4 in 3D and 1=2 and
1=6 in 2D slab geometry. By equating %1"  & ! %1"
jaj2=2&1=2 on the axis for  given in Eq. (2), we estimate
that for the blowout radius rb to approach r1 the normal-
ized vector potential, a, must exceed 4.30 in 3D and 5.36
in 2D. This is one reason why the wake amplitude and the
self-injection does not occur until the lasers peak vector
potential evolves from an initial value of 3 to a value of 5.

For large values of rb, where  greatly exceeds unity,
the electrons will return to the axis with a large p? and
for the simulation parameters used here, the ponderomo-
tive potential vanishes at this position. Furthermore, as
the electrons converge to the axis, the ion column radius
decreases so that  is dominated by the negative contri-
bution from the electron sheath,  s (in the simulations
 s ! 0:5 at the convergence position). The large values of
p? and  being negative both contribute to make vx
approach unity leading to self-injection.

In Figs. 3(a) and 3(b) lineouts of the laser’s vector
potential and in Fig. 3(c) the lineout of the electric field
are shown at various propagation distances in units of
the initial peak fields. Each plot also shows the initial
laser profile. At the distance when the first stage of self-
injection occurs, 0.25 cm, the vector potential [Fig. 3(a)]
of the laser shows the expected self-phase modulation due
to the wake, with photon frequency being down-shifted at
the front and up-shifted at the back. Photon acceleration/
deceleration (PA/PD) [11] results when there is a gradient
in the index of refraction, causing phase fronts to catch
up/fall behind each other. In the blowout regime, PA/PD
is very localized because the gradients in the index of
refraction occur either at the front or the back of the
blowout region. At the front, the ponderomotive force
snowplows the density, leading to rapid PD to substan-
tially lower frequencies. The middle of the pulse prop-
agates nearly at c in the vacuum region, while the back
undergoes PA to higher frequencies by the density com-
pression caused by the convergence of the blow-out elec-
trons. This regime is very different from that recently
studied by Gordon et al. [12], who studied the ultrashort
pulse regime in which the entire pulse is photon
decelerated.

As seen in Figs. 3(a) and 3(b), PD combined with group
velocity dispersion modifies the vector potential and
electric fields differently, i.e., Ez ! 1:4 and a > 2 times
their initial values. The value of a has increased more
because PD acts like a ponderomotive force, or jaj2 am-
plifier. Although the energy in the laser decreases due to
pump depletion, the number of photons or, equivalently,
the action, jEj2=! ! !jaj2 is conserved locally [11].
Therefore, pump depletion (due to PD) leads to an in-

crease in the ponderomotive force which increases the
blowout radius and the wake’s amplitude.

At x ! 0:34 cm (the red curve in Fig. 3(c)), one sees
clearly the combined effect of self-phase modulation and
group velocity dispersion. At this time, the laser pulse is
not only broader, but the frequency content of the pulse
has been rearranged by group velocity dispersion. Now
the higher frequency components are at the front of the
pulse while the lower frequency photons have slipped to
the back. As the low frequency photons slip backward to
the density compression at the back, they are eventually
photon accelerated back to higher frequencies. This leads
to the pulse appearing as two short pulses at the front and
back of the blown-out region, as shown in the blue curve
in Fig. 3(c).

In Fig. 4, a sequence of density contours are shown in
two transverse planes, n%x; y; z ! 0& and n%x; y ! 0; z& for
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FIG. 3 (color). (a), (b) The vector potential and (c) the elec-
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The horizontal scale is x%c=!p& in (a), (b), and (c).

0

5.0

0
de

ns
ity

 (
n 

 )

-28µm

28µm

x

z

y

.43cm.24cm .64cm

1 2 1

FIG. 4 (color). Electron density contour showing the wake
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electron bunch, respectively.
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action length (see Fig. 4). In contrast, at higher densities the
dephasing distance is shorter than the interaction distance, and so
a quasi-maxwellian distribution of electrons emerges from the
plasma (Fig. 2d).

This acceleration mechanism described is supported by particle-
in-cell simulations of the interaction, performed using the code
OSIRIS25 on an eight G5 node “Applecluster” at Imperial College
London. The simulations were performed over the range of our
experimental parameters, and in 2D3V (two spatial but three
momentum and field dimensions.) As previously noted14, 2D3V
simulations can underestimate the maximum electron energies,

owing to reductions in the degrees of freedom for self-focusing and
plasma wave growth. However, they do accurately describe the
phenomenology of the interaction.
As in the experiments, the simulations show that for plasma

densities for which the plasma wavelength is greater than the pulse
length (lp $ ct), a plasma wave is generated, but there is no wave-
breaking. At these low densities the forced laser wakefield mecha-
nism14 is ineffective. But at densities slightly above this threshold, a
noticeable change occurs in the interaction. The generation of the
plasma wave causes self-focusing of the laser pulse away from its
leading edge, owing to the radial density profile of the plasma wave.
It is noted that for short pulses relativistic self-focusing is ineffective
for the front of the pulse26. The laser pulse becomes shaped like a
cone, tapered towards the rear, with a length close to lp. This causes
a feedback mechanism, where the increasing laser intensity towards
the back causes the plasma wave amplitude to grow, which can
further focus the laser pulse. As the plasma wave reaches large
amplitude the longitudinal motion of the electrons in the wave
becomes relativistic, which leads to a lengthening of the plasma
wavelength.
Crucially, as the laser pulse length is now less than the plasma

wavelength, plasma electrons can stream into the plasma wave
transversely behind the laser pulse, where previously they were
excluded by the laser’s ponderomotive force. Because the waveform
is non-sinusoidal, a large number of electrons can be injected into a
particular phase of the plasma wave and experience an accelerating
force. This transverse breaking of the wave reduces the electric field
strength of the plasma wave, thus preventing further injection and
so ensuring an electron bunch localized in position and time. The
transverse injection of electrons can explain why the plasma wave
can break at amplitudes significantly less (E < E0) than the one-
dimensional cold wave-breaking limit, Ewb ¼

ffiffiffi
2

p
ðgp 2 1Þ1=2E0,

where gp is the Lorentz factor associated with the plasma wave
(gp < q 0/q pe) (ref. 24).
All of the electrons in this bunch then experience very similar

acceleration as is demonstrated in Fig. 5, until they begin to outrun
the steepened accelerating front of the plasma wave. If the length of

Figure 3Measured electron spectrum at a density of 2 £ 1019 cm23. Laser parameters:

E ¼ 500mJ, t ¼ 40 fs, I < 2.5 £ 1018W cm22. The energy spread is ^3%. The

energy of this monoenergetic beam fluctuated by,30%, owing to variations in the laser

parameters.

Figure 5 Evolution of the energy spectrum of the electrons (integrated over the two-

dimensional simulation box) during a 1mm interaction at a plasma density of

n e ¼ 2.1 £ 1019 cm23. The simulation space was 1,536 £ 1,024 cells (16 cells per l)

with 4 electrons per cell. At the time indicated by the arrow (1) the pulse is self-focused

and some relativistic electrons have appeared, but at quite low energies. The laser pulse

front begins to steepen owing to the forced wakefield mechanism14 and this causes the

wakefield amplitude to grow. At time (2), the plasma wavelength begins to increase

relativistically, and at this point transverse wave-breaking takes place. This bunch

experiences a uniform acceleration to high energy. At later time (3), further plasma

oscillations, behind the initial one, also break transversely, resulting in multiple bunches

of accelerated electrons. As they travel further, these electron bunches begin to

dephase with respect to the plasma wave causing energy spread, just before they leave

the plasma (4).

Figure 4 Plot of dephasing length and cold wave-breaking amplitude versus plasma
density. Simulations show that the dephasing length in a nonlinear plasma wave remains

close to the linear value, L d < 2pcq 2/q pe
3 , owing to competition between the

nonlinearly increasing plasma wavelength, and the decrease in laser pulse group velocity

due to photon deceleration. The dephasing lengths (circles) and wave-breaking

amplitudes (squares) corresponding to the spectra shown in Fig. 2 are indicated; those in

the red shaded region correspond to the spectra that exhibited monoenergetic features,

and those in the blue shaded region correspond to the spectra that exhibited maxwellian

energy distributions. The green line indicates the interaction length observed using

transverse imaging diagnostics.
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high-charge electron beams with small energy spread at high energy,
a unique feature that has not been observed in previous laser plasma
acceleration experiments. To obtain the beam charge, the spec-
trometer phosphor screen has been calibrated against an integrating
current transformer (ICT) and against radionuclide activation
measurements9, both of which are consistent. For the data shown
in Fig. 3, the ^2% energy spread of the peak centred at 86MeV is
essentially limited by the spectrometer resolution, so that the beam
may in fact have narrower energy spread. The divergence of the
bunch at 86MeV was half that of the integrated beam observed on
the phosphor before the magnet, consistent with previous exper-
iments that have shown that higher-energy electrons were more
collimated2. The bunch shows a contrast ratio greater than 10:1
above a broad distribution of charge extending on either side. Space
charge effects should be minimal for this relativistic beam, so
assuming ballistic propagation from a source the size of the laser
spot in the channel (8.5 mm at entrance, 24 mm at exit), an upper
limit for the emittance can be obtained. Femtosecond bunches have
hence been produced25 containing 2 £ 109 electrons with geometric
and normalized r.m.s. emittances e x below 0.05–0.01 pmmmrad
and below 1–2 pmmmrad r.m.s., respectively. The peak current is
of the order of 10 kAwith emittance comparable to the best state of
the art RF facilities11. Bunches with energy up to 150MeV have been
observed on separate shots (see below).
Two-dimensional simulations using the particle in cell (PIC)

code VORPAL26 with parameters close to the experiment indicate
that the high-quality electron bunches observedmay be formed by a
combination of pulse evolution, beam loading, and dephasing. As
the drive laser pulse propagates through the plasma it self modu-
lates, driving an intense plasmawake that traps electrons. The initial
bunch of trapped electrons induces a secondary wake which inter-
feres with the primary wake, reducing its amplitude27. If the drive
laser pulse energy is just above the threshold for trapping, this beam
loading effect suppresses further injection, creating an electron
bunch isolated in phase space. The trapped electrons are then
accelerated until they outrun (dephase from) the wake, at which
point they are concentrated in phase and energy, forming a high-
quality bunch with low energy spread (Fig. 4). Matching accelerator
length and dephasing length to obtain high-quality bunches with
the parameters (jet length and ZR) of this experiment required
maintaining the intensity of the laser over many ZR using a guiding

channel. This dephasing condition can alternatively be met by a
short plasma at high density (see below) or by using a larger laser
spot size to extend ZR, but these alternatives are less efficient since
high density lowers peak energy while large spot size requires many
times greater laser power. Fluid28 and other PIC29 simulations have
also observed that longer acceleration length results in narrow
energy spread. Only one accelerating period of the plasma wave
contributes to the high-energy beam due to beam loading in these
simulations, so that the bunch length is less than a plasma period; for
the experimental parameters the bunch length is near 10 fs FWHM.

The quality of optical guiding as well as the pointing, quality and
charge of the electron beams at high energy fluctuated from shot to
shot, probably caused by laser pointing jitter that changes the
overlap between the wake drive pulse and the channel formation
pulses (and hence guide quality and incoupling) as well as laser
power fluctuations. Beams with 3 £ 109 electrons have been
observed at similar energies (78 ^ 3MeV FWHM), and electrons
were observed up to the limit of our 558 high-resolution spec-
trometer (92MeV). Using a separate phosphor screen placed after
the magnet at a 58 angle to the beam, we observed bunches at
energies up to 150MeV, but this diagnostic does not allow the fine
resolution required to resolve energy spread. Structure in the energy
spectrum has been seen for electrons with energy as low as 15MeV.
Below 15MeV there is an essentially continuous distribution, and
total beam charge was 1.7 £ 1010 electrons as measured by the ICT,
subtending f/8. Using a bend magnet, the low-energy contribution
can be separated, leaving a high-energy, high-quality beam with a
few times 109 electrons. Consistent control of guiding and electron
injection16,17 in order to stabilize these beams are among the next
challenges for laser accelerators.

To provide a baseline for evaluating the effects of guiding, the
accelerator was operated with the same gas jet and laser but without
the guiding channel. As seen in Fig. 2c and d, the laser pulse
diffracted strongly, limiting the acceleration length. The electron
beam had a total charge of 1.5 £ 1010 electrons, as measured by the
ICT, with divergence near 50mrad FWHM. The electron energy
spectrum is described by a two-temperature Boltzmann distri-
bution characterized by a 2.6MeV temperature below 10MeV and
an 8MeV temperature above 10MeV. Structure in the energy
spectrum did occur occasionally in the tail of the distribution
above 15MeV containing ,2% of the charge, consistent with a
beam accelerated over a short distance and with previous exper-

Figure 3 Single-shot electron beam spectrum and divergence of the channel-guided

accelerator, showing a bunch containing 2 £ 109 electrons in a narrow distribution at

86 ^ 1.8MeV and 3mrad divergence FWHM with contrast .10:1 above background.

This distribution is qualitatively different from the exponential distribution obtained in past

(unchannelled) laser acceleration experiments. The magnetic spectrometer consists of a

slit 82 cm from the gas jet, a bend of 558 in a dipole magnet to provide dispersion, and a

phosphor screen (LANEX Fast backed by an aluminium foil to reject laser light) imaged by

a CCD camera. Single-shot energy range is^15% about a central value selectable from 1

to 80MeV, and resolution is dE/E ¼ ^2%. The vertical beam size is obtained in the

undispersed direction, allowing the simultaneous determination of (vertical) divergence

and energy. Since electron beams observed on the phosphor before the magnet were

typically round in shape, this vertical divergence measurement is representative.

