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Outline

New, exact solutions of relativistic Navier-Stokes (NS) and Israel-Stewart (IS) theory

- spherically symmetric Hubble-flow: great amount of freedom of dissipative coefficients
Asymptotically perfect fluid solutions

- effects of dissipative coefficients in final state measurments?
Applications of the new, relativistic, dissipative solutions

- indirect description of experimental data

— producing new, non relativistic solutions

Asymptotic perfect fluid attractors of non relativistic, dissipative solutions



I. New, relativistic, dissipative solutions




Relativistic hydrodynamics (Navier-Stokes)

Local conservation of the four momentum and the particle number:

d, (nu") =0
9,1 =0
The energy-momentum tensor is:
" = (e + p)ur'u” — pg"” + q'u” + ¢"u" + T AT
The heat current (with the heat conductivity A):

T pvo e,V _ P
q Ay ufu”) (0,1 = Tu Q)uy) (: bulk viscosity

The following terms describes the viscous effects: n: shear viscosity
2
T = [AFPOuY + AYPO,ut] — anA“”Bpup I = —Co,uP



Relativistic hydrodynamics (lsrael-Stewart)

Local conservation of the four momentum and the particle number:

d, (nu") =0
9,1 =0
The energy-momentum tensor is:
" = (e + p)ur'u” — pg"” + q'u” + ¢"u" + T AT
The heat current (with the heat conductivity A):

T pvo e,V _ P
q Ay ufu”) (0,1 = Tu Q)uy) (: bulk viscosity

The following terms describes the viscous effects: n: shear viscosity
2
T =n[A"PO,u” + AYPO,ut ] — anA““apup—Tﬂupapﬂ“” I = —COuf — Tu,0° 11



Relativistic hydrodynamics (lsrael-Stewart)

Local conservation of the four momentum and the particle number:

d, (nu") =0
0.1 0 To close the equation
system:
The energy-momentum tensor is: FoS: E=Kp
T = (e + p)u'u” — pg"” + ¢"u” + ¢"ut + 7 —Ar T In this work: k=const.

The heat current (with the heat conductivity A):

T pvo e,V _ P
q Ay ufu”) (0,1 = Tu Q)uy) (: bulk viscosity

The following terms describes the viscous effects: n: shear viscosity
2
T =n[A"PO,u” + AYPO,ut ] — anA““apup—Tﬂupapﬂ“” I = —COuf — Tu,0° 11



Hubble-type solutions: scale variable

Y N
Hubble-type velocity field: u" = — =71 —. '

Scale equation: ud,s =0
Dlrectlon.al . " "
scale variables: Se = Sy = 8: =

Satisfy the scale
equation separately: ' 0usi = 0-5; =0




Hubble-type solutior

s: equations to solve

Navier-Stokes theory

Continuity equation: -7 + —n =0

Ansatz for bulk viscosity: ( = Co—

1\ d d
Energy conservation d-p + (1 + —) —p = —2£
K] T TR
Euler-equation: pT — Cd = o(7)
2
Entropy equation: 0.0 + da = %% >0

Po

M. Nagy, M. Csanad, Z. Jiang, T. Csorgd: arXiv:1909.02498
T. Csorg6, G. K.: arXiv:2003.08859

Israel-Stewart theory

d
Continuity equation: ~ 9-7t + —n= 0
: 1\ d d 11
Energy conservation: 9d:p+ (1 + —) —p=———
K T K
d :
Bulk pressure: I = —(; — Il
Euler-equation: p+ I =v(r)
: d d IT
Entropy equation: Oro + —o=——7 >0
7T
Co

Ansatz for bulk viscosity: ¢ = I1—=-
1
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Hubble-type solutions: equations to solve

Navier-Stokes theory | t, > 0, or nis constant || Israel-Stewart theory
Continuity equation: 9-1 + —n =0 Continuity equation: - + —n =0
: onope (12 ) 4o [g on: arps (141) 5o 4
nergy conservation d-p + | 1+ — | —p = — = nergy conservation: 9:p ~ ) -p -
: d .
Euler-equation: pT — Cd = o(7) Bulk pressure: = —C_|=mnll
: d d? ¢ :
Entropy equation: 0.0 + ~0= 57 >0 Euler-equation: p+ I =U(r)
. _ . d d Il
Ansatz for bulk viscosity: (¢ = Cop— Entropy equation: Oro + 0= —- >0
0
Ansatz for bulk viscosity: ¢ = 1>~ 0
M. Nagy, M. Csanad, Z. Jiang, T. Csorgd: arXiv:1909.02498 I
T. Csérgd, G. K.: arXiv:2003.08859
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Heat conduction and shear viscosity cancelled!

