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Dimensional regularization and chirality

Precise predictions in Standard Model and beyond are possible due to
renormalizability & knowledge of relevant input parameters.

The formal proofs of renormalizability rely on assumption that gauge
invariant regularization exists.

Involved multiloop calculations feasible thanks to Dimensional
Regularization (DR).

DR preserves BRST symmetry of vector-like gauge theories (no chiral
objects present).

Multiplicative renormalization of the tree-level Lagrangian.
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Chirality and dimensional regularization

The existence of chiral fermions is a fundamental fact of nature.

SM transformations of leptons under SU(2):

eR → e′R = eR ,

`L → `′L = e−iωaT a

`L .

γ5 properties in D = 4:
{γ5, γµ} = 0 ,

Tr(γ5γµγνγργσ) = 4iεµνρσ ,

Tr(ab) = Tr(ba) .
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Chirality and dimensional regularization

γ5 properties in d 6= 4 extension can not hold simultaneously → algebraic
inconsistencies

Naive scheme

{γ5, γµ} = 0, Tr(γ5γµγνγργσ) 6= 4iεµνρσ, Tr(ab) = Tr(ba).

Non-cyclicity schemes

{γ5, γµ} = 0, Tr(γ5γµγνγργσ) = 4iεµνρσ, Tr(ab) 6=Tr(ba).

Breitenlohner-Maison-'t Hooft-Veltman scheme (BMHV)
Breitenlohner&Maison'75,'76,'77.

{γ5, γµ} 6= 0, Tr(γ5γµγνγργσ) = 4iεµνρσ, Tr(ab) = Tr(ba).
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Breitenlohner-Maison-'t Hooft-Veltman scheme

Mathematical rigor with perturbative all-order consistency with
fundamental QFT properties - unavoidable in exact treatment of chiral
theories.

Extension to d = 4− 2ε → evanescent objects

d-dim. : gµν , 4-dim. : ḡµν , (−2ε)-dim. : ĝµν = gµν − ḡµν .

Algebra properties:

{γ5, γ̄µ} = 0 , [γ5, γ̂
µ] = 0 ,

{γ5, γµ} = {γ5, γ̂µ} = 2γ5γ̂
µ , [γ5, γ

µ] = [γ5, γ̄
µ] = 2γ5γ̄

µ .

At what cost?

(((
((((hhhhhhhgauge invariance ���XXXBRST ((((

((((hhhhhhhhmultiplicative ren.
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Chiral QED in d = 4

L =ıψR i (/∂
µ
δij + ıeA /A

µYRij )ψR j −
1

4
FµνFµν −

1

2ξ
(∂µA

µ)2 − c̄∂2c+

+ρµsAµ + R̄ i sψR i + R i sψR i

BRST transformations

sAµ = ∂µc , sψi = sψR i = ı eA c YR ijψR j ,

sc = B ≡ −1

ξ
∂A, sψi = sψR i = ı eA ψR jcYR ji .

Slavnov-Taylor identity for the tree-level action:

S(S
(4D)
0 ) = S

(∫
d4xL

)
= 0 ,

where the Slavnov-Taylor operator is given for a general functional F as

S(F) =

∫
d4x

(
δF
δρµ

δF
δAµ

+
δF
δR̄ i

δF
δψi

+
δF
δR i

δF
δψi

+ B
δF
δc̄

)
.
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Chiral QED in d 6= 4

Chiral 4-dimensional current ψR iγ
µψR j can be extended in d in several

ways:

ψiγ
µPRψj , ψiPLγ

µψj , ψiPLγ
µPRψj .

Choice for fermionic part → left-chiral �eld is gauge singlet.

Lfermions = ıψi
/∂ψi + eAYR ijψR i

/AψR j

= ıψi
/∂ψi + eAYR ijψR i

/AψR j + ıψi
/̂∂ψi ,

BRST breaking → Sd (S0) = Sd (S0,inv ) + Sd (S0,evan) = ∆̂

̂

∆ c

p2

ψ
j
β

p1

ψ
i
α

=
eA

2
YR ij

(
( /̂p1 + /̂p2) + ( /̂p1 − /̂p2)γ5

)
αβ

= eA YR ij

(
/̂p1PR + /̂p2PL

)
αβ

.
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Symmetry restoration

Total Lagrangian:

Ltotal = L0,inv + L0,evan + Lsct,inv + Lsct,evan + Lfct,inv + Lfct,restore + Lfct,evan .

Gauge invariance and BRST symmetry are restored order by order by
adding suitable counterterms → S(Γ

(i)
ren) = 0 = sd Γ

(i)
ren .

Upgrading to the multiloop case: where is breaking coming from?