Figure 4 Particle in cell simulations, here displaying the phase space of the electrons,

show an energy distribution similar to that in the experiments. A high-quality electron

bunch is formed when the acceleration length is matched to the dephasing length, and

when the laser strength is such that beam loading is sufficiently strong to turn off injection

after the initial bunch of electrons is loaded. The peak energy observed in the simulations

is 200MeV, close to the experimental result.
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edge, this is the smallest divergence ever measured for a beam
emerging from a plasma accelerator. Figure 2b shows the deviation
of the beam when a magnetic field is applied. The image shows a
narrow peak around 170MeV, indicating efficient monoenergetic
acceleration. For comparison, Fig. 2c shows an image obtained at
higher electron density in the plasma (n e ¼ 2 £ 1019 cm23). Here,
electrons are randomly accelerated to all energies and the number of
high-energy electrons is low. In addition, the beam divergence
is much larger than in Fig. 2b. Figure 3 shows an electron
spectrum after deconvolution. The distribution is clearly quasi-
monoenergetic and peaks at 170MeV, with a 24% energy spread
(corresponding to the spectrometer resolution).

Finally, the charge contained in this beam can be inferred using an
integrating current transformer: the whole beam contains
2 ^ 0.5 nC, and the charge at 170 ^ 20MeV is 0.5 ^ 0.2 nC.
From the above, we can deduce that the electron beam energy was
100mJ. Thus, the energy conversion from the laser to the electron
beam was 10%.

Experimentally, this regime could be reached in a narrow range of
parameters: stretching the pulse duration above 50 fs was sufficient
to lose the peaked energy distribution. Similarly, when the electron
density was increased from 6 £ 1018 cm23 to 7.5 £ 1018 cm23,
the energy distribution became a broad plateau, similar to
previous results5. Above 1019 cm23, the electron distribution was
maxwellian-like with very few electrons accelerated at high energy.
Below 6 £ 1018 cm23, the number of accelerated electrons
decreased dramatically, although the distribution was still mono-
energetic. The evolution of electron spectra with experimental
parameters indicates that using laser pulses shorter than the plasma
period is beneficial for high-quality and monoenergetic electron
acceleration.

To reach a deeper understanding of the experiment, we have run
three-dimensional (3D) particle-in-cell (PIC) simulations using the
code Virtual Laser Plasma Laboratory21. The simulation results are
shown in Fig. 4a–c. The simulation suggests that our experimental
results can be explained by the following scenario. (1) At the
beginning of the simulation, the laser pulse length (9 mm) is nearly
resonant with the plasma wave (lp ¼ 13.6 mm); but its diameter
(21 mm . lp) is larger than the matched diameter. (2) As the pulse
propagates in the plateau region of the gas jet, it self-focuses and
undergoes longitudinal compression by plasma waves (Fig. 4a).
This decreases the effective radius of the laser pulse and increases the

Figure 3 Experimental and simulated electron spectra. Blue line with crosses, electron
spectrum corresponding to Fig. 2b, after deconvolution. Dashed line, estimation of the

background level. Red horizontal error bars, resolution of the spectrometer. Green line,

electron spectrum obtained from 3D PIC simulations. dN/dE is the number of electrons per

MeV (E is the electron energy in MeV).

Figure 4 3D PIC simulation results. a, b, Distributions of laser intensity (a) and electron
density (b) in the x–z plane, which is perpendicular to the polarization direction and passes
through the laser axis. The laser pulse runs from left to right, and has propagated 2mm in

the plasma. The bubble structure is clearly visible. The laser pushes the electron fluid

forward at the bubble head and creates a density compression there. Behind the laser we

see the cavitated region with nearly zero electron density. The radially expelled electrons

flow along the cavity boundary and collide at the X-point at the bubble base. Some

electrons are trapped and accelerated in the bubble. The beam of accelerated electrons is

seen as the black rod in b. These electrons are propagating behind the laser pulse (a) and
are not disturbed by the laser field. c, Electron phase space density f (x,g) in arbitrary
units. g is the relativistic factor of the electron: g ¼ (1 2 v 2/c 2)21/2, and v is the

electron velocity. We see that the electrons have dephased and have self-bunched in the

phase space around g .. 350. This self-bunching results in the mono-energetic peak in

the energy spectrum (Fig. 3). The red horizontal dashed lines indicate the location of the

mono-energetic peak in the phase space.
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terms of rb!!". Such a relation can be approximately
obtained as follows. This is the key simplification in this
Letter.

The source term for  !r;!" is "# Jz. At each !, "#
Jz $ "ion % "e# Jze, where "ion $ 1 for all r and "e#
Jze is zero for r < rb, rises sharply within a sheath of
thickness of !s!!" [simulations and analytic arguments
[3] show that it is small compared with rb!!" for most of
the ion channel, i.e., !s=rb & #' 1, but its absolute value
can be significant, e.g., for rb(10, #(0:1, !s(1]
and gradually falls to unity in a width !L!!" [a region
where the plasma electrons respond nearly as they would
be in a linear wake, !L!!" (1 from linear theory]. This is
illustrated in Fig. 1(b) where the profile #!"# Jz=c"
versus r is plotted for an arbitrary value of ! from
Fig. 1(a). ! & !s %!L $ #rb % !L is also defined in
Fig. 1(b). The structure of "# Jz enables us to write
 0!!" approximately in terms of rb!!", !L, and #, e.g.,
 0!rb!!";!L; #", by assuming a parametrized profile. We
find that very accurate results can be obtained using a
very simple profile, which assumes a constant n! over
the sheath and the linear region, where n! $

r2
b

!rb%!"2#r2
b

for rb < r < rb % !. This is illustrated in Fig. 1(b). Inter-
estingly, the results are very insensitive to the forms of the
profiles, but obviously, more refined profiles can be used.
For this profile,

 !r;!" $  0!!" #
r2

4
$ r2

b!!"
4
!1% $" # r

2

4
(10)

for r)rb where $*rb!!";!L; #+ $ !1%%"2 ln!1%%"2
!1%%"2#1

# 1 and
% & !=rb $ !L=rb % #.

All the ! derivatives of $ that arise in Eq. (9) can be
written as d!$ $ d!rb@rb$ under the assumption that !L

and # only depend weakly on ! so we can assume @!!L ,
0 and @!# , 0. Proceeding in this way Eq. (9) can then be
put in the following form after collecting terms,

A!rb"
d2rb
d!2 % B!rb"rb

!
drb
d!

"
2
% C!rb"rb $

&!!"
rb

; (11)

where A!rb" $ 1% *14%
$
2 % 1

8 rb
d$
drb
+r2
b, B!rb" $ 1

2% 3
4$%

3
4 rb

d$
drb
% 1

8 r
2
b
d2$
dr2

b
, C!rb" $ 1

4 *1% 1
!1%$

4r
2
b"2
+.

Recall that once rb!!" is solved for then  !r" is known
[Eq. (10)] and Ez!r $ 0;!" $ d 0=d! $ d*r2

b!1%$"=4+=
d! is known. We note here that for a laser driver C!rb" $
1
4*1%

1%a2
2

!1%$
4r

2
b"2
+ and the right side of Eq. (11) becomes

#
d
dr
jaj2

4

1%$
4r

2
b

, which comes from the laser’s ponderomotive force.

We show the accuracy of our model by directly integrat-
ing Eq. (11) for a bi-Gaussian electron beam driver. We
choose kp'r $ 0:1 and kp'z $

###
2
p

and electron initial po-
sitions r0' rm. In Fig. 2(a), we plot the trajectories of
rb!!" for different values of beam charge, i.e., eN, and
hence different maximum blowout radius (rm varies from

0.18 to 4) and compare these trajectories with the blowout
boundaries extracted from fully nonlinear PIC simulations.
The theory and PIC simulation results for rb are essentially
identical for each case. We used !s $ 0:1rb and !L $ 1 for
each case. Varying !L from 0 to 3 leads to only a 20% de-
viation in both the blowout radius and the ion channel
length.

Figure 2(b) compares the wakefields, Ez, calculated
from the model with those from PIC simulations. The
agreement is also excellent until near the rear of the blow-
out region. We have determined that much of the disagree-
ment comes from assuming constant !s=rb and !L, which
is not exactly true near the rear of the first bucket. In
Fig. 2(b) (1), we also plot the wakefield which is calculated
using a !L which depends on !. This gives better agree-
ment near the rear of the ion column. Although this simple
model cannot give exact predictions for Ez near the very
rear of the ion channel, it provides the correct trajectory for
rb and hence the correct structure of the wakefield, e.g., the
peak decelerating field, the useful accelerating field, the
useful transformer ratio, and the wake’s wavelength for
arbitrary shaped bunches. It also describes quantitatively
how the wakefield’s structure changes as rm increases. We
also note that it is accurate enough to treat the beam
loading problem. Figure 2(b) (2) shows the agreement
between the theory and simulation where a drive beam
and a trailing beam are used. The agreement is exact within
the trailing beam. More details on beam loading will be
given in a separate publication.

Much can be learned by examining Eq. (11) in two
distinct regimes: namely, the nonrelativistic blowout re-

FIG. 2 (color). (a) comparison of the trajectories of rb!!"
(beam center is at ! $ 5); (b) comparison of the accelerating
field Ez!!": PIC simulation (red), calculation by a constant
profile (blue), calculation by a varying profile (brown, !L $ 1
for ! from 1 to 8, and decreases linearly to 0.2 at ! $ 15).
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We present a theory for nonlinear, multidimensional plasma waves with phase velocities near the speed
of light. It is appropriate for describing plasma waves excited when all electrons are expelled out from a
finite region by either the space charge of a short electron beam or the radiation pressure of a short intense
laser. It works very well for the first bucket before phase mixing occurs. We separate the plasma response
into a cavity or blowout region void of all electrons and a sheath of electrons just beyond the cavity. This
simple model permits the derivation of a single equation for the boundary of the cavity. It works
particularly well for narrow electron bunches and for short lasers with spot sizes matched to the radius of
the cavity. It is also used to describe the structure of both the accelerating and focusing fields in the wake.

DOI: 10.1103/PhysRevLett.96.165002 PACS numbers: 52.38.Kd, 52.35.Mw, 52.65.Rr

In plasma-based acceleration, a plasma wave with a
phase velocity close to the speed of light is driven by a
short intense particle or laser beam. When a laser pulse is
used it is called laser wakefield acceleration (LWFA) [1]
and when a particle bunch is used it is called plasma
wakefield acceleration (PWFA) [2]. Most analytical theo-
ries to date on plasma waves and wakefield excitation have
either been restricted to linear fluid theory [2–4] or one-
dimensional nonlinear fluid theory [5,6]. In recent PWFA
and LWFA experiments [7,8] the wakes are excited in the
so-called blowout regime where electrons are expelled
radially. In this regime neither fluid nor one-dimensional
(axial) theory applies. These wakes are complicated be-
cause their fields are electromagnetic, relativistic mass
effects are important, and trajectory crossing occurs.

In the blowout regime all the plasma electrons are
expelled from a region around the axis, leaving behind a
uniform column of plasma ions. The column is surrounded
by a thin layer of the expelled electrons which is sur-
rounded by a weakly perturbed plasma with a thickness
of a linear skin depth. The ions pull the electrons back to
the axis in about a plasma period (or equivalently a plasma
wavelength of 2!c=!p). These electrons overshoot,
thereby creating the wake. The first oscillation or bucket
is of most interest to plasma-based acceleration. This is
illustrated in Fig. 1(a) where the electron density resulting
from a short electron bunch is plotted from a fully non-
linear particle-in-cell (PIC) simulation using the code
OSIRIS [9]. The electron bunch is propagating to the left
in the variable " ! ct" z. The blowout or ion column
radius, rb, is also defined in this plot.

Creating wakefields in the blowout regime was first
investigated by Rosenzweig et al. [10] for PWFA case of
electron beam drivers. These wakefields had perfectly
linear focusing fields and had radially independent accel-
eration fields for electrons. Similar wakefields can be
excited by laser drivers. In recent work on LWFA the
term bubble regime [11], instead of blowout regime, is

used. Despite this intense interest, little theory for how
the wakefields in the blowout regime scale with the elec-
tron beam or laser beam parameters currently exists; and
no theory exists for how beam loading occurs within the
ion channel. In addition, while there are expressions for the
nonlinear frequency shift [5] for one-dimensional wakes
there is no such expression for multidimensional wakes.
Recently Barov et al. [12], Lotov [13], and Kostyukov
et al. [14] each have analyzed some aspects of the blowout
regime; however, these analyses do not predict the shape of
the ion column (bubble) or of the field structures. In this
Letter, we will present a predictive theoretical model for
wake excitation in the blowout (‘‘bubble’’) regime.

We begin with Maxwell’s equations in the Lorentz
gauge and the equation of motion for a plasma electron.

FIG. 1 (color). (a) Electron density with the defined blowout
radius rb#"$ and (b) "##"Jz=c$ profile from a PIC simulation.
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Beam loading

the very front and the very back of the bubble. To make
progress analytically, we take the ultrarelativistic limit,
where the normalized maximum radius of the ion channel
is !pRb=c ! 1. The equation for the innermost particle
trajectory reduces to (see Ref. [13]):

rb
d2rb
d!2 þ2

!
drb
d!

