
One-loop self-energy and curvature masses

for (axial) vector mesons in ELSM

Gy®z® Kovács
PhD student

ELTE University

Wigner RCP

Collaborators:

Zsolt Szép, ELTE University

Péter Kovács, Wigner RCP

György Wolf, Wigner RCP

ACHT 2021

April 21, 2021



Extended linear sigma model



ELSM

Vector and axial vector meson Extended Polyakov Linear Sigma Model.
Phys. Rev. D 93, no. 11, 114014 (2016)

� Extended: Vector and Axial vector nonets (besides to Scalar and Pseudoscalar)
Isospin symmetric case: 16 mesonic degrees of freedom.

� Polyakov: Polyakov loop variables give 2 order parameters Φ, Φ̄.

� Linear Sigma Model: "simple" quark-meson model
The mesonic Lagrangian Lm build up from the �elds

Lµ =
∑
a

(V µa +Aµa)Ta, Rµ =
∑
a

(V µa −Aµa)Ta, M =
∑
a

(Sa + iPa)Ta,

with terms up to fourth order, taking care of the symmetry properties.

� Lm contains the dynamical, the symmetry breaking,
and the meson-meson interaction terms.
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ELSM

� Constituent quarks (Nf = 2 + 1) in Yukawa Lagrangian

LY = ψ̄ (iγµ∂µ − gF (S − iγ5P )− gV γµ(Vµ + γ5Aµ))ψ

In the latest (2016) version gV = 0 was used.
⇒ No (axial) vector-fermion interaction was taken into account.

� SSB with nonzero vev. for scalar-isoscalar sector φN , φS .
⇒ mu,d = gF

2
φN , ms = gF√

2
φS fermion masses in LY .

� Meson masses: Curvature masses M2
ab = ∂2Ω

∂ϕa∂ϕb

� Tree level: S-V and P-A mixing in the quadratic part of the Lagrangian
⇒ Shift in the A/V �elds ⇒ The S/P masses get an extra factor m2 → Z2m2.

� Fermionic one-loop correction: can be calculated from the fermionic determinant.
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ELSM

Thermodynamics: Mean �eld level e�ective potential:

� Classical potential.

� Fermionic one-loop correction with vanishing �uctuating mesonic �elds.
Functional integration over the fermionic �elds.

� Polyakov term.

Ω(T, µq) = UCl(〈M〉) + Tr log
(
iS−1

0

)
+ U(Φ, Φ̄) (1)

Field equations (FE):
∂Ω

∂Φ̄
=
∂Ω

∂Φ
=

∂Ω

∂φN
=

∂Ω

∂φS
= 0 (2)

Mesonic one-loop corrections (π, K, f0
L): taken into account only in the pressure!

Parametrization of the model at T = 0, µ = 0 with ≈ 30 physical quantities.
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Improvements



ELSM improvements

→ Including (axial) vector-fermion interaction, i.e. setting gV 6= 0

LY = ψ̄ (iγµ∂µ − gF (S − iγ5P )− gV γµ(Vµ + γ5Aµ))ψ (3)

From the fermionic one-loop self-energy corrections come to the (axial) vector masses.

→ Including one-loop mesonic contribution into the e�ective potential via ring
resummation. (The fermion determinant expanded to 2nd order in the mesonic �elds
and Gaussian integral performed.)

U(φ) = UCl(φ) + Uf (φ, ϕ = 0)−
i

2
tr

∫
K

log
(
iD−1

(µν),ab
(K)−Π(µν),ab(K)

)
(4)

iD−1(K) the tree-level inverse propagator and Π(K) the fermionic one-loop SE,

and Uf (φ, ϕ = 0) = itrD
∫
K log(iS−1(K;ϕ)

∣∣
ϕ=0

.