Navier-Stokes theory | t, > 0, or nis constant || Israel-Stewart theory
Continuity equation: 9-1 + —n =0 Continuity equation: - + —n =0
, 1\d d*C _ 1Y\ d d IT
Energy conservation d-p+ (1 +— | -p= 5= Energy conservation:  d-p+ {1+ — =
k) T T2 K K Tk
d .
Euler-equation: pT — Cd = o(7) Bulk pressure: = —C_|=mnll
: d d? ¢ :
Entropy equation: 0.0 + ~0= 57 >0 Euler-equation: p+ I =U(r)
. . _ d d Il
Ansatz for bulk viscosity: (¢ = Cop— Entropy equation: Oro + 0= —- >0
0
Ansatz for bulk viscosity: ¢ = 1>~ 0
M. Nagy, M. Csanad, Z. Jiang, T. Csorgd: arXiv:1909.02498 I
T. Cs6rgé, G. K.: arXiv:2003.08859
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Analytic solutions of NS equations, with k=const

70

1—-T0
© o) p d*
The solution of the pressure is:  P(T) = po (@) (—O) . SR =fag = exp [ - ]

Po T Po KoPoTo
Ty = T0 o
- o ,
The temperature has a generalized form: 1 = 1o (?) (—) T (821 8y, 52) T. Csorgo, G. K.
0 T arXiv:2003.08859
Conserved charge, u>0 No conserved charge, u=0
To
P P 14+ kK
Ty pa ( Cod? ) Ta (JA) o ( Gd?2 1 )
_— = — = — X _ = — = ex
To Do Jou P KoPoTo 1o 0 P koPoTo 1 + Ko
1_T_0 K() 2
To\ @ B o T/ To\ @ A T _ Cod 1

n = ng (?) V (82, 5y,52) g = 0y (—0> (?) V (82,8, 52) - - 0.4 exp (poTo T
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Analytic solutions of NS equations, with k=const

 —_— 1 2
] . _ @ T (E)d(1+n) @ _ — ox [ d CO ]
The solution of the pressureis:  P(7) = po (po) - I A L o
. L\ o T. Cs6rgd, G. K.
The temperature has a generalized form: 1" =10 | = — ) | T (8. 8y 52) FoTTem e
0 T arXiv:2003.08859
Conserved charge, u>0 No conserved charge, u=0 ;
T (84,8, 5.) =
P = nl’ D = Io ! V(Szvsyvsz)
1+ kK
Ty pa ( Cod? ) Ta (JA) o ( Gd?2 1 )
_— = — = — X _ = — = ex
To Do Jous P KoPoTo To 0 P KoPoTo 1 + Ko
1_T_0 K() 2
70\ { B o T/ ToN M A T _ Cod 1

n =ngo (?) V (ij Sya 82:) g = 0g (—0) (?) V (Sm; Sy, Sz) o0 0,A exp (pOTO 1 + HO)
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Analytic solutions of IS equations, with k=const

_d_So .
Bulk pressure: (r) = I, (E) T e (_T To)
T TIT
_
1o\ 2(1+%) Po — PaA (Bv T_)
Pressure: p(7) =pa (—) [1 + : 1
T pA (B, T_o)
TII
od -
Constants: pa = py — ¢ (2) exp (E)F(B,E)
K TIT TI1 TIT
1 G 1
B=d|l1+ - -2 __
( +H? HOTH)

M. Nagy, M. Csanad, Z. Jiang, T. Csorgé:
arXiv:1909.02498

T. Csorgé, G. K.:
arXiv:2003.08859
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Il. Asymptotically perfect fluid solutions




Asymptotically perfect fluid solutions

In the T >> t, limit, both the NS and IS cases lead to the same asymptotic perfect fluid
temperature profile and pressure:

7o To)d(pr%)

d
)&O T(Smasyasz) P~ PA (?

If u=0 the entropy density asymptotically equals to a perfect fluid form (and if u#0 the particle
density is unchanged):

1
_— Ty [oa\" Cod* 1
0 VY — = | — = exp
O~ 0A ? (839?83}?82) TO (oX)) RoPoTo 1+!€0

Tmn(
-

The bulk viscosity is absorbed to the asymptotic normalization constants!