"
2
þ1 ¼ 4"ð!Þ

r2b
; (1)

where we adopt normalized units, with length normalized
to the skin-depth c=!p, density to the plasma density np,
charge to the electron charge e, and fields to mc!p=e. The
term on the right-hand side of Eq. (1) can describe the
charge per unit length of an electron beam driver or a
trailing beam (an additional term for the pondoromotive
force of the laser can also be included [13]). Here we are
interested in the back half of the bubble, where the wake-
field is accelerating and the quantity 2#"ð!Þ, with "ð!Þ ¼R1
0 rnbdr, is the charge per unit length of the beam load.
We define ! ¼ 0 at the location where rb is maximum,

i.e., drb
d! j!¼0 ¼ 0. In Ref. [13], it was shown that for

!pRb=c ! 1, the wakefield is Ez ’ 1
2 rb

drb
d! ; therefore,

Ezð! ¼ 0Þ ’ 0. For !> 0, the electrons are attracted by
the ion channel back toward the !-axis with drb

d! j!>0 < 0

until ! ¼ !s where beam loading starts. For ! & !s, the
electrons feel the repelling force from the charge of the
accelerating beam, in addition to the force from the ion
channel. The additional repelling force decreases the slope
of the sheath drb

d! , thereby lowering the magnitude of Ez.

This can be seen in the simulation results in Fig. 1, where
the trajectory of the innermost electron for an unloaded

wake is drawn on top of the electron density for a loaded
wake, and the corresponding wakefield for the two cases is
also plotted. The method for choosing the charge profile of
the load is described below.
If the repelling force is too large and the beam too long,

the electrons in the sheath will reverse the direction of their
transverse velocity at some !r, where

drb
d! j!¼!r

¼ 0, and,

consequently, Ezð!rÞ ¼ 0. This is a very undesirable con-
figuration because it implies that the front of the bunch
feels a much stronger accelerating force than the back.
We are interested in trajectories for which rbð!> 0Þ

decreases monotonically. " may then be expressed as a

function of rb: "ð!Þ ¼ lðrbÞ. Substituting r00b ¼ r0b
dr0b
drb

,

where the prime denotes differentiation with respect to !,

Eq. (1) reduces to
dr0b
drb

¼ 4lðrbÞ' r2b½2ðr0bÞ2þ1)
r3
b
r0b

, which can be

integrated to yield

Ez ’
1

2
rb

drb
d!

¼ ' rb
2

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16

R
rb lð$Þ$d$ þC

r4b
' 1

s
(2)

First we comment on salient features of the unloaded
case ðlðrbÞ ¼ 0Þ. Evaluating the constant in Eq. (2) from
the condition Ezðrb ¼ RbÞ ¼ 0, we obtain:

EzðrbÞ ’
1

2
rb

drb
d!

¼ ' rb
2

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b

r4b
' 1

s
; Rb & rb > 0:

(3)

Equation (3) can be integrated from the top of the bubble
rbð! ¼ 0Þ ¼ Rb to yield the innermost particle trajectory
for 0< rb * Rb:

!

Rb
¼ 2E

$
arccos

$
rb
Rb

%&&&&&&&&
1

2

%
' F

$
arccos

$
rb
Rb

%&&&&&&&&
1

2

%
; (4)

whereFð’jmÞ,Eð’jmÞ are the incomplete elliptic integrals
of the first and second kind [18].
To minimize the energy spread on the beam, we seek the

beam profile that results in Ezðrb * rsÞ ¼ 1
2 rb

drb
d! jrb¼rs ’

const + ' Es within the bunch. The shape of the bubble in
this case is described by the parabola r2b ¼ r2s ' 4Esð! '
!sÞ. For 0 * ! * !s, Ez is given by Eq. (3). Es is found by
requiring that the wakefield is continuous at !s: Es ¼
rs
2
ffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b

r4s
' 1

r
. For !s * ! * !s þ r2s

4Es
, where !s þ r2s

4Es
is

the location at which the sheath reaches the !-axis, the
profile of "ð!Þ that leads to a constant wakefield is trape-

zoidal with maximum at "ð!sÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
s þR4

b

24

q
and minimum

at "ð!s þ r2s
4Es

Þ ¼ E2
s

"ð!Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
s þ

R4
b

24

s
' Esð! ' !sÞ (5)

and the total charge Qs ¼ 2#
Rr2s=ð4EsÞ
!s

"ð!Þd! is

FIG. 1 (color online). The electron density from a PIC simu-
lation with OSIRIS [19] for kpRb ¼ 5 is presented. The beams
move to the right. The broken black line traces the blowout
radius in the absence of the load. On the bottom, the red (black)
line is the lineout of the wakefield Ezð!; rb ¼ 0Þ when the beam
load is present (absent).

PRL 101, 145002 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

3 OCTOBER 2008

145002-2

and the wakefield are given by

8l0 ¼ r2b þ 1
2ð! $ !!s þ

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8l0 $ r2!s

q
Þ2; (12)

Ez ¼ $ 1
4ð! $ !!sÞ þ Ezð! ¼ ! !sÞ (13)

and the innermost particle will reach the !-axis at !!s þ
"!!s, where "!!s ¼

ffiffi
2

p
r!s
ðR2

b $
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b $ r4!s

q
Þ. In this case, the

energy absorption per unit length is identical to that of an
optimal trapezoidal bunch 2"l0"!!shjEzji ¼ QsEs. The
difference in the accelerating force experienced by the
front and the back of the bunch will tend to increase the
bunch’s energy spread. This can be avoided either by
injecting the bunch with an initial energy chirp to compen-
sate for the effect caused by the field in Eq. (13) or by using
a monoenergetic trapezoidal bunch.

If the driver travels with a velocity slower than that of
the accelerating electrons, these electrons will move with
respect to the wake. In this context, it is interesting to see
what happens if a flat-top electron bunch optimized for
some !1 is instead placed at !2 and !3, both smaller than
!1.

In Fig. 2(a), we compare the lineouts of the wakefield
Ezð!; rb ¼ 0Þ from three 2D cylindrically symmetric simu-
lations with the theoretical results for flat-top beams. For
each simulation, an electron bunch with l0 ¼ 0:25R2

b and
length "! !s ¼ 0:27Rb is loaded at one of three locations:
!1 ¼ 0:67Rb, !2 ¼ 0:53Rb, !3 ¼ 0:31Rb. The open red

squares correspond to loading at !1, the solid blue dia-
monds to !2, and the open green circles to !3. The solid
lines are derived from the theory [for l0 > R4

b=ð8r2!sÞ, the
particle trajectory in the region ! !s & !< !m can be writ-
ten in terms of the integral Eð’jm Þ] and are in excellent
agreement with the simulations in all three cases.
We repeated the simulations using Gaussian bunches

with the same number of particles as in the flat-top cases
and NbðzÞ ¼ Nbffiffiffiffiffi

2"
p

#z
e$ z2=ð2#2

z Þ, where #z ¼ "!!s=ð2
ffiffiffi
2

p
Þ.

Each bunch is placed so that its center is at a distanceffiffiffi
2

p
#z from !1, !2, and !3 for the three simulations. The

results, shown in Fig. 2(b), confirm that the Gaussian
bunches may be treated using the theory for flat-top
bunches. In both Figs. 2(a) and 2(b), we observe that the
wakefield is relatively flat regardless of the placement of
the bunch. The initial negative slope is balanced by a
smaller positive slope for most of the acceleration process.
Last we note that we started from Eq. (1), which is the

ultrarelativistic limit of Eq. (11) of Ref. [13] and is ex-
pected to hold for kpRb * 3. For lower kpRb the formalism
described here can still be applied if one numerically
solves Eq. (11) of Ref. [13].
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Beam loading PWFA: Energy doubling

the very front and the very back of the bubble. To make
progress analytically, we take the ultrarelativistic limit,
where the normalized maximum radius of the ion channel
is !pRb=c ! 1. The equation for the innermost particle
trajectory reduces to (see Ref. [13]):

rb
d2rb
d!2 þ2

!
drb
d!

"
2
þ1 ¼ 4"ð!Þ

r2b
; (1)

where we adopt normalized units, with length normalized
to the skin-depth c=!p, density to the plasma density np,
charge to the electron charge e, and fields to mc!p=e. The
term on the right-hand side of Eq. (1) can describe the
charge per unit length of an electron beam driver or a
trailing beam (an additional term for the pondoromotive
force of the laser can also be included [13]). Here we are
interested in the back half of the bubble, where the wake-
field is accelerating and the quantity 2#"ð!Þ, with "ð!Þ ¼R1
0 rnbdr, is the charge per unit length of the beam load.
We define ! ¼ 0 at the location where rb is maximum,

i.e., drb
d! j!¼0 ¼ 0. In Ref. [13], it was shown that for

!pRb=c ! 1, the wakefield is Ez ’ 1
2 rb

drb
d! ; therefore,

Ezð! ¼ 0Þ ’ 0. For !> 0, the electrons are attracted by
the ion channel back toward the !-axis with drb

d! j!>0 < 0

until ! ¼ !s where beam loading starts. For ! & !s, the
electrons feel the repelling force from the charge of the
accelerating beam, in addition to the force from the ion
channel. The additional repelling force decreases the slope
of the sheath drb

d! , thereby lowering the magnitude of Ez.

This can be seen in the simulation results in Fig. 1, where
the trajectory of the innermost electron for an unloaded

wake is drawn on top of the electron density for a loaded
wake, and the corresponding wakefield for the two cases is
also plotted. The method for choosing the charge profile of
the load is described below.
If the repelling force is too large and the beam too long,

the electrons in the sheath will reverse the direction of their
transverse velocity at some !r, where

drb
d! j!¼!r

¼ 0, and,

consequently, Ezð!rÞ ¼ 0. This is a very undesirable con-
figuration because it implies that the front of the bunch
feels a much stronger accelerating force than the back.
We are interested in trajectories for which rbð!> 0Þ

decreases monotonically. " may then be expressed as a

function of rb: "ð!Þ ¼ lðrbÞ. Substituting r00b ¼ r0b
dr0b
drb

,

where the prime denotes differentiation with respect to !,

Eq. (1) reduces to
dr0b
drb

¼ 4lðrbÞ' r2b½2ðr0bÞ2þ1)
r3
b
r0b

, which can be

integrated to yield

Ez ’
1

2
rb

drb
d!

¼ ' rb
2

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16

R
rb lð$Þ$d$ þC

r4b
' 1

s
(2)

First we comment on salient features of the unloaded
case ðlðrbÞ ¼ 0Þ. Evaluating the constant in Eq. (2) from
the condition Ezðrb ¼ RbÞ ¼ 0, we obtain:

EzðrbÞ ’
1

2
rb

drb
d!

¼ ' rb
2

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b

r4b
' 1

s
; Rb & rb > 0:

(3)

Equation (3) can be integrated from the top of the bubble
rbð! ¼ 0Þ ¼ Rb to yield the innermost particle trajectory
for 0< rb * Rb:

!

Rb
¼ 2E

$
arccos

$
rb
Rb

%&&&&&&&&
1

2

%
' F

$
arccos

$
rb
Rb

%&&&&&&&&
1

2

%
; (4)

whereFð’jmÞ,Eð’jmÞ are the incomplete elliptic integrals
of the first and second kind [18].
To minimize the energy spread on the beam, we seek the

beam profile that results in Ezðrb * rsÞ ¼ 1
2 rb

drb
d! jrb¼rs ’

const + ' Es within the bunch. The shape of the bubble in
this case is described by the parabola r2b ¼ r2s ' 4Esð! '
!sÞ. For 0 * ! * !s, Ez is given by Eq. (3). Es is found by
requiring that the wakefield is continuous at !s: Es ¼
rs
2
ffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b

r4s
' 1

r
. For !s * ! * !s þ r2s

4Es
, where !s þ r2s

4Es
is

the location at which the sheath reaches the !-axis, the
profile of "ð!Þ that leads to a constant wakefield is trape-

zoidal with maximum at "ð!sÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
s þR4

b

24

q
and minimum

at "ð!s þ r2s
4Es

Þ ¼ E2
s

"ð!Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
s þ

R4
b

24

s
' Esð! ' !sÞ (5)

and the total charge Qs ¼ 2#
Rr2s=ð4EsÞ
!s

"ð!Þd! is

FIG. 1 (color online). The electron density from a PIC simu-
lation with OSIRIS [19] for kpRb ¼ 5 is presented. The beams
move to the right. The broken black line traces the blowout
radius in the absence of the load. On the bottom, the red (black)
line is the lineout of the wakefield Ezð!; rb ¼ 0Þ when the beam
load is present (absent).
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and the wakefield are given by

8l0 ¼ r2b þ 1
2ð! $ !!s þ

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8l0 $ r2!s

q
Þ2; (12)

Ez ¼ $ 1
4ð! $ !!sÞ þ Ezð! ¼ ! !sÞ (13)

and the innermost particle will reach the !-axis at !!s þ
"!!s, where "!!s ¼

ffiffi
2

p
r!s
ðR2

b $
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b $ r4!s

q
Þ. In this case, the

energy absorption per unit length is identical to that of an
optimal trapezoidal bunch 2"l0"!!shjEzji ¼ QsEs. The
difference in the accelerating force experienced by the
front and the back of the bunch will tend to increase the
bunch’s energy spread. This can be avoided either by
injecting the bunch with an initial energy chirp to compen-
sate for the effect caused by the field in Eq. (13) or by using
a monoenergetic trapezoidal bunch.

If the driver travels with a velocity slower than that of
the accelerating electrons, these electrons will move with
respect to the wake. In this context, it is interesting to see
what happens if a flat-top electron bunch optimized for
some !1 is instead placed at !2 and !3, both smaller than
!1.

