
ANALOGIES BETWEEN LATTICE QCD and the  

TRUNCATED   NAMBU ‒ JONA-LASINIO MODEL 

ABSTRACT: 

A modified Nambu--Jona-Lasinio Model with lattice structure is very instructive. 

It shows several similar  problems and their solutions as the Lattice QCD.      

We study the limits of the large box size, small cell size and realistic pion mass. 

In particular, we study the relation of the discrete (bound state) solutions to the 

physical scattering states, for example the pion-pion scattering. 

Mitja Rosina 
Faculty of Mathematics and Physics, University of Ljubljana 

and Institute Jožef Stefan, Ljubljana, Slovenia 

 
Talk given at the 

ACHT 2021: Austrian - Croatian - Hungarian  Triangle Meeting       

21.-23. April 2021. 



OUTLINE 

1. THE TWO-LEVEL  NAMBU ‒ JONA-LASINIO  MODEL 

2. THE QUASISPIN  NJL-like MODEL 

3. RELATION  TO  LATTICE  CALCULATIONS 

4. THE SPECTRUM OF 0-
  and 0+

  EXCITATIONS 

5. EMERGENCE OF THE  σ  MESON 

6. EXTRACTION  OF  THE  π  ‒ π  SCATTERING  LENGTH 

7. THE WIDTH  OF THE  σ  MESON 

8. THE EQUATION  OF STATE   AT ZERO BARYON NUMBER 







N→ 
Limit 

 - - -   = 

 

Hartree - 

Fock+ RPA 

for N= 

 
∞ 

∞ 



3. RELATION  TO  LATTICE  CALCULATIONS 

In the quasispin model it is very instructive that the number of colours Nc 

and the number of spatial states VΛ3/6π2  appear on equal footing in the 

product N = 2 Nc × VΛ3/6π2. Therefore it is the same limit N →∞  whether 

we take the large Nc limit or a large block V. This explains why even with 3 

colours the quasispin model behaves similarly as the theorems for large Nc  

limit suggest. 

We shall give examples how to exploit the variation of Λ and N (a  and  L), 

as well as the limit   m“quark“ → m     (m“π“   → mπ  ). 

( Note  that  in  one dimension  L = 30 a   and that the model is not sensitive on the 

number of dimensions.) 



  4. 



np   parity    E [MeV]      DE [MeV] Intruder 

8      +       866             63 

        -        816 s(667)+p(136)+13 

7      -        803             93 

6      +       710             99 

        +       667 s(667) 

5       -       611           108     

4      +       503           115             

3      -        388           123             

2      +       265           129                 

1      -        136           136             

0      +           0               0              



+       81            8 

-        93            7 

+       99            6 

-      108            5 

+     115            4 

-      122            3 

+     129            2 

-      136            1 

+         0            0  

 

 
+  56      sigma(655) 

-   3   sigma+pi(655+150) 

5. EMERGENCE OF THE  sigma  MESON 



6. EXTRACTION  OF  THE  π  ‒ π  SCATTERING  LENGTH 

Energy levels of n-pion states  → average effective pion-pion potential  V : 



7. THE WIDTH  OF THE  σ  MESON 

Discrete eigenvalues →  we get a discrete sigma resonance 

energy, but not its width.  

 

The two-level model does not have the flexibility to adapt the two-

pion energy to the sigma energy (to describe the correct relative 

motion of the two pions) and to “scan” the resonance curve. 

The extension in this direction is in progress. 

 

In the meantime, we explore the method of analytic continuation 

from the bound state [V.M. Krasnopolsky and V.I.Kukulin, Phys. Lett, 69A 

(1978) 251, V.M. Krasnopolsky and V.I.Kukulin, Phys. Lett, 96B (1980) 4, N. 

Tanaka et al. Phys. Rev. C59 (1999) 1391.] 

 

In order to get the complex pole, we vary the bare quark mass m 

from the region where the  meson would be bound, (E < E2π) to the 

physical value (where E >> E2π). 





The resonance energy Eres    

of the σ meson as a 

function of the pion mass, 

using Padé  approximants 

of order 1 (below)         

and 2 (above) 

The width Γ                     

of the σ meson as a 

function of the pion mass,  

using Padé approximants 

of order 1 (below)        

and 2 (above) 
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