It can be easily seen that the fermionic contribution to the curvature masses can be
obtained as the self-energy at vanishing external momentum Π(K = 0).
⇒ We need the self-energy!
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One-loop fermionic self-energy

The expansion of the fermionic functional determinant in powers of some generic mesonic
�eld (in Nf = 1)

Uf (φ, ϕ) =Tr log
(
iS−1
f − gϕ

)
=Tr log

(
iS−1
f

)
−
∞∑
n=1

(−ig)n

n
trD

[ n∏
i=1

∫
d4xi ϕ(xi)Sf (xi, xi+1)

]
xn+1=x1

,
(5)

with iS−1
f = i/∂ −mf , inverse tree-level fermion propagator, and Tr is the functional trace.

In Nf = 2 + 1:

Uf (φ, ϕ) =i

∫
K

logDet
[
γ0

(
iγµKµ + 1diag(mu,md,ms)− gF (1Saλa − iγ5P

aλa)

− gV γµ(V aµ λ
a + γ5A

a
µλ

a)
)] (6)

Second �eld derivative of Uf (φ, ϕ) taken at vanishing mesonic �elds gives the self-energy.
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(Alternative for masses: brut force derivation of the determinant of a 12× 12 matrix.)
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(Axial) vector self-energy

Generally one has

Π
(X)
ab (Q) = iNcsXc

2
X

∫
K
tr
[
ΓX

λa

2
S̄(K)Γ′X

λb

2
S̄(K −Q)

]
(7)

where the trace goes over �avor and Dirac space, too, S̄ = diag (Su,Sd,Ss), sx = ±1 for
S, P and V,A while cX = −igS , −gS , −igV , −igV and ΓX = 1, γ5, γµ, γµγ5 for
X = S, P, V,A respectively.

Π
(V/A)µν
ab (Q) =i2Ncg

2
V

∫
K

gµν(± mamb −K2 +K ·Q) + 2KµKν −KµQν −QµKν

(K2 −m2
a)((K −Q)2 −m2

b)
(8)

� At T = 0 only the vacuum self-energy contributes, that has to be renormalized
⇒ Dimensional regularization

� At T 6= 0 the matter part (with statistical function) also gives contribution

⇒ At �nite temperature: Wick rotation, Matsubara frequencies,

∫
K
→ iT

∑
n

∫
d3k

(2π)3
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Projector decomposition of Πµν
vac(Q)

Single reference vector at T = 0: Qµ ⇒ 4-longitudonal and 4-transversal projectors:

PµνL =
QνQµ

Q2
, PµνT = gµν − PµνL (9)

The vacuum contribution can be written up as

Πµνvac(Q) = Πvac,L(Q)PµνL + Πvac,T (Q)PµνT (10)

We need only the vanishing external momentum case.

� For the vector self-energy containing two fermion propagators with the same mass in
the loop integral one can see that: QµΠµν(Q) = 0 and Πµν(0) = 0 (as in QED)

Πvac,L/T (0) = 0 (11)

Renormalization scheme that can reproduce this ⇒ Dimensional regularization

� For the axial vector self-energy and vector self-energy with two di�erent fermion
propagators in the loop integral

Πvac,L(0) = Πvac,T (0) = Π00
vac(0) = −Π11

vac(0) 6= 0 (12)
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(Projector) decomposition of Πµν at T 6= 0

There is another reference vector: 4-velocity of the thermal bath uµ (with u2 = 1).

Lorentz covariant quantities: ω ≡ Q · u, p ≡
√
ω2 −Q2.

We use uµ = (1,0), thus, ω = q0, p = |q|.
New operators (uµT = uµ − (Q · u)Qµ/Q2):

Pµνl (Q) =
uµTu

ν
T

u2
T

, Pµνt = gµν − PµνL − Pµνl , Cµν =
QµuνT +QνuµT√

(Q · u)2 −Q2
(13)

Hence, Πµν(Q) =
∑

x=l,t,L

Πx(Q)Pµνx + ΠC(Q)Cµν .

Cµν is not a projector, e.g.:

C2 = −Pl − PL, C · Pl = PL · C,C · PL = Pl · C (14)

M. Le Bellac, Thermal Field Theory, (1996)

Buchmuller, Helbig and Walliser, Nucl. Phys. B 407, 387-411 (1993)
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(Projector) decomposition of Πµν at T 6= 0

We need only the vanishing external momentum case.
To get the curvature mass one need lim

q→0
lim
q0→0

in this order.