In Fig. 2(a), we compare the lineouts of the wakefield
Ezð!; rb ¼ 0Þ from three 2D cylindrically symmetric simu-
lations with the theoretical results for flat-top beams. For
each simulation, an electron bunch with l0 ¼ 0:25R2

b and
length "! !s ¼ 0:27Rb is loaded at one of three locations:
!1 ¼ 0:67Rb, !2 ¼ 0:53Rb, !3 ¼ 0:31Rb. The open red

squares correspond to loading at !1, the solid blue dia-
monds to !2, and the open green circles to !3. The solid
lines are derived from the theory [for l0 > R4

b=ð8r2!sÞ, the
particle trajectory in the region ! !s & !< !m can be writ-
ten in terms of the integral Eð’jm Þ] and are in excellent
agreement with the simulations in all three cases.
We repeated the simulations using Gaussian bunches

with the same number of particles as in the flat-top cases
and NbðzÞ ¼ Nbffiffiffiffiffi

2"
p

#z
e$ z2=ð2#2

z Þ, where #z ¼ "!!s=ð2
ffiffiffi
2

p
Þ.

Each bunch is placed so that its center is at a distanceffiffiffi
2

p
#z from !1, !2, and !3 for the three simulations. The

results, shown in Fig. 2(b), confirm that the Gaussian
bunches may be treated using the theory for flat-top
bunches. In both Figs. 2(a) and 2(b), we observe that the
wakefield is relatively flat regardless of the placement of
the bunch. The initial negative slope is balanced by a
smaller positive slope for most of the acceleration process.
Last we note that we started from Eq. (1), which is the

ultrarelativistic limit of Eq. (11) of Ref. [13] and is ex-
pected to hold for kpRb * 3. For lower kpRb the formalism
described here can still be applied if one numerically
solves Eq. (11) of Ref. [13].
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Theory and simulation benchmark

M. Tzoufras et al PRL (2008)

The simulations have reproduced the energy spectrum seen in the
experiment for an 85-cm-long plasma and elucidated the underlying
physical mechanism, head erosion, which leads to the observed sat-
uration of themaximum energy. This effect can be avoided by the use
of a lower-emittance beam such that its diffraction length is longer
than the plasma length. In that case, themaximum energy gain would
be determined by the energy of the drive beam.

Thus, we have produced an accelerating field of 52GVm21 in a
plasma wakefield accelerator and sustained it for 85 cm. The result is
in excellent agreement with 3D-PIC simulations. By producing the
energy gain of the 3-km-long SLAC accelerator in less than a metre,
albeit for a relatively small number of electrons, we have taken an
important step towards demonstrating the viability of plasma accel-
erators for high-energy physics.

METHODS
Electron pulses. A 6-mm-long electron pulse from the SLAC damping ring
undergoes three stages of longitudinal compression. In each of these stages, a
time-dependent energy is added to the pulse, which is followed by magnetic
transport elements that compress the pulse. As a result, the originally 6-mm-
long pulses are compressed by a factor of 500 to aminimum length of 12 mm (ref.
20). Such a large compression is sensitive to the phases and amplitudes of the
klystrons powering the accelerating sections of the linear accelerator, leading to
some pulse-to-pulse variation in the bunch length.
The beam has geometric transverse emittances of ex5 9.53 10210m and

ey5 1.23 10210m. It is focused with a quadrupole doublet to a spot with
10 mm radius at the entrance of the plasma.With this beam energy, bunch length
and spot size, the corresponding power density is 33 1020Wcm22.
Plasma generation. A column of lithium vapour with a density of
2.73 1017 cm23 is produced in a heat-pipe oven21. The lithium vapour is con-
fined by a helium buffer gas, which is in turn separated from the beam-line
vacuum by a 50-mm-thick beryllium window upstream and by a 75-mm-thick
beryllium window downstream. Lithium was chosen because of the low ioniza-
tion potential of its first electron (5.4 eV) and the relatively high potential for its
two subsequent electrons (76 and 122 eV). In the present experiments the trans-
verse electric field of the ultrashort electron pulses is large enough to field-ionize
the first lithium electron over a timescale shorter than the bunch duration. The
ADK theory for field ionization22 indicates that full ionization occurs in the
volume surrounding the pulse in which the electric field exceeds ,6GVm21.

Thus, the full ionization extends over a radius of more than 100mm and ioniza-
tion begins far earlier than the peak of the bunch current. Because the ionization
region extends over a radius larger than the plasma collisionless skin depth (c/vp,
wherevp5 (nee

2/e0me)
1/2 is the plasma angular frequency; e is the charge on the

electron, e0 is the permittivity of free space andme is themass of the electron), the
wake is similar to that in a preformed plasma.
Energymeasurement. The energy spectrometer consists of a dipole magnet that
disperses the electrons vertically according to theirmomentum p. The dispersion
can be closely approximated by a deflection at the centre of the magnet:
h15 e#BdL/p. Using the measured dispersion, its integrated magnetic flux den-
sity #BdLwas calculated to be 1.2 Tm. In general, all particles in a pulse leave the
plasma from a well-defined spot, but with a non-negligible exit angle h0. To
discriminate between a vertical exit angle and the deflection by the magnet, the
particle distribution ismeasured at two planes, 86 cm and 186 cmdownstreamof
the centre of the dipole (Fig. 1).
At each of the two planes, the particle distribution is measured by imaging

Cherenkov radiation emitted as the electrons pass through a 15-mm-wide air gap
established by two silicon wafers (not shown in Fig. 1), positioned at an angle of
45u to the beam. The second wafer acts as a mirror and deflects the Cherenkov
light into a lens that images the origin of the light onto a cooled charge-coupled
device camera (CCD). The electrons pass the silicon almost unperturbed.
A system of equations is set up relating the offsets at the two planes to two

angles, the exit angle at the plasma h0 and the deflection angle in the magnet h1
(see Fig. 1). For each feature in the spectrum that can be identified on both
screens, for instance scalloping of the beam shown in Fig. 2a, this system of
equations has been solved for h0 and h1, the latter angle giving the particle energy.
The highest-energy feature that can clearly be resolved (see Fig. 2a) is used to
determine the energy gain for this event. The uncertainty in the energy measure-
ment is dominated by the uncertainty in the determination of the position of this
feature.
The images have been corrected at the level of a few per cent for the non-

uniform collection efficiency of the optics. Pixel-to-pixel variations in the CCD
offset and a commonmode have been subtracted; the signal from X-rays that hit
the CCD directly has been eliminated.
Simulations. The simulationswere done using the quasi-static, three-dimensional,
particle-in-cell code called QuickPIC. The three-dimensional computational grid
forms a box xyz (240mm3 240mm3 260mm) in sizewhose axial coordinate is z-ct.
Therefore, the simulationwindowmoves at the speed of light, which is very close to
the beam speed in the z direction. The number of grid points is 2563 2563 512,
respectively. Thebeam is initialized so that in vacuum, it would focus 15 cmbeyond
the start of the lithium vapour with a 10mm root-mean-square spot size. The
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Figure 3 | Simulation of the experiment using the code QuickPIC. The
density of the electron pulse (brown) and the plasma electrons (blue) at the
distance the beam pulse has propagated s5 12.3 cm (a) and 81.9 cm (b ) into
the plasma on a plane (y5 0) through the centre of the simulation box. The
pulse travels from left to right. The scalloping features seen at the front of the
pulses in a and b are the result of an increasing focusing force as the plasma
electrons are still being blown out by the beam electrons. The back of the
pulse, entirelywithin the uniform ion column, is nearly uniformly focused in
a. However, the scalloping of the back of the pulse in b —which now has a

wide range of energies—is due to the energy-dependent focusing through
the ion column. Similar features are identifiable in the experimental data of
Fig. 2a. c, The maximum observed energy in the experiment (blue squares)
for two different plasma lengths is compared to the energy of the particle bin
containing 33 106 electronsGeV21 (approximately the experimental
detection threshold) in simulations (red dots) as a function of distance in the
laboratory frame. Also shown is the lithium density profile used for the
simulations (dashed line). Vertical error bars are due to the uncertainty in
estimating the deflection angle and the spot size of the beam.
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the very front and the very back of the bubble. To make
progress analytically, we take the ultrarelativistic limit,
where the normalized maximum radius of the ion channel
is !pRb=c ! 1. The equation for the innermost particle
trajectory reduces to (see Ref. [13]):

rb
d2rb
d!2 þ2

!
drb
d!

"
2
þ1 ¼ 4"ð!Þ

r2b
; (1)

where we adopt normalized units, with length normalized
to the skin-depth c=!p, density to the plasma density np,
charge to the electron charge e, and fields to mc!p=e. The
term on the right-hand side of Eq. (1) can describe the
charge per unit length of an electron beam driver or a
trailing beam (an additional term for the pondoromotive
force of the laser can also be included [13]). Here we are
interested in the back half of the bubble, where the wake-
field is accelerating and the quantity 2#"ð!Þ, with "ð!Þ ¼R1
0 rnbdr, is the charge per unit length of the beam load.
We define ! ¼ 0 at the location where rb is maximum,

i.e., drb
d! j!¼0 ¼ 0. In Ref. [13], it was shown that for

!pRb=c ! 1, the wakefield is Ez ’ 1
2 rb

drb
d! ; therefore,

Ezð! ¼ 0Þ ’ 0. For !> 0, the electrons are attracted by
the ion channel back toward the !-axis with drb

d! j!>0 < 0

until ! ¼ !s where beam loading starts. For ! & !s, the
electrons feel the repelling force from the charge of the
accelerating beam, in addition to the force from the ion
channel. The additional repelling force decreases the slope
of the sheath drb

d! , thereby lowering the magnitude of Ez.

This can be seen in the simulation results in Fig. 1, where
the trajectory of the innermost electron for an unloaded

wake is drawn on top of the electron density for a loaded
wake, and the corresponding wakefield for the two cases is
also plotted. The method for choosing the charge profile of
the load is described below.
If the repelling force is too large and the beam too long,

the electrons in the sheath will reverse the direction of their
transverse velocity at some !r, where

drb
d! j!¼!r

¼ 0, and,

consequently, Ezð!rÞ ¼ 0. This is a very undesirable con-
figuration because it implies that the front of the bunch
feels a much stronger accelerating force than the back.
We are interested in trajectories for which rbð!> 0Þ

decreases monotonically. " may then be expressed as a

function of rb: "ð!Þ ¼ lðrbÞ. Substituting r00b ¼ r0b
dr0b
drb

,

where the prime denotes differentiation with respect to !,

Eq. (1) reduces to
dr0b
drb

¼ 4lðrbÞ' r2b½2ðr0bÞ2þ1)
r3
b
r0b

, which can be

integrated to yield

Ez ’
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2
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R
rb lð$Þ$d$ þC

r4b
' 1

s
(2)

First we comment on salient features of the unloaded
case ðlðrbÞ ¼ 0Þ. Evaluating the constant in Eq. (2) from
the condition Ezðrb ¼ RbÞ ¼ 0, we obtain:

EzðrbÞ ’
1

2
rb

drb
d!

¼ ' rb
2

ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b

r4b
' 1

s
; Rb & rb > 0:

(3)

Equation (3) can be integrated from the top of the bubble
rbð! ¼ 0Þ ¼ Rb to yield the innermost particle trajectory
for 0< rb * Rb:

!

Rb
¼ 2E

$
arccos

$
rb
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%&&&&&&&&
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' F
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arccos
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rb
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%
; (4)

whereFð’jmÞ,Eð’jmÞ are the incomplete elliptic integrals
of the first and second kind [18].
To minimize the energy spread on the beam, we seek the

beam profile that results in Ezðrb * rsÞ ¼ 1
2 rb

drb
d! jrb¼rs ’

const + ' Es within the bunch. The shape of the bubble in
this case is described by the parabola r2b ¼ r2s ' 4Esð! '
!sÞ. For 0 * ! * !s, Ez is given by Eq. (3). Es is found by
requiring that the wakefield is continuous at !s: Es ¼
rs
2
ffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b

r4s
' 1

r
. For !s * ! * !s þ r2s

4Es
, where !s þ r2s

4Es
is

the location at which the sheath reaches the !-axis, the
profile of "ð!Þ that leads to a constant wakefield is trape-

zoidal with maximum at "ð!sÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
s þR4

b

24

q
and minimum

at "ð!s þ r2s
4Es

Þ ¼ E2
s

"ð!Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E4
s þ

R4
b

24

s
' Esð! ' !sÞ (5)

and the total charge Qs ¼ 2#
Rr2s=ð4EsÞ
!s

"ð!Þd! is

FIG. 1 (color online). The electron density from a PIC simu-
lation with OSIRIS [19] for kpRb ¼ 5 is presented. The beams
move to the right. The broken black line traces the blowout
radius in the absence of the load. On the bottom, the red (black)
line is the lineout of the wakefield Ezð!; rb ¼ 0Þ when the beam
load is present (absent).
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and the wakefield are given by

8l0 ¼ r2b þ 1
2ð! $ !!s þ

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8l0 $ r2!s

q
Þ2; (12)

Ez ¼ $ 1
4ð! $ !!sÞ þ Ezð! ¼ ! !sÞ (13)

and the innermost particle will reach the !-axis at !!s þ
"!!s, where "!!s ¼

ffiffi
2

p
r!s
ðR2

b $
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b $ r4!s

q
Þ. In this case, the

energy absorption per unit length is identical to that of an
optimal trapezoidal bunch 2"l0"!!shjEzji ¼ QsEs. The
difference in the accelerating force experienced by the
front and the back of the bunch will tend to increase the
bunch’s energy spread. This can be avoided either by
injecting the bunch with an initial energy chirp to compen-
sate for the effect caused by the field in Eq. (13) or by using
a monoenergetic trapezoidal bunch.

If the driver travels with a velocity slower than that of
the accelerating electrons, these electrons will move with
respect to the wake. In this context, it is interesting to see
what happens if a flat-top electron bunch optimized for
some !1 is instead placed at !2 and !3, both smaller than
!1.