Sd (ΓDReg ) = (∆̂ + ∆ct) · ΓDReg , RegQAP

where

∆̂ ≡ sdS0 = SdS0 ,

∆ct ≡ sdSct = Sd (Sct) =
∞∑
i=1

∆i
ct , ∆i

ct ≡ sdS
i
ct .
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Symmetry restoration

Perturbative expansion of the e�ective action

Sd (ΓDReg ) = ∆̂ +
∞∑
i=1

~i
(

∆̂ · Γi
DReg +

i−1∑
k=1

∆k
ct · Γ

(i−k)
DReg + ∆i

ct

)
in renormalization limit gives set of equations

LIMd→4 ∆̂ = 0 ,

LIMd→4

(
∆̂ · Γi

DReg +
i−1∑
k=1

∆k
ct · Γ

(i−k)
DReg + ∆i

ct

)
= 0 .

Restoration example - back to U(1) Chiral QED (χQED).
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Chiral QED in d 6= 4

Gauge boson self-energy @1-loop

Aµ Aν

p

ıΓ̃νµAA(p)|(1)
div, χQED

=
ıe2A

16π2ε

2 Tr(Y2
R )

3
(pµpν − p2gµν)− ıe2A

16π2ε

Tr(Y2
R )

3
p̂2gµν ,

ıΓ̃νµAA(p)|(1)
div, QED

=
ıe2A

16π2ε

4 Tr(Y2)

3
(pµpν − p2gµν) .

Insertion of breaking

∆̂ c

p1Aµ

= ı[∆̂ · ΓµAc ]
(1)
div

=
e2A

16π2ε

Tr(Y2
R )

3
p̂1

2p1
µ ,

∆1
sct = Sd

(
S
(1)
sct,χQED

)
= − 1 e2A

16π2ε

Tr(Y2
R )

3

∫
d4x(∂µc) ∂̂2Āµ=− [∆̂ · Γ]

(1)
div
.
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Chiral QED in d 6= 4

Finite BRST-restoration counterterms @1-loop

∆̌ c

p1Aµ

∆̌

AνAµ p2p1

c ∆̌

Aν

AρAµ

c

p1
p2

p3

∆̌

p2 p1
ψjβ ψ

i
α

ca

S1
fct =

∫
d4x

1

16π2

(
−e2A Tr(Y2

R )

6
Ā · (∂2

Ā) +
e4A Tr(Y4

R )

12
(Ā2)2

+

(
1− 1− ξA

6

)
e3A
∑

j

(Y3
R )j ıψjγ

µ∂µψj

)
+ Sfct,BRSTinv .

New operators in action → new counterterms →((((
((((hhhhhhhhmultiplicative ren.
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Chiral QED in d 6= 4

Gauge boson self-energy @2-loop

Aµ Aν

p

ıΓ̃νµAA(p)|(2)
div, χQED

=
ıe4A

256π4ε

2 Tr(Y4
R )

3
(pµpν − p2gµν) +

ıe4A
256π4ε

17 Tr(Y4
R )

72
p̂2gµν

− ıe4A
256π4ε2

Tr(Y4
R )

6
p̂2gµν ,

ıΓ̃νµAA(p)|(2)
div, QED

=
ıe4A

256π4ε
2 Tr(Y4)(pµpν − p2gµν) .

Insertion of breaking

ı
(

[∆̂ + ∆
(1)
ct ] · Γ̃

)(2)
cA

=
1

256π4

e4A Tr(Y4
R )

6

[(
1

ε2
− 17

12ε

)
p̂2
1 p̄
µ
1 −

11

4
p̄2
1 p̄
µ
1 +O(̂.)

]
.

(
∆̂ · Γ2

DReg + ∆1
ct · Γ

(1)
DReg + ∆2

ct

)
div

= 0

ACHT 2021 UNIZG PMF Fizi£ki odsjek



Introduction Chiral QED Conclusion

Chiral QED in d 6= 4

∆̂ c

p1Aµ

∆̂ c

p1Aµ

∆
(1)
ct c

p1Aµ

∆̂ c

p1Aµ

∆̂ c

p1Aµ

∆̂ c

p1Aµ

F

BRST restoration in �nite part(
∆̂ · Γ2

DReg + ∆1
ct · Γ

(1)
DReg

)
fin

+ ∆2
fct = 0

S
(2)
fct

=
e4A

256π4

{
−Tr(Y4

R )
11

48
Āµ∂

2
Āµ + e2A

Tr(Y6
R )

8
ĀµĀ

µĀνĀ
ν

−(Y j
R )2

(
127

36
(Y j

R )2 − 1

27
Tr(Y2

R )

)(
ψ̄j ı /̄∂ PR ψj

)}
+ any BRST-symmetric term .
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Conclusion

Chirality is the property of nature.

Algebraicly consistent treatment of chiral theories achieved in BMHV
scheme.

BMHV breaks gauge invariance, BRST, and multiplicative renormalization
is lost.

Symmetries can be restored order by order in perturbation theory by
adding suitable counterterms.

Thanks to the Quantum action principle, breakings are local insertion in
e�ective action.

In the upcoming paper we used BMHV in the treatment of the chiral U(1)
model and restored symmetries up to two-loop level.

Thank you!
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