The effect of bulk viscosity is scaled out! T. Csorgé, L. P. Csernai, Y. Hama, T. Kodama:
arXiv:nucl-th/0306004
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Asymptotically perfect fluid solutions

In the T >> t, limit, both the NS and IS cases lead to the same asymptotic perfect fluid
temperature profile and pressure:

To

(E)d(l—l—%)

T

_d
T"\-’TA( )&DT(Smjsy;Sz) prA

T

If u=0 the entropy density asymptotically equals to a perfect fluid form (and if u#0 the particle
density is unchanged):

To\ ¢ Ty [oa\" Cod? 1
~ \ — ) )V - = | — = exp
o g ( ) (S-’B? Sy? 82) TO (o)) RoPoTo 1 + K

T

The bulk viscosity is absorbed to the asymptotic normalization constants!

The effect of bulk viscosity is scaled out! T. Csorgé, L. P. Csernai, Y. Hama, T. Kodama:
arXiv:nucl-th/0306004
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Evolution of the temperature: same initial conditions
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. Csorgg, G. K.:
arXiv:2003.08859
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Evolution of the temperature: same initial conditions

Solutions of Navier-Stokes egs. Solutions of Isreal-Stewart egs.
350 T T T T T T T T T 300 T T T T T T
. Th = 300 MeV
300 | k=1
: 250 - =0
[} k=7
250 H,}
My = —5 - 102 MeV/fm?
— 200 B
- S Ty =300 MeV
EQOO %
= -

150 -

~a

-
~—
e
-
~——

100 e Sl ~~ o el
5. dl ™ T~ T~ ~a . TTmmeeaa :
. Pgrfcci fluid | T~ T - L _ T e Perfect fluid
...... 000 =0T - -] - p— ) i~

—===(o/op =0.1-h

=
a0l . -3
- = (y/op =0.05-h ¢ =610 -k fin

wevssnnn Gg =6.5-101 - A fm

50

1 2 3 4 5f 6 7 8 9 10 S0 . 6 o 10 1 14 1. Csorgg, G. K.:
 Lfm] T [fm] arXiv:2003.08859
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Evolution of the temperature: same attractor
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T. Csorgé, G. K.:
arXiv:2003.08859
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Evolution of the temperature: same attractor
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. Csorg6, G. K.:
arXiv:2003.08859
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Evolution of the temperature: same attractor
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14 1. Csorgb, G. K.:
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l1l. Applications




1st application of the solutions of NS eqgs.

In arXiv:1405.3877: v,, v5 and v, were reproduced for sy, */? = 200 GeV Au+Au collisions with
1=7.7 fm/c and T,=200 MeV final state parameters

We co-varied the initial conditions so that exactly the same freeze-out parameters are obtained

500 T T ! ! i ' T T T T T T T T T T :
0_15_(3) 0-10% _(b) 10-20% —]
- | PHENIX vy —a—
450 1 #0 PHENIX v, -8 ___l---.-"_____
o 01k 3 1 - |
K =T ' PHENIX Vy i—ae
400 ¢ 1 PR - o
S N Ty =200 MeV 0.051- -’::; - ._.o--:j_‘a_;:f_'_'__'__________ -
® .. N, T =77 fm /_/;/:/:,‘ it
E' \‘\ Perfect Aluid E— I I I | e f f - } } 275
= -~ N —=== (o/py =0.001-7s MeV~! 02r-(d) 30-40% « °  1(e)40-50% 4 " o (G
oo ~ — — Go/po =0.002:1 MeV-!]| |
500 T~ :\-.,_ -------- cﬁxiﬂ :0.003-fi szfl 0.15 |
250 »-’,-' '--.._"--::.“"::::.:_':':.-::?‘:“ 4 01 ) _ M. Csanald’ A. Szabol:
200 T _' 1 arXiv:1405.3877
T. Csorgb, G. K.: 1 2 3 4 5 6 7 B
arXiv:2003.08859 7 [fm] b, [GeV/c]
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Further applications of the solutions of NS egs.