In Fig. 2(a), we compare the lineouts of the wakefield
Ezð!; rb ¼ 0Þ from three 2D cylindrically symmetric simu-
lations with the theoretical results for flat-top beams. For
each simulation, an electron bunch with l0 ¼ 0:25R2

b and
length "! !s ¼ 0:27Rb is loaded at one of three locations:
!1 ¼ 0:67Rb, !2 ¼ 0:53Rb, !3 ¼ 0:31Rb. The open red

squares correspond to loading at !1, the solid blue dia-
monds to !2, and the open green circles to !3. The solid
lines are derived from the theory [for l0 > R4

b=ð8r2!sÞ, the
particle trajectory in the region ! !s & !< !m can be writ-
ten in terms of the integral Eð’jm Þ] and are in excellent
agreement with the simulations in all three cases.
We repeated the simulations using Gaussian bunches

with the same number of particles as in the flat-top cases
and NbðzÞ ¼ Nbffiffiffiffiffi

2"
p

#z
e$ z2=ð2#2

z Þ, where #z ¼ "!!s=ð2
ffiffiffi
2

p
Þ.

Each bunch is placed so that its center is at a distanceffiffiffi
2

p
#z from !1, !2, and !3 for the three simulations. The

results, shown in Fig. 2(b), confirm that the Gaussian
bunches may be treated using the theory for flat-top
bunches. In both Figs. 2(a) and 2(b), we observe that the
wakefield is relatively flat regardless of the placement of
the bunch. The initial negative slope is balanced by a
smaller positive slope for most of the acceleration process.
Last we note that we started from Eq. (1), which is the

ultrarelativistic limit of Eq. (11) of Ref. [13] and is ex-
pected to hold for kpRb * 3. For lower kpRb the formalism
described here can still be applied if one numerically
solves Eq. (11) of Ref. [13].
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FIG. 2 (color online). Wakefield lineouts for (a) a flat-top
electron bunch and (b) a Gaussian bunch with the same charge
at three different locations !1ðredÞ, !2ðblueÞ, and !3ðgreenÞ is
plotted from theory [solid lines (a)] and simulations [symbols
(a),(b)].
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horizontal slice emittance of the tail. A flattop plasma
density 4% lower than the measured central density
[Fig. 1(c)] was found to best match the wakefield meas-
urement, suggesting that any density ramps present had an
effect small enough to justify a flat-top model. Simulations
were performed with the 3D quasistatic code HiPACE [40] in
a grid of 512× 512× 512cells, 4 plasma particles per cell
in the wake region, a spatial resolution of 1.18μm in all
dimensions, 4.2× 106 beam particles, and a time step
of 5 ω−1

p , where ωp is the angular plasma frequency.
The simulated longitudinally averaged wakefield is con-
sistent with the sampling measurement for both the optimal
operating point and the full bunch. Repeating the optimal-
operating-point simulation without a trailing bunch clearly
shows that the unloaded wakefield would not have been
flat, and that strong beam loading was needed to flatten the
field—consistent with the high energy-transfer efficiency
observed in the measurement. Simulations indicate that
while the initial energy spread would also be preserved for
trailing bunches with a similar Gaussian current profile, the
accelerated spectrum would have longer tails compared to
the quasitrapezoidal bunches used in the experiment. The
spread in wakefield amplitude across the trailing bunch
(weighted by charge) was reduced by approximately 40%

(from 9.3% to 5.8% rms) as a result of this current-profile
shaping.
In conclusion, we have experimentally demonstrated

optimal beam loading in a plasma-wakefield accelerator.
Optimization of the combined wakefield parameter Ω
[Eq. (2)] resulted in simultaneous preservation of per-mille
energy spreads, ð42" 4Þ% energy-transfer efficiency and
full charge coupling for 100 pC bunches accelerated with
high stability (3% rms) at a gradient of 1.3 GV/m—all
in excellent agreement with simulations. This represents
a major step towards precise and application-relevant
plasma-wakefield accelerators. Reaching per-mille-level
control of the wakefield will enable energy-spread preser-
vation also for larger energy gains, which, combined with
emittance preservation, can open the door to a new
generation of free-electron lasers and particle colliders.
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FIG. 4. (a) Longitudinally averaged wakefield measured using
a tail-collimator scan, both for optimal beam loading (blue points)
and for a full bunch (gray points)—in excellent agreement with
PIC simulations (blue and gray solid lines). A simulation with no
trailing bunch (blue dotted line) indicates that the wakefield was
flattened by beam loading. The beam currents of the collimated
and the full bunch (blue and gray areas) were measured with a
TDS. (b) Snapshot showing cross sections of beam (orange) and
plasma electron density (blue) for a simulation of the optimal
operating point, on a logarithmic color scale. The simulated flat-
top plasma density is 7.2× 1015 cm−3.
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The simulations have reproduced the energy spectrum seen in the
experiment for an 85-cm-long plasma and elucidated the underlying
physical mechanism, head erosion, which leads to the observed sat-
uration of themaximum energy. This effect can be avoided by the use
of a lower-emittance beam such that its diffraction length is longer
than the plasma length. In that case, themaximum energy gain would
be determined by the energy of the drive beam.

Thus, we have produced an accelerating field of 52GVm21 in a
plasma wakefield accelerator and sustained it for 85 cm. The result is
in excellent agreement with 3D-PIC simulations. By producing the
energy gain of the 3-km-long SLAC accelerator in less than a metre,
albeit for a relatively small number of electrons, we have taken an
important step towards demonstrating the viability of plasma accel-
erators for high-energy physics.

METHODS
Electron pulses. A 6-mm-long electron pulse from the SLAC damping ring
undergoes three stages of longitudinal compression. In each of these stages, a
time-dependent energy is added to the pulse, which is followed by magnetic
transport elements that compress the pulse. As a result, the originally 6-mm-
long pulses are compressed by a factor of 500 to aminimum length of 12 mm (ref.
20). Such a large compression is sensitive to the phases and amplitudes of the
klystrons powering the accelerating sections of the linear accelerator, leading to
some pulse-to-pulse variation in the bunch length.
The beam has geometric transverse emittances of ex5 9.53 10210m and

ey5 1.23 10210m. It is focused with a quadrupole doublet to a spot with
10 mm radius at the entrance of the plasma.With this beam energy, bunch length
and spot size, the corresponding power density is 33 1020Wcm22.
Plasma generation. A column of lithium vapour with a density of
2.73 1017 cm23 is produced in a heat-pipe oven21. The lithium vapour is con-
fined by a helium buffer gas, which is in turn separated from the beam-line
vacuum by a 50-mm-thick beryllium window upstream and by a 75-mm-thick
beryllium window downstream. Lithium was chosen because of the low ioniza-
tion potential of its first electron (5.4 eV) and the relatively high potential for its
two subsequent electrons (76 and 122 eV). In the present experiments the trans-
verse electric field of the ultrashort electron pulses is large enough to field-ionize
the first lithium electron over a timescale shorter than the bunch duration. The
ADK theory for field ionization22 indicates that full ionization occurs in the
volume surrounding the pulse in which the electric field exceeds ,6GVm21.

Thus, the full ionization extends over a radius of more than 100mm and ioniza-
tion begins far earlier than the peak of the bunch current. Because the ionization
region extends over a radius larger than the plasma collisionless skin depth (c/vp,
wherevp5 (nee

2/e0me)
1/2 is the plasma angular frequency; e is the charge on the

electron, e0 is the permittivity of free space andme is themass of the electron), the
wake is similar to that in a preformed plasma.
Energymeasurement. The energy spectrometer consists of a dipole magnet that
disperses the electrons vertically according to theirmomentum p. The dispersion
can be closely approximated by a deflection at the centre of the magnet:
h15 e#BdL/p. Using the measured dispersion, its integrated magnetic flux den-
sity #BdLwas calculated to be 1.2 Tm. In general, all particles in a pulse leave the
plasma from a well-defined spot, but with a non-negligible exit angle h0. To
discriminate between a vertical exit angle and the deflection by the magnet, the
particle distribution ismeasured at two planes, 86 cm and 186 cmdownstreamof
the centre of the dipole (Fig. 1).
At each of the two planes, the particle distribution is measured by imaging

Cherenkov radiation emitted as the electrons pass through a 15-mm-wide air gap
established by two silicon wafers (not shown in Fig. 1), positioned at an angle of
45u to the beam. The second wafer acts as a mirror and deflects the Cherenkov
light into a lens that images the origin of the light onto a cooled charge-coupled
device camera (CCD). The electrons pass the silicon almost unperturbed.
A system of equations is set up relating the offsets at the two planes to two

angles, the exit angle at the plasma h0 and the deflection angle in the magnet h1
(see Fig. 1). For each feature in the spectrum that can be identified on both
screens, for instance scalloping of the beam shown in Fig. 2a, this system of
equations has been solved for h0 and h1, the latter angle giving the particle energy.
The highest-energy feature that can clearly be resolved (see Fig. 2a) is used to
determine the energy gain for this event. The uncertainty in the energy measure-
ment is dominated by the uncertainty in the determination of the position of this
feature.
The images have been corrected at the level of a few per cent for the non-

uniform collection efficiency of the optics. Pixel-to-pixel variations in the CCD
offset and a commonmode have been subtracted; the signal from X-rays that hit
the CCD directly has been eliminated.
Simulations. The simulationswere done using the quasi-static, three-dimensional,
particle-in-cell code called QuickPIC. The three-dimensional computational grid
forms a box xyz (240mm3 240mm3 260mm) in sizewhose axial coordinate is z-ct.
Therefore, the simulationwindowmoves at the speed of light, which is very close to
the beam speed in the z direction. The number of grid points is 2563 2563 512,
respectively. Thebeam is initialized so that in vacuum, it would focus 15 cmbeyond
the start of the lithium vapour with a 10mm root-mean-square spot size. The
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Figure 3 | Simulation of the experiment using the code QuickPIC. The
density of the electron pulse (brown) and the plasma electrons (blue) at the
distance the beam pulse has propagated s5 12.3 cm (a) and 81.9 cm (b ) into
the plasma on a plane (y5 0) through the centre of the simulation box. The
pulse travels from left to right. The scalloping features seen at the front of the
pulses in a and b are the result of an increasing focusing force as the plasma
electrons are still being blown out by the beam electrons. The back of the
pulse, entirelywithin the uniform ion column, is nearly uniformly focused in
a. However, the scalloping of the back of the pulse in b —which now has a

wide range of energies—is due to the energy-dependent focusing through
the ion column. Similar features are identifiable in the experimental data of
Fig. 2a. c, The maximum observed energy in the experiment (blue squares)
for two different plasma lengths is compared to the energy of the particle bin
containing 33 106 electronsGeV21 (approximately the experimental
detection threshold) in simulations (red dots) as a function of distance in the
laboratory frame. Also shown is the lithium density profile used for the
simulations (dashed line). Vertical error bars are due to the uncertainty in
estimating the deflection angle and the spot size of the beam.
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‣Hosing/beam break-up (theory)
‣ Ion motion (theory+experiments)
‣Controlled injection (theory+experiments)
‣ Positron acceleration (theory+experiments)
‣Beam dynamics (theory+experiments)
‣ Spin polarisation evolution (theory)
‣…

change of the drive-beam particles. Instead, here we find
that the energy change, which naturally occurs as the beam
excites the plasma wave, and/or an initial beam-energy
chirp, can detune the betatron oscillations of individual
slices along the beam, thereby mitigating their resonant
coupling via the plasma. We also show that beam-centroid
oscillations can significantly be reduced if the drive beam
features a subpercent uncorrelated energy spread, which
introduces a decoherence of the betatron oscillations of
individual beam electrons. Our theoretical model can
accurately explain the reduced centroid amplitude of
oscillations observed in the simulations, as shown in
Fig. 1 (see the dashed line and solid red line) and in
Fig. 2. We also propose to substantially decrease the initial
hosing seed by using tailored vacuum-to-plasma transi-
tions. We confirm all our analytical predictions with 3D
PIC simulations using OSIRIS. The parameters used in these
simulations differ from those proposed for a number of
high-energy beam facilities. Numerical demonstrations of
the hosing saturation for parameters corresponding to these
facilities are to be published elsewhere [13]. Our findings
pave the way for the stable acceleration of high-quality
beams over long distances in PWFAs and provide theo-
retical evidence for why hosing to date has not been
experimentally detected.
The starting point is the differential equation for the

transverse position x of a single beam electron relative to
the axis in a homogeneous ion channel [14,15]:

d2x
dt2

þ _γ
γ
dx
dt

þ ω2
βðx − XcÞ ¼ 0; ð3Þ

where _γ ¼ dγ=dt. The Lorentz factor γ ≃ pz=mc ≫ 1 (pz
refers to the longitudinal momentum) is decoupled from the

transverse motion, since dx=dt ≪ c. The term _γ=γ results
in a damping or amplification of the amplitude of the
single-electron oscillation, depending on whether the
electron gains (_γ > 0) or loses (_γ < 0) energy, respectively.
The restoring force is directed towards the channel centroid
Xc. The solution for Eq. (3) is

xðtÞ≃ x0AðtÞ cos ½φðtÞ& þ
px;0

mγ0ωβ;0
AðtÞ sin ½φðtÞ&

þ ωβ;0

Z
t

0
AðtÞAðt0Þ sin ½φðtÞ − φðt0Þ&Xcðt0Þdt0; ð4Þ

where ωβ;0 ¼ ωp=
ffiffiffiffiffiffiffi
2γ0

p
, AðtÞ ¼ ½γ0=γðtÞ&1=4, and γ0 and

px;0 are the initial Lorentz factor and transverse momen-
tum, respectively. The phase advance is defined by
φðtÞ ¼

R
ωβdt. The relative energy and amplitude varia-

tions occur on time scales longer than the betatron period
in relevant scenarios. Thus, the terms j_γ _A=ð _φ2γAÞj ≪ 1,
jÄ=ð _φ2AÞj ≪ 1, and j_γ=4γ0ωβ;0j ≪ 1 were neglected.
In the following, the energy of an electron is given by

γðtÞ ¼ γ0 þ Etþ δγ, where γ0 ¼ γ0ðξÞ is the initial mean
slice energy as a function of the comoving coordinate,
accounting for an initial energy chirp. The differential
change of energy along the beam is accounted by the
term Et, where E ¼ −eEz=mc, where Ez ¼ Ez ðξÞ is the
longitudinal electric field and where electrons are fixed to
their initial position in the comoving frame. The uncorre-
lated energy spread is incorporated through a finite
deviation of the electron energy from the mean slice energy
δγ ¼ γ − γ. All overlined quantities refer to slice-averaged
quantities.
Electrons with a small relative energy deviation jδγ=γj≪1

have a betatron frequency ωβ which deviates from ωβ

according to ωβ ≃ ωβð1 − δγ=2γÞ. Hence,

φðtÞ ¼ φðtÞ
"
1 −

δγ
2γ0

ωβ

ωβ;0

#
; ð5Þ

where φ ¼ 2ðωβ;0=ωβ − 1Þ=ϵ, ωβ;0 ¼ ωp=
ffiffiffiffiffiffiffi
2γ0

p
, and

ωβ ¼ ωβ;0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵωβ;0t

p
. Note that ωβ is time dependent

owing to a finite relative energy change per betatron
cycle ϵ¼E=γ0ωβ;0¼−

ffiffiffiffiffiffiffiffiffi
2=γ0

p
Ez=E0, with E0 ¼ ωpmc=e.