Πmat
l (0,q) = Π00(0,q), Πmat

L (0,q) = −
qiqj

q2
Πmat
ij (0,q), Πmat

C (0,q) = −
qi

|q|
Πmat

0i (0,q) = 0

Thus, Πl/t/L(0) = Πvac(0) + Πmat
l/t/L

(0)

� Vector SE with two fermion propagators with equal masses

Πmat
L (0) = 0, Πmat

l (0) = Πmat
00 (0), Πmat

t (0) = −
3

2
Πmat

11 (0)
[

= 0 for ELSM
]

� Axial vector SE and vector SE with two di�erent fermion propagators

Πmat
t/L (0) = −Πmat

11 (0), Πmat
l (0) = Πmat

00 (0)
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Modes from Gaussian approximation

Classical level mixing

δLquadg1
= −

g1

2
iKµ

[
dijk

(
Ãµi P̄j − P̃iĀj

)
+ fijk

(
Ṽ µi S̄j + S̃iV̄

µ
j

)]
φk, i, j, k = 0, . . . , 8

Specially for S − V in the 4− 5 sector

1

2
S̃4

(
K2 − m̂2,(S)

44

)
S̄4 −

1

2
Ṽ µ5
(
gµν(K2 − m̂2,(V )

55 )−KµKν
)
V̄ ν5 −

i

2
Ṽ µ5 c54K

µS̄4 +
i

2
S̃4c45K

ν V̄ ν5

The usual way to handle the mixing: shift the (axial) vectors: V µi → V µi + αKµSi

1

2
S̃4

(
K2 (m̂

2,(V )
55 − c245)/m̂

2,(V )
55 − m̂2,(S)

44

)
S̄4 −

1

2
Ṽ µ5
(
(gµνK2 −KµKν)− gµνm̂2,(V )

55

)
V̄ ν5

To get the canonical K2 −m2 form for the scalars one de�nes a "wave function
renormalization" for the scalars with S4 → Z

K?±
0
S4 with Z2

K?±
0

= m̂2
K?±/

(
m̂2
K?± − c245

)
Thus one will get: 1

2
S̃4

(
K2 − Z2

K?±
0

m̂
2,(S)
44

)
S̄4
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Modes from Gaussian approximation

Classical level mixing
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g1
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dijk
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Ṽ µi S̄j + S̃iV̄

µ
j

)]
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Specially for S − V in the 4− 5 sector (with a new way)

δLSV45 =
1

2

[
(S̃4, Ṽ

µ
5 )M45

µν

(
S̄4

V̄ ν5

)
+(S̃5, Ṽ

µ
4 )M45∗

µν

(
S̄5

V̄ ν4

)]
, M45

µν =

(
D−1

44 (K) −iKνc45

iKµc45 −iD−1
µν,44(K)

)

The propagators: iD−1
44/55

= K2 − m̂2,(S)
44 and iD−1

µν,44/55
= m̂2

K?±P
L
µν +

(
m̂2
K?± −K2

)
PTµν

In the Gaussian approximation one has the determinant:

detM45
µν =iD−1

44 (K) det
(
iD−1
µν,44(K) + ic245D44(K)K2PLµν

)
=−

(
m̂2
K?± − c245

)(
K2 − m̂2

K?±
0

)(
K2 − m̂2

K?±
)3
, 1+1+3 modes

where m̂2

K?±
0

= Z2

K?±
0

m̂
2,(S)
44 with Z2

K?±
0

= m̂2
K?±/

(
m̂2
K?± − c245

)
.
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µ
4 )M45∗

µν

(
S̄5

V̄ ν4

)]
, M45

µν =

(
D−1

44 (K) −iKνc45

iKµc45 −iD−1
µν,44(K)

)

The propagators: iD−1
44/55

= K2 − m̂2,(S)
44 and iD−1

µν,44/55
= m̂2

K?±P
L
µν +

(
m̂2
K?± −K2

)
PTµν

In the Gaussian approximation one has the determinant:

detM45
µν =iD−1

44 (K) det
(
iD−1
µν,44(K) + ic245D44(K)K2PLµν

)
=−

(
m̂2
K?± − c245

)(
K2 − m̂2

K?±
0

)(
K2 − m̂2

K?±
)3
, 1+1+3 modes

In the e�. potential:
∫
K logDet

(
iD−1(K) + Π(0)