Producing new, dissipative solutions of non relativistic hydro

1st step: Non relativistic limit of the relativistic solution > Spherically symmetric solution of non
relativistic, dissipative hydro (manuscript is in preparation)

2nd step: Ellipsoidal generalization

3rd step: Add rotation to the velocity field 2 v =V, e + V,o

Result: Ellipsoidally symmetric, rotating, dissipative fireball solution of non relativistic hydro

T. Csorgé, G. K.:
arXiv:2003.08859
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IV. New, non relativistic, dissipative solutions
- with perfect fluid attractors -




Spherically symmetric, dissipative fireball solution

Velocity field L R (0 +7V)s=0
and self similarity: v E(%’ Ty Tz) B ﬁ
§= 2
R\ ¢
Particle density, n(r,t) =ng (EO) V(s) Ro d
temperature and p(7,t) =po fr(t) (_) V(s)T(s)

. R/ J
ideal gas approach: T(7,t)=Tofr(t)T(s)

conservation: kO (fr)+d—- = R

. O\ 2
Energy and momentum R Cd2 R 2 Ty
R p

Two possible solution of the energy conservation: 1. with homogeneous pressure: v(s)t(s)=1, C.=0, {={(p)
2. with inhomogeneous pressure: { ~ p



Spherically symmetric, dissipative fireball solution

- with homogeneous pressure -

If the pressure is homogeneous, then v(s)t(s)=1, C.=0 so the Euler equation and { are:

R=0 — R=const. — R:Rt—l—Roth
C=((p(t))

With that, the energy conservation becomes:

d _¢(p(t)) d

1 bt
IO 0
If the bulk viscosity is linear in pressure: ((p(t)) = gUp}T
1 0
(t) B to d(l-l-;) d2C0 . t_O
P\t)=Po s exXp KPoto . Ty<<T

(£ en{ £ -4

>

Late time approximation:
perfect fluid asymptote

d

T(t)~ T4 (%0) T (s)
p(0) ~p (%’)d(lm

d2
Ty ="Tyexp ( ﬁpf;o )




Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

t
If the pressure is inhomogeneous, then { has to be linear in pressure: ((t,s) = Cop( :9)
Po
Assumption: R\ %
0 =gr(0)( )
With that, the energy conservation becomes:
gr _Gd® (R
gr KPo R \
L This set of differential equations is
The Euler equation is: solved numerically (next slides)
Ty [ Ro\ * /
RR=Cp=2 (_0> gr(t) The asymptotic attractor is a
m\ R perfect fluid solution again!



Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

300 - - - - - 300
o/po [MeV™] Co/po [MeV™]
—_— — 0
———=0.003 1 —===0.003
250 0007 250 0.007
e e (0.012 ~. = (0.012
200
;. ..........
NS Sl T,
S50 ONSL el
H -
~§~.‘
1007 7 —a50 Mev |
..... :rT'.'~,
Ry =5 fm R =5 fm A
50 | Ro =0 ] 50 | Ro =0
Kk =3 k=3
m =940 MeV m =940 MeV
0 : : : : : 0 : : : : :
5 10 15 20 25 30 5 10 15 20 25 30

t [fm/c] t [fm/c]




Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

20 T T T T T 20
Co/po [MeV™] J Co/po [MeV~]
I8 [ | e 3 I8 [ | e 0 y
—=—=0.003 —=—=0.003 7
16 + 0.007 16 + 0.007 Py
= 0.012 = 0.012
A 0.016 T 0.016
Ty =250 MeV T =250 MeV
Elz'Rozsfm Elz-ROA=5fm
S10F Ry=0 10 F RA =0
= k=3 = K =3
8r 8
m =940 MeV m =940 MeV
6r 6
__‘:4f‘
4 4 o
2r 2




Spherically symmetric, dissipative fireball solution
- with inhomogeneous pressure -

1 1 . :
Co/Po [Mev—l] Ty =250 MeV Co/Po [MeV_l] TOA —950 MeV
0.9 | o 0 1 0.9 | e 0
=5 f A _
———=0.003 }?O 5 fm —=—=0.003 Ry =5 fm
0.8 88(1); Ry =0 1 0.8 8-807 R =0
=== 0. = 0.012
........ 0.016 k=3 Lust] wrssasnn 0.016 K =3
0.7 F —940 MeV “‘_."‘ 1 0.7
m =9 RO m =940 MeV
0.6 T o=
‘o’;”:"‘

s




Ellipsoidally symmetric, rotating, dissipative fireball solution

Velocity field: v=vn+vrot Scales of the fireball: X(t), Y(t), Z(t)
(% cos? ¥ + % sin® fﬁ) Ty . . -
Sy v Z X \sin(2d) (' *) =—>» Hubble-flow
va ()= vy lz7x) =2 |?
(% Siﬂ2‘!9—|—%0032 19)rz Tz

X cos? 9+ Z gin?
vmt(f‘,t)ﬁ( " ) _H;.( (% cos ﬁ+UX sin” d)r ) +19(£ _E) sin(21) ( " ) ——> Rotational term of velocity