Equation (5) infers that electronswith differing energywithin
a slice acquire a differing phase advance, which leads to the
phase mixing of the betatron oscillations along the beam.
This phase mixing can damp the HI, similarly to the HI
damping occurring in fully self-modulated beams through a
change of the betatron frequency for each self-modulated
beamlet [16].
To assess the effect of the phase mixing onto the HI, the

beam centroid Xb is deduced from Eq. (4) by averaging with
respect to an initial phase-space distribution f0ðx0; px;0; γ0Þ
within each beam slice, Xbðξ; tÞ ¼

R
xf0dx0dpx;0dγ0, withR

f0dx0dpx;0dγ0 ¼ 1. We assume that the initial transverse

FIG. 1. Result from a 3D PIC simulation showing plasma and
beam charge densities at the time ωβ;0t ¼ 71.6. The beam has an
initial spatial centroid offset, introduced at the position ξ¼ 0, and
is subject to hosing. Beam charge density nb is projected onto the
shown x − ξ plane. Lines indicate XbðξÞ, as a result from the
models in Refs. [7,8] (orange solid curve) and [11] (green solid
curve), respectively. Depicted is also the result from Eqs. (1) and
(7), derived within this work (red solid curve), and XbðξÞ
retrieved from the PIC simulation (black dashed curve). Inset:
Enlarged depiction of the beam centroids.
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all the electrons by their orbits in phase space. All electrons
with a maximum x value between x0 and x0 þ dx0,
where dx0 ≪ x0, will have the same X2

aveðx0Þ. Therefore,
hx2if ¼ hX2

avei ¼ ð1=NÞ
R∞
0 dx0Nx0X

2
aveðx0Þ, where N is

the total particle number and Nx0dx0 is the number of
particles with orbits that have a maximum x between
x0 and x0 þ dx0.Nx0 will not change in time and, according
to its definition, it can be calculated using f0ðx; pÞ. It
follows that Nx0 ¼ 4

R x0
0 dxf0ðx; pxÞð∂px=∂x0Þ, where

∂px=∂x0 ¼ ffiffiffi
γ

p
Ffðx0Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ψðxÞ−ψðx0Þ&

p
. We can use

f0 since the ion collapse is in a quasi steady state
even during the duration of the initial emittance
growth. Following the same reasoning, we have
hp2

xif ¼ ð1=NÞ
R∞
0 dx0Nx0P

2
aveðx0Þ. In Fig. 3(c), we also

plot Nx0 for a case where there is no ion collapse (A ¼ 0),
and for A ¼ 200 with different σ’s. This plot shows that
when there is ion collapse the ensemble average is
weighted towards particles with smaller x0’s.
The final emittance (assuming 1D-like motion) can be

predicted for each slice using only ψ and f0. In Fig. 3(d),
we show the predicted final emittance growth (compared to
the simulated results) for slices with initially Gaussian
beams with matched spot sizes for the parameters described
earlier. The curves correspond to different widths for the
ion collapse with A ¼ 200. The curves show significantly
smaller emittance growth than what would be naively
predicted from a

ffiffiffiffi
A

p
scaling.

In LC designs, asymmetric emittances are used to
minimize the beamstrahlung [23] that occurs during dis-
ruption [24] at the final focus. In such a case, the ion
collapse also becomes asymmetric, and developing a model
for the emittance growth is much more complicated.
Therefore, we rely on highly resolved QuickPIC simulations.
In Fig. 4, we plot the emittance growth for a case where
the initial emittances in the two transverse planes are
ϵNx ¼ 2.0 μm, ϵNy ¼ 0.005 μm ( ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p ¼ 0.1μm is the
same as before). We still match the initial beam spot sizes
to the r=2 focusing field, so σrtx ¼ 463.9 nm and
σrty ¼ 23.2 nm. The solid red and blue lines show the
evolution of the trailing beam’s projected emittances for a
hydrogen plasma.
It can be seen that the projected emittance growth in the

plane with the larger emittance, ϵNx, grows by only 10%. In
the other plane, ϵNy grows by 120%. Therefore, the growth
of ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p is only 55.6%, which is even smaller than the
symmetric case. This appears to be mostly due to the fact
that the peak ion density is smaller. To further mitigate the
emittance growth, one could use a heavier ion, such as Liþ.
In Fig. 4(a), we show the emittance evolution of the same
beam in a lithium plasma as the red and blue dotted lines.
The emittance growth in the two planes is now less than 1%
and 40%, respectively, which are both reduced compared to
the hydrogen plasma. The growth of ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p for Li is only
18.9%. An issue for a Li plasma that requires further
investigation is that the tightly focused trailing beam may
further ionize the Liþ ion if the transverse electric field
exceeds ∼400 GV=m, which would cause additional mod-
ifications to the focusing force.
Another way to mitigate emittance growth is to use an

initial beam spot size less than the matched spot size
(overfocused) for fixed ions, but closer to the steady state
value when there is ion collapse. Figure 4(b) shows the
projected emittance growth for a symmetric beam with an
initially unmatched spot size. The beam has the same initial
emittance used to generate Fig. 2, but it has a smaller spot
size, σrt ¼ 50.0 nm. The projected emittance growth is
substantially less, but it now appears to oscillate. The
amplitude of the oscillations decreases over time, indicating

(a) (b)

FIG. 4. Emittance growth of (a) an asymmetric beam in
hydrogen and lithium and (b) a symmetric beam with an initially
unmatched beam spot size in hydrogen (compared to the initially
matched case).

(a) (b)

(c) (d)

FIG. 3. (a) Plasma ion density lineout at ξ ¼ 0 (the blue dashed
line) compared with the initial trailing beam distribution (the gray
dashed line) and a Gaussian fit for the core of the ion density (the
red dashed line). (b) px and x vs s in different focusing field (the
solid line for σ=σx0 ¼ 1.0 and the dotted line for σ=σx0 ¼ 0.1) for
the particle initially located at x ¼ σx0. (c) Xaveðx0Þ, Paveðx0Þ,
px0ðx0Þ, and Nx0 (in an arbitrary unit) in the focusing field with
A ¼ 200 and different σ’s. (d) Slice beam emittance evolution in
the focusing field with A ¼ 200 and different σ’s and final
emittance growth from the simulation and theory.
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of—and the transport to—the spectrometer that results in the
brighter spectral visibility of energy features with small exit angles
because these features are relatively unaffected by the imaging
energy setting of the spectrometer. This bright/weak behaviour
continues so that when slice k (not shown) exits the wake
with even higher energy Wk and a phase advance of
F(xk)¼ p(Ni" 1)–an integer-p difference from F(xi)—it will be
at a spot-size maximum and will also appear as a bright feature
on the spectrometer screen.

Interpretation of experimental data. Fig. 3a shows the measured
energy spectrum of the electron bunch after propagating through
the Li plasma (see Methods for acquisition of electron spectra).
We note that there are four bright features, labelled N-1 through
N-4, in the portion of the spectrum where the electrons have
gained energy. As described above, we assume that the bright
features above W0¼ 20.35 GeV are separated by a phase advance
of p radians. We can use the relative energies of these features and
equation (1) to find the expected energies of all the longitudinal
slices that execute an integer number of oscillations Nm. We
calculate these energies as follows. Integrating equation (1) for an

arbitrary slice within the full blow-out region gives

Nm xmð Þjz¼Leff
% Leff

ffiffiffi
2
p

op mc2ð Þ
1
2 pcð Þ" 1

W0:5
m xmð ÞþW0:5

0
ð2Þ

where Wm xmð Þ ¼W0" eEz xmð ÞLeff is the final energy at z¼ Leff.
In this integration, we have assumed a non-evolving wake and
that the ion density is constant (Frpr) for the spectral features
above W0.

To obtain an estimate of Leff, we may take any two accelerated
charge features in Fig. 3a (which are separated by integer-p
radians of phase) and use equation (2) to eliminate Nm
(see Supplementary Fig. 1 for additional samples of measured
electron spectra of which that in Fig. 3a is merely representative).
For example, taking the N-3 and N-1 features at 33.6 GeV and
24.0 GeV, respectively, having a phase difference of 2p radians,
gives Leff¼ 22.5 cm. Note that Leff is shorter than the 27 cm long
flat-topped region of the Li vapour. The beam forms the plasma
and the cavity, and acceleration continues until the phenomenon
of head erosion27 halts the acceleration and limits the acceleration
length to Leff (which takes into account the integrated
phase advance that the bunch slices experience in traversing the
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Figure 3 | Comparison of energy spectra from experiment and simulation. (a) An electron spectrum (energy versus x) measured by the imaging
spectrometer set to image electrons at 16.35 GeV (red arrow) and its x-integrated lineout (solid black line segments, attenuated by factors of 1, 10 and 100
as indicated). The colour table (counts per CCD pixel) is set for the energy-gain portion of the spectrum (see Supplementary Fig. 3 for a colour table set for
the portion below 20.35 GeV). Also shown are the experimentally identified energy features (magenta bars) taken as the peaks in the x-integrated lineout
(after subtracting the slowly varying background) as well as the locations of expected energy features (dashed black lines labelled N"4 through Nþ 3,
obtained through equation (2) (see text). (b) Energy-dependent modulations of the transverse size at the plasma exit observed in the QuickPIC simulation
of the experiment with a colour table indicating the number of simulation particles per bin. The linear energy scale from QuickPIC has been mapped to a
spatial scale using the experimentally determined dispersion of the spectrometer that produced (a). Note that the energy-loss portion of the spectrum is
double valued meaning that the charge at each value of energy comes from two x locations with the wake (see Fig. 4 for the shape of the decelerating field).
The energy locations of the (locally) largest transverse size of slices (that is, minimum slice divergence) upon leaving the plasma are also indicated (dashed
black lines labelled N"4 through Nþ 2, obtained by analysis of this phase-space data) and are very closely matched to the experimentally identified
energy features in (a). Equation (2) was used along with these energy locations to predict the Nþ 3 location at 12.0 GeV as shown as shown by the red
dashed line. See Supplementary Fig. 4 for a ‘simulated spectrum’ using the data of (b).
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PIC simulations guided research

Theoretical/experimental advance

Experimental design

‣Hosing/beam break-up (theory)
‣ Ion motion (theory+experiments)
‣Controlled injection (theory+experiments)
‣ Positron acceleration (theory+experiments)
‣Beam dynamics (theory+experiments)
‣ Spin polarisation evolution (theory)
‣…

change of the drive-beam particles. Instead, here we find
that the energy change, which naturally occurs as the beam
excites the plasma wave, and/or an initial beam-energy
chirp, can detune the betatron oscillations of individual
slices along the beam, thereby mitigating their resonant
coupling via the plasma. We also show that beam-centroid
oscillations can significantly be reduced if the drive beam
features a subpercent uncorrelated energy spread, which
introduces a decoherence of the betatron oscillations of
individual beam electrons. Our theoretical model can
accurately explain the reduced centroid amplitude of
oscillations observed in the simulations, as shown in
Fig. 1 (see the dashed line and solid red line) and in
Fig. 2. We also propose to substantially decrease the initial
hosing seed by using tailored vacuum-to-plasma transi-
tions. We confirm all our analytical predictions with 3D
PIC simulations using OSIRIS. The parameters used in these
simulations differ from those proposed for a number of
high-energy beam facilities. Numerical demonstrations of
the hosing saturation for parameters corresponding to these
facilities are to be published elsewhere [13]. Our findings
pave the way for the stable acceleration of high-quality
beams over long distances in PWFAs and provide theo-
retical evidence for why hosing to date has not been
experimentally detected.
The starting point is the differential equation for the

transverse position x of a single beam electron relative to
the axis in a homogeneous ion channel [14,15]:

d2x
dt2

þ _γ
γ
dx
dt

þ ω2
βðx − XcÞ ¼ 0; ð3Þ

where _γ ¼ dγ=dt. The Lorentz factor γ ≃ pz=mc ≫ 1 (pz
refers to the longitudinal momentum) is decoupled from the

transverse motion, since dx=dt ≪ c. The term _γ=γ results
in a damping or amplification of the amplitude of the
single-electron oscillation, depending on whether the
electron gains (_γ > 0) or loses (_γ < 0) energy, respectively.
The restoring force is directed towards the channel centroid
Xc. The solution for Eq. (3) is

xðtÞ≃ x0AðtÞ cos ½φðtÞ& þ
px;0

mγ0ωβ;0
AðtÞ sin ½φðtÞ&

þ ωβ;0

Z
t

0
AðtÞAðt0Þ sin ½φðtÞ − φðt0Þ&Xcðt0Þdt0; ð4Þ

where ωβ;0 ¼ ωp=
ffiffiffiffiffiffiffi
2γ0

p
, AðtÞ ¼ ½γ0=γðtÞ&1=4, and γ0 and

px;0 are the initial Lorentz factor and transverse momen-
tum, respectively. The phase advance is defined by
φðtÞ ¼