)
=
∫
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∫
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∫
K log VT
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In dimensional regularization one can get rid of the constant.
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Modes from Gaussian approximation

Mixing in the Gaussian approximation

Contribution of the self-energy at vanishing external momentum

iD−1(K)→iG−1
loc

(K) = iD−1(K)−Π(0)

iD−1
µν (K)→iG−1

loc,µν(K) = iD−1
µν (K) + Πµν(0)

(15)

For V/A:

iG−1
loc,µν(K) = M̂2

LP
L
µν(K) +

∑
x=l,t

(
M̂2
x −K2

)
Pxµν(K), M̂2

L/l/t
= m̂2 + ΠL/l/t(0)

Specially in the vector 4− 5 sector:

detM45
µν = −

(
M̂2
L,55 − c

2
45

)(
K2 − M̂2

44

)(
K2 − M̂2

l,55

)(
K2 − M̂2

t,55

)2
, 1+1+1+2 modes

where M̂2
44 = Z2

S,44

(
m̂

2,(S)
44 + Π

(S)
44 (0)

)
with Z2

S,44 = M̂2
L,55/

(
M̂2
L,55 − c

2
45

)
.
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Curvature masses

� (Pseudo)scalar curvature masses

Tree-level T = 0 T 6= 0

m̂2 −→ M̂2 = m̂2 + Πvac(0) + Πmat(0)

Already calculated by Schaefer and Wagner and part of the latest version ELSM.
Momentum has to be kept in the determinant for the (axial) vectors because those
couple to the momentum to form a Lorentz scalar.
Phys. Rev. D 79 , 014018 (2009)

� (Axial) vector curvature masses

Tree-level Fermionic correction

m̂2 = m̂2
L = m̂2

T
T=0−−−→ M̂2

vac = M̂2
vac,L/T

= m̂2
L/T

+ Πvac,L/T (0)
T 6=0−−−→ M̂2

L/l/t
= m̂2

L/l/t
+ ΠL/l/t(0)

Thus, both T and L get the same vacuum correction and at T 6= 0 the 4-transversal
splits to 3-transversal + 3-longitudinal, and each modes (L, l, t) gets separate matter
correction. In ELSM ΠL(0) = Πt(0) 6= Πl(0).
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m̂2 −→ M̂2 = m̂2 + Πvac(0) + Πmat(0)

Already calculated by Schaefer and Wagner and part of the latest version ELSM.
Momentum has to be kept in the determinant for the (axial) vectors because those
couple to the momentum to form a Lorentz scalar.
Phys. Rev. D 79 , 014018 (2009)

� (Axial) vector curvature masses

Tree-level Fermionic correction

m̂2 = m̂2
L = m̂2

T
T=0−−−→ M̂2

vac = M̂2
vac,L/T

= m̂2
L/T

+ Πvac,L/T (0)
T 6=0−−−→ M̂2

L/l/t
= m̂2

L/l/t
+ ΠL/l/t(0)

Thus, both T and L get the same vacuum correction and at T 6= 0 the 4-transversal
splits to 3-transversal + 3-longitudinal, and each modes (L, l, t) gets separate matter
correction. In ELSM ΠL(0) = Πt(0) 6= Πl(0).
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Summary and outlook

� The one-loop fermionic self-energy of the (axial) vectors was calculated.

� The decomposition of the (axial) vector self-energy modes was done.

� The separation of the modes in the Gaussian approximation and a new way to resolve
the (pseudo)scalar � (axial) vector mixing was shown.

� The T -dependence of the curvature masses of various modes was investigated.

� A publication about our results coming soon.

� Using the e�ective potential in Eq. (4) we plan to investigate the thermodynamics
of the consistent version of ELSM at one-loop level with gV 6= 0.
Existence and location of CEP, pressure and its derivatives, etc.
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