—(% sin%S‘—l—%cos2 19)113 z X 2 —Tr,

Y= —~7 2 "0 » Angular velocity

- M. I. Nagy, T. Csorg6: arXiv:1309.4390
M. I. Nagy, T. Csorg6: arXiv:1606.09160
T. Csorgd, M. I. Nagy, I. F. Barna: arXiv:1511.02553
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Ellipsoidally symmetric, rotating, dissipative fireball solution

Velocity field: ¢=vn + Vot

Particle density and scale variable:
XoYoZy Vo
XYZ v

Temperature and energy conservation:

XoYoZo ) * _ | G [ du
T = () T, Y e (7/ ma)

. 2 . . . . . . 2
_ Co X Y Z oo | X2 Y2 Z2 1 (X Y Z nowo® (Xo+Zo)' (X 7\
lin(en) = SNty rz) T et vt 2 s\ x vyt Z) | X+2)" \Z X

Euler equation and angular velocity:

n(r,t) =ng

2 2 2
V(s)=ng—V(s) 5= ?_+T_+r_+( ! ! )[(?2—?' ) sin® 9 41,7, sin 20

X2 Y2 Z? 72 X2

X(X—Rw?) - Y?:Z(Z'—Rw?) :C;_%

X+2Z R2
=y v



Further applications:
Ellipsoidally symmetric, rotating, dissipative fireball solution

Velocity field: ¢=vn + Vot

Particle density and scale variable:

. XoYoZ, Vi r2 Ty 2 11 : .
n(7,t) =ng )2'}’?20 V(s)= HO?OV(S) § = X_:Ei’ + Y_y2 + Z_z2 + (ﬁ — ﬁ) [(f;g —frﬁ) sin® 9 + 7,7, sin 21‘5‘}

Temperature and energy conservation:

XoYoZo ) * C o[ e [
T = () T, Y e (7/ ma)

. . . 2 . . . . . . 2
X Y 7 2 X2 v?2 72 1(X Y Z
ki [In(gr)] = C—"(—+—+—) HER | 2+ -(—+—+_)

Xz v 22 mowo® (Xo+Z0)! (X Z 2
w\X 'Y Z w | X222 3\X'Y ' Z po X+24 \zZ X
effect of bulk effect of shear effect of shear
Euler equation and angular velocity: without rotation with rotation

X(X—Rw?) — VY = Z(Z'—Rw?) —opt

m
2
R- 2tz Tk




Summary

New, analytic, exact solutions of relativistic Navier-Stokes and Israel-Stewart equations with
spherically symmetric Hubble-flow

The effect of shear viscosity cancel because of the velocity field

The solutions are causal and asymptotically perfect (the effect of bulk viscosity cancels for late
times), both for a finite and vanishing

These exact solutions tend to the Csorg6-Csernai-Hama-Kodama perfect fluid solution

Cannot decide from final state measurements that the medium evolved as a perfect fluid with
higher initial temperature (T,) or as a viscous fluid with lower initial temperature (T,)

We were able to reproduce the experimental data in s,,'/?> = 200 GeV Au+Au collisions on v,, v,
andv,

Non relativistic limit: new solutions of non relativistic Navier-Stokes theory






Further application:
Asymptotic behaviour (for C.=0)

If C.=0, analytic solutions of X, Y and Z scales can be given, and their asymptotic limit are simple:

X o Xo+Xat, o i
' X, = - |Xo—Z Xo+ Z0)2 4+ (Xo+ Zy)2w?
Y Ya+Y_;t, where 2| 0 n+\/( 0+ Zo)?+ (Xo+ Zo) wn_
Z Lo+ 2 y :
X Zg+ Zat, , — Y, = Y,
W W XO‘}‘-ZU - Ao = 5 ZU—XU+\/(X0+ZU)2+(XU+ZU)2603
Xa+Za+(Xa+Za)t - -
At very late times the constant offsets becomes negligible: X Xat
In this asymptotic limit, the rotating and dissipative, Y o Yt
ellipsoidal fireball tends to a known, perfect fluid 7 o Tt
a

relativistic solution: csérgs, Csernai, Hama, Kodama:
arXiv:nucl-th/0306004

A spherical and irrotational Hubble flow is an asymptotic attractor for rotating and ellipsoidal, finite fireballs

The effects of rotation, shear and bulk viscosity are scaled out from asymptotia
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