R
ωβdt. The relative energy and amplitude varia-

tions occur on time scales longer than the betatron period
in relevant scenarios. Thus, the terms j_γ _A=ð _φ2γAÞj ≪ 1,
jÄ=ð _φ2AÞj ≪ 1, and j_γ=4γ0ωβ;0j ≪ 1 were neglected.
In the following, the energy of an electron is given by

γðtÞ ¼ γ0 þ Etþ δγ, where γ0 ¼ γ0ðξÞ is the initial mean
slice energy as a function of the comoving coordinate,
accounting for an initial energy chirp. The differential
change of energy along the beam is accounted by the
term Et, where E ¼ −eEz=mc, where Ez ¼ Ez ðξÞ is the
longitudinal electric field and where electrons are fixed to
their initial position in the comoving frame. The uncorre-
lated energy spread is incorporated through a finite
deviation of the electron energy from the mean slice energy
δγ ¼ γ − γ. All overlined quantities refer to slice-averaged
quantities.
Electrons with a small relative energy deviation jδγ=γj≪1

have a betatron frequency ωβ which deviates from ωβ

according to ωβ ≃ ωβð1 − δγ=2γÞ. Hence,

φðtÞ ¼ φðtÞ
"
1 −

δγ
2γ0

ωβ

ωβ;0

#
; ð5Þ

where φ ¼ 2ðωβ;0=ωβ − 1Þ=ϵ, ωβ;0 ¼ ωp=
ffiffiffiffiffiffiffi
2γ0

p
, and

ωβ ¼ ωβ;0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ϵωβ;0t

p
. Note that ωβ is time dependent

owing to a finite relative energy change per betatron
cycle ϵ¼E=γ0ωβ;0¼−

ffiffiffiffiffiffiffiffiffi
2=γ0

p
Ez=E0, with E0 ¼ ωpmc=e.

Equation (5) infers that electronswith differing energywithin
a slice acquire a differing phase advance, which leads to the
phase mixing of the betatron oscillations along the beam.
This phase mixing can damp the HI, similarly to the HI
damping occurring in fully self-modulated beams through a
change of the betatron frequency for each self-modulated
beamlet [16].
To assess the effect of the phase mixing onto the HI, the

beam centroid Xb is deduced from Eq. (4) by averaging with
respect to an initial phase-space distribution f0ðx0; px;0; γ0Þ
within each beam slice, Xbðξ; tÞ ¼

R
xf0dx0dpx;0dγ0, withR

f0dx0dpx;0dγ0 ¼ 1. We assume that the initial transverse

FIG. 1. Result from a 3D PIC simulation showing plasma and
beam charge densities at the time ωβ;0t ¼ 71.6. The beam has an
initial spatial centroid offset, introduced at the position ξ¼ 0, and
is subject to hosing. Beam charge density nb is projected onto the
shown x − ξ plane. Lines indicate XbðξÞ, as a result from the
models in Refs. [7,8] (orange solid curve) and [11] (green solid
curve), respectively. Depicted is also the result from Eqs. (1) and
(7), derived within this work (red solid curve), and XbðξÞ
retrieved from the PIC simulation (black dashed curve). Inset:
Enlarged depiction of the beam centroids.
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all the electrons by their orbits in phase space. All electrons
with a maximum x value between x0 and x0 þ dx0,
where dx0 ≪ x0, will have the same X2

aveðx0Þ. Therefore,
hx2if ¼ hX2

avei ¼ ð1=NÞ
R∞
0 dx0Nx0X

2
aveðx0Þ, where N is

the total particle number and Nx0dx0 is the number of
particles with orbits that have a maximum x between
x0 and x0 þ dx0.Nx0 will not change in time and, according
to its definition, it can be calculated using f0ðx; pÞ. It
follows that Nx0 ¼ 4

R x0
0 dxf0ðx; pxÞð∂px=∂x0Þ, where

∂px=∂x0 ¼ ffiffiffi
γ

p
Ffðx0Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ψðxÞ−ψðx0Þ&

p
. We can use

f0 since the ion collapse is in a quasi steady state
even during the duration of the initial emittance
growth. Following the same reasoning, we have
hp2

xif ¼ ð1=NÞ
R∞
0 dx0Nx0P

2
aveðx0Þ. In Fig. 3(c), we also

plot Nx0 for a case where there is no ion collapse (A ¼ 0),
and for A ¼ 200 with different σ’s. This plot shows that
when there is ion collapse the ensemble average is
weighted towards particles with smaller x0’s.
The final emittance (assuming 1D-like motion) can be

predicted for each slice using only ψ and f0. In Fig. 3(d),
we show the predicted final emittance growth (compared to
the simulated results) for slices with initially Gaussian
beams with matched spot sizes for the parameters described
earlier. The curves correspond to different widths for the
ion collapse with A ¼ 200. The curves show significantly
smaller emittance growth than what would be naively
predicted from a

ffiffiffiffi
A

p
scaling.

In LC designs, asymmetric emittances are used to
minimize the beamstrahlung [23] that occurs during dis-
ruption [24] at the final focus. In such a case, the ion
collapse also becomes asymmetric, and developing a model
for the emittance growth is much more complicated.
Therefore, we rely on highly resolved QuickPIC simulations.
In Fig. 4, we plot the emittance growth for a case where
the initial emittances in the two transverse planes are
ϵNx ¼ 2.0 μm, ϵNy ¼ 0.005 μm ( ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p ¼ 0.1μm is the
same as before). We still match the initial beam spot sizes
to the r=2 focusing field, so σrtx ¼ 463.9 nm and
σrty ¼ 23.2 nm. The solid red and blue lines show the
evolution of the trailing beam’s projected emittances for a
hydrogen plasma.
It can be seen that the projected emittance growth in the

plane with the larger emittance, ϵNx, grows by only 10%. In
the other plane, ϵNy grows by 120%. Therefore, the growth
of ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p is only 55.6%, which is even smaller than the
symmetric case. This appears to be mostly due to the fact
that the peak ion density is smaller. To further mitigate the
emittance growth, one could use a heavier ion, such as Liþ.
In Fig. 4(a), we show the emittance evolution of the same
beam in a lithium plasma as the red and blue dotted lines.
The emittance growth in the two planes is now less than 1%
and 40%, respectively, which are both reduced compared to
the hydrogen plasma. The growth of ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p for Li is only
18.9%. An issue for a Li plasma that requires further
investigation is that the tightly focused trailing beam may
further ionize the Liþ ion if the transverse electric field
exceeds ∼400 GV=m, which would cause additional mod-
ifications to the focusing force.
Another way to mitigate emittance growth is to use an

initial beam spot size less than the matched spot size
(overfocused) for fixed ions, but closer to the steady state
value when there is ion collapse. Figure 4(b) shows the
projected emittance growth for a symmetric beam with an
initially unmatched spot size. The beam has the same initial
emittance used to generate Fig. 2, but it has a smaller spot
size, σrt ¼ 50.0 nm. The projected emittance growth is
substantially less, but it now appears to oscillate. The
amplitude of the oscillations decreases over time, indicating

(a) (b)

FIG. 4. Emittance growth of (a) an asymmetric beam in
hydrogen and lithium and (b) a symmetric beam with an initially
unmatched beam spot size in hydrogen (compared to the initially
matched case).

(a) (b)

(c) (d)

FIG. 3. (a) Plasma ion density lineout at ξ ¼ 0 (the blue dashed
line) compared with the initial trailing beam distribution (the gray
dashed line) and a Gaussian fit for the core of the ion density (the
red dashed line). (b) px and x vs s in different focusing field (the
solid line for σ=σx0 ¼ 1.0 and the dotted line for σ=σx0 ¼ 0.1) for
the particle initially located at x ¼ σx0. (c) Xaveðx0Þ, Paveðx0Þ,
px0ðx0Þ, and Nx0 (in an arbitrary unit) in the focusing field with
A ¼ 200 and different σ’s. (d) Slice beam emittance evolution in
the focusing field with A ¼ 200 and different σ’s and final
emittance growth from the simulation and theory.
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of—and the transport to—the spectrometer that results in the
brighter spectral visibility of energy features with small exit angles
because these features are relatively unaffected by the imaging
energy setting of the spectrometer. This bright/weak behaviour
continues so that when slice k (not shown) exits the wake
with even higher energy Wk and a phase advance of
F(xk)¼ p(Ni" 1)–an integer-p difference from F(xi)—it will be
at a spot-size maximum and will also appear as a bright feature
on the spectrometer screen.

Interpretation of experimental data. Fig. 3a shows the measured
energy spectrum of the electron bunch after propagating through
the Li plasma (see Methods for acquisition of electron spectra).
We note that there are four bright features, labelled N-1 through
N-4, in the portion of the spectrum where the electrons have
gained energy. As described above, we assume that the bright
features above W0¼ 20.35 GeV are separated by a phase advance
of p radians. We can use the relative energies of these features and
equation (1) to find the expected energies of all the longitudinal
slices that execute an integer number of oscillations Nm. We
calculate these energies as follows. Integrating equation (1) for an

arbitrary slice within the full blow-out region gives

Nm xmð Þjz¼Leff
% Leff

ffiffiffi
2
p

op mc2ð Þ
1
2 pcð Þ" 1

W0:5
m xmð ÞþW0:5

0
ð2Þ

where Wm xmð Þ ¼W0" eEz xmð ÞLeff is the final energy at z¼ Leff.
In this integration, we have assumed a non-evolving wake and
that the ion density is constant (Frpr) for the spectral features
above W0.

To obtain an estimate of Leff, we may take any two accelerated
charge features in Fig. 3a (which are separated by integer-p
radians of phase) and use equation (2) to eliminate Nm
(see Supplementary Fig. 1 for additional samples of measured
electron spectra of which that in Fig. 3a is merely representative).
For example, taking the N-3 and N-1 features at 33.6 GeV and
24.0 GeV, respectively, having a phase difference of 2p radians,
gives Leff¼ 22.5 cm. Note that Leff is shorter than the 27 cm long
flat-topped region of the Li vapour. The beam forms the plasma
and the cavity, and acceleration continues until the phenomenon
of head erosion27 halts the acceleration and limits the acceleration
length to Leff (which takes into account the integrated
phase advance that the bunch slices experience in traversing the
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Figure 3 | Comparison of energy spectra from experiment and simulation. (a) An electron spectrum (energy versus x) measured by the imaging
spectrometer set to image electrons at 16.35 GeV (red arrow) and its x-integrated lineout (solid black line segments, attenuated by factors of 1, 10 and 100
as indicated). The colour table (counts per CCD pixel) is set for the energy-gain portion of the spectrum (see Supplementary Fig. 3 for a colour table set for
the portion below 20.35 GeV). Also shown are the experimentally identified energy features (magenta bars) taken as the peaks in the x-integrated lineout
(after subtracting the slowly varying background) as well as the locations of expected energy features (dashed black lines labelled N"4 through Nþ 3,
obtained through equation (2) (see text). (b) Energy-dependent modulations of the transverse size at the plasma exit observed in the QuickPIC simulation
of the experiment with a colour table indicating the number of simulation particles per bin. The linear energy scale from QuickPIC has been mapped to a
spatial scale using the experimentally determined dispersion of the spectrometer that produced (a). Note that the energy-loss portion of the spectrum is
double valued meaning that the charge at each value of energy comes from two x locations with the wake (see Fig. 4 for the shape of the decelerating field).
The energy locations of the (locally) largest transverse size of slices (that is, minimum slice divergence) upon leaving the plasma are also indicated (dashed
black lines labelled N"4 through Nþ 2, obtained by analysis of this phase-space data) and are very closely matched to the experimentally identified
energy features in (a). Equation (2) was used along with these energy locations to predict the Nþ 3 location at 12.0 GeV as shown as shown by the red
dashed line. See Supplementary Fig. 4 for a ‘simulated spectrum’ using the data of (b).
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Hosing Ion motion Beam dynamics

‣ Self-modulation instability (theory + experiments)
‣ Energy gain (theory + experiments)
‣ Plasma uniformity level (theory+experiments)
‣ Ion motion (theory)
‣Hosing (theory)

E. Adli et al. Nature (2018), PRL 2019

simulations experiments

We have solved Eq. (4) numerically to demonstrate the
self-modulation instability of the beam envelope for a
gently rising beam density profile, which flattens at
!="p ¼ 10 (here ! is the unnormalized Euler variable).

The initial radius of the beam is rb0="p ¼ 0:1. The
boundary conditions are rbð!; 0Þ ¼ 1, @rbð!; 0Þ=@# ¼ 0.
Figure 1(a) shows the self-modulation instability of the
beam envelope. The beam’s head, !="p ¼ 0, is diffracting,
while the self-modulation grows with increasing distance
from the front of the beam. The self-modulation instability
leads to the generation of strong axial field, depicted in
Fig. 1(b). The self-modulation of the beam grows in ac-
cordance with both the early-time [Fig. 1(c)] and the late-
time [Fig. 1(d)] asymptotes, describing excellent agree-
ment with the analytical scalings.

The propagation of the proton beam in plasmas also
suffers from the onset of the hose instability which, in
the limit nb $ ne, is also known as the transverse two-
stream instability [4,5]. For a nonaxisymmetric beam
(@$ ! 0), the hose instability is a concern. For a perfectly
axisymmetric beam, such as the one assumed in our cal-
culations, it does not occur. The temporal growth rate of
the hose instability of a focused electron beam could be
comparable to or less than the growth rate of the self-
modulation instability. In a uniform plasma and in the limit
of thick plasma skin depth kprb $ 1, the long-time asymp-

totic of the instability scales as !h / ðk%z0=!p#
0Þ2=3!p,

where k% ¼ kb=&
1=2
0 , kb ¼ !b=c being the beam betatron

wave number, #0 ¼ t% z='z, z0 ¼ z [4]. The ratio of

growth rates for two instabilities scales as !l=!h /
ð1=(Þ1=3ð&0=2Þ1=6 & 1, while ( $ 1. Yet, it has time to

develop and, if present, can severely affect the wakefield.
Thus, there is a big concern that the hosing instability
occurring simultaneously with the beam self-modulation
may destroy the plasma wakefield. One of the possibilities
to circumvent this problem is to preseed the self-
modulation instability, so that the beam self-modulation
does not have to grow from noise. This seeding would
greatly increase both the shot-to-shot reproducibility and
the quality of the wakefield. Additionally, the development
of the high amplitude wakefield will require much shorter
propagation distance, which will further limit the growth of
the hose instability. The seed of the self-modulation insta-
bility can be accomplished either by a short driver in front
of the proton beam [11] or by a modification of the proton
beam itself by cutting away the leading part of the proton
beam in a ‘‘dogleg’’ device. A dogleg device employs
dipole and quadrupole focusing arranged in a way to either
compress or stretch the beam. Adjustable trains of short
electron bunches have been produced by placing a mask in
the dogleg section of the beam line [12]. This method, in
principle, can produce a hard-cut proton beam.
Because the hosing instability is not a part of the beam

envelope analytic description (3), we have to rely here on
3D PIC simulations, which were performed using the VLPL

code [13]. We simulate two cases. In the first case, the
beam has a smooth 3D Gaussian density profile nb1ðr; zÞ ¼
n0b exp ð%z2=)2

zÞ exp ð%r2=)2
rÞ, where r2 ¼ x 2 þ y 2. In the

second case, the beam is hard cut in the middle, nb2ðr; zÞ ¼
n0b"ð%zÞ exp ð%z2=)2

zÞ exp ð%r2=)2
rÞ, where "ðzÞ is again

the Heaviside step function. The plasma is assumed to be
singly ionized lithium. The electron density ne of the
plasma is 25 times higher than the peak beam density,
i.e., n0b ¼ 0:04ne. In both cases, the proton beam is as-
sumed to have 24 GeVenergy. The beam in the simulations

has a rms transverse momentum spread of
ffiffiffiffiffiffiffiffiffiffi
hp2

?i
q

=mbc¼
4:5( 10%3. The beam radius is kp)r ¼ 2*( 0:25, while
the beam length is kp)z ¼ 2*( 20. The beam moves in
the ẑ direction with a relativistic Lorentz factor &0 ¼ 25.

FIG. 1 (color online). Panel (a) shows the beam-envelope
radius evolution with !="p at a time # ¼ 4:3. Panel (b) depicts
the on-axis axial field generated by the beam. Panels (c) and (d)
show the comparison of the amplitude of the beam’s radius
perturbations from Eq. (4) (solid lines) with the asymptotic
relations (dash-dotted lines) for early- and late-time asymptotes,
respectively.

FIG. 2 (color online). 3D PIC simulation results for the smooth
Gaussian beam (a),(b) and the hard-cut half-Gaussian (c),(d).
Frames (a) and (c) show the accelerating wakefield Ez, while
frames (b) and (d) depict the beam density distribution.
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…

R. Pompili et al. Nat. Physics (2021)



J. Vieira, S. Corde, P. Nghiem | 1st Townhall meeting European expert panel plasma accelerators | March 30th,  2021 

PIC simulations are expensive

Requirements for LWFA TeV collider (full PIC)
‣ 105-106 core-hours/GeV
‣ 108-109 core-hours/TeV
‣~0.01 €/core-hour
‣ >106-107 €/simulation
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Need for faster simulations
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J.-L. Vay PRL  (2007); S. Martins et al. Nature Physics (2010)

Computational Gain: γ2 (1 + β2)

‣
‣
‣ 5 meter plasma
‣ external guiding

ΔE = 40 GeV
γ = 10
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Need for faster simulations

Boosted frames (reduced) Physical models
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J.-L. Vay PRL  (2007); S. Martins et al. Nature Physics (2010)

Computational Gain: γ2 (1 + β2)

‣
‣
‣ 5 meter plasma
‣ external guiding

ΔE = 40 GeV
γ = 10

‣Quasi-static codes
•e- transit time through driver  typical evolution time of driver
•precludes self-injection

‣Envelope approximation on laser, ponderomotive guiding center approximation
•laser needs to contain many cycles
•usually valid as long as laser red-shifts are not too strong 

‣Fluid approximation
•preclude kinetic effects
•very fast
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Fig. 4. The deviation of charge conservation (Gauss’ law), along r = 0, for modes 0, 1, and 2. Quadratic interpolation (right) shows a slightly larger roundoff 
error than the linear interpolation result (left). The error in m = 1 (the component with the laser) is the largest in both cases.

Fig. 5. These are the electron charge density distributions for the full 3D simulation at 0.1 cm (left) and the cylindrical mode simulation at 0.1 cm (right). 
The cylindrical mode density cross-sections are taken at φ = 0, which corresponds to the top half of the cross section of the 3D simulation at y = 0.0. Both 
simulations used quadratic interpolation, and both simulations used the same cell sizes.

However, the signs of the errors are random so the accumulation of the errors will be less than the accumulation of the 
magnitude of the errors. In the future we may include a Marder’s correction to clean up any accumulated errors to the 
longitudinal part of the electric field if necessary. These tests validate the use of Eq. (31) and the existing current depositing 
algorithm for the m = 0 harmonic in the r– z grid. We have also tested the charge conservation for many more cases.

4.2. Comparison of LWFA results with 3D simulations

We next present results from the LWFA simulation described earlier keeping only up to the m = 1 harmonic. The LWFA 
simulation discussed at the beginning of this section was run to about 0.1 cm. For the full 3D simulation, a 4000 ×300 ×300
grid with dimensions 101.9 µm×149.2 µm×149.2 µm was used with 2 particles per cell. The time step was chosen as close 
as possible to the Courant limit. The hybrid r– z simulation used a computational window of dimensions 101.9 µm×74.6 µm
and 4000 × 150 grid points. The simulation was conducted with 2 particles per cell in the r– z directions with 16 particles 
in the φ direction. For typical LWFA simulations, the m = 1 mode captures enough modal asymmetry to effectively simulate 
the physics for round laser beams without any tilts. In later publications we will describe the additional physics that can be 
studied by including more harmonics. Note that the wake excited by a linearly or circularly polarized cylindrically symmetric 
laser is itself cylindrically symmetric. For the hybrid r– z simulations we use a time step as close to the stability limit as 
possible. We note that we empirically found that this limit is close to the 3D Courant limit where we use an “effective” 
cell size in the φ direction roughly given by "rπ/mmax where mmax is the highest harmonic kept. In addition, we found 
that only 8 particles across 0 ≤ φ < 2π were needed to avoid substantial noise in the first bubble. The signal-to-noise ratio 
scales as √mmax, so the fewer modes you use the fewer particle resolution you need across the φ coordinate [1]. Therefore, 
the effective speed-up is roughly proportional to the number of simulation particles. In a 3D simulation n3D

p = NxN y Nz Npc
particles are used, where Nx, N y , and Nz are the number of cells in each Cartesian direction, and Npc is the number of 
particles per cell. In the 2D hybrid simulation it is n2D-hybrid

p = Nz
Nx
2 Np,r-z Np,φ , where Np,r-z is the number of particles in 

the r– z plane and Np,φ is the number of particles distributed over 0 ≤ φ < 2π .
We show results after the laser was propagated through the plasma over a distance of 0.1 cm. Two-dimensional density 

plots corresponding to a cut across the data of the 3D simulation or the φ = 0 plane for the hybrid simulation are shown in 
Fig. 5. The 2D density contours for the wake were identical throughout most of the simulation, aside from a small number 
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‣Quasi-static codes
•e- transit time through driver  typical evolution time of driver
•precludes self-injection

‣Envelope approximation on laser, ponderomotive guiding center approximation
•laser needs to contain many cycles
•usually valid as long as laser red-shifts are not too strong 

‣Fluid approximation
•preclude kinetic effects
•very fast
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Overarching goal: TeV collider simulations

Why it is difficult?
‣multi-scale/multi-physics
‣ numerical errors under control
‣ time consuming! C. Joshi et al. PoP (2020)

plasma simulations

transport simulations
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Challenges in simulations

Faster simulations require improved algorithms
full advantage of reduced models, dimensions & boosted frames
combine Boosted frame+PGC+quasi-3D to obtain extraordinary 

speed-ups

‣Particle pushers 
•emittance preservation; accurate force on relativistic particle 
•e.g. Jean-Luc Vay or Fei Li pushers

‣Field solvers (accuracy and stability of boosted frame simulations)
dephasing, depletion, energy gain, emittance preservation, …

•improved FDTD solvers
•finite difference time domain (FDTD) vs FFT based 
•hybrid
•Galilean coordinates
•PSTD; PSATD

e.g. Numerical Cherenkov Instability (NCI)

M. Kirshen et al, PoP (2016)
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Challenges in simulations

Faster simulations require improved algorithms Benchmarks
full advantage of reduced models, dimensions & boosted frames
combine Boosted frame+PGC+quasi-3D to obtain extraordinary 

speed-ups

‣Particle pushers 
•emittance preservation; accurate force on relativistic particle 
•e.g. Jean-Luc Vay or Fei Li pushers

‣Field solvers (accuracy and stability of boosted frame simulations)
dephasing, depletion, energy gain, emittance preservation, …

•improved FDTD solvers
•finite difference time domain (FDTD) vs FFT based 
•hybrid
•Galilean coordinates
•PSTD; PSATD

e.g. Numerical Cherenkov Instability (NCI)

‣Full PIC: benchmarks between
•theory
•different codes
•experiments  

‣Reduced PIC codes
•systematic benchmark with full-PIC (theory & experiments)
• integrate multiple (reduced) models into a single 

computational framework
•determine speedup vs accuracy

M. Kirshen et al, PoP (2016)
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Challenges in simulations

Faster simulations require improved algorithms

Staging & start-to-end simulations

Benchmarks
full advantage of reduced models, dimensions & boosted frames
combine Boosted frame+PGC+quasi-3D to obtain extraordinary 

speed-ups

‣Particle pushers 
•emittance preservation; accurate force on relativistic particle 
•e.g. Jean-Luc Vay or Fei Li pushers

‣Field solvers (accuracy and stability of boosted frame simulations)
dephasing, depletion, energy gain, emittance preservation, …

•improved FDTD solvers
•finite difference time domain (FDTD) vs FFT based 
•hybrid
•Galilean coordinates
•PSTD; PSATD

e.g. Numerical Cherenkov Instability (NCI)

‣Full PIC: benchmarks between
•theory
•different codes
•experiments  

‣Reduced PIC codes
•systematic benchmark with full-PIC (theory & experiments)
• integrate multiple (reduced) models into a single 

computational framework
•determine speedup vs accuracy

‣coupling plasma and beam transport important for
•staging
•collider and radiation applications

‣beam transport codes can operate independently of plasma codes

‣ interface between plasma & beamline codes
•particle and self-consistent field initialisation
•compatible input/output beam distributions

M. Kirshen et al, PoP (2016)
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Challenges in theory

Long term plasma evolution and ion motion
what are the plasma-physics limits to the repetition rate of plasma accelerators?

What is the best accelerated beam we can possibly achieve?
‣HEP requires strongly asymmetric beams [ ]. Can we produce & accelerate them?
‣ Efficiency and energy gain [consider flying focus techniques?]
‣Hosing of the trolling bunch?
‣Minimize energy spread and emittance growth

• in plasma 
• beam transport (focusing force mismatch in/out of plasma)

nb/n0 ≫ 1

Physics beyond Maxwell’s equations and radiation
beam disruption; spin precession; radiation reaction; pair production

Acceleration of other particles
high quality positron production and acceleration

•hollow channels
•shaped lasers (e.g. with higher order modes)
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Goals for the next decade: efficient modelling of collider like physics

First step into collider design
•matching plasma to beam transport (focusing forces are very different) and this poses challenges
•model the first and last 2 stages of collider and the collision including beam transport

Much faster simulations
•integrate complementary reduced models to speed up plasma simulations
•use boosted frames routinely (requires NCI control, understanding implications of 
asymmetric cell dimensions)

•AI/Machine Learning (gather database of PIC simulation results, obtain surrogates 
for fully kinetic simulations)

•code benchmark

New physics
beam disruption and QED effects, spin-precession

Positron acceleration
how to do it well?
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Thank you!
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