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B̄ Ē

Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:
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with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP
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where k = !x̂ , (4.12)

where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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main takeaways

axion stars/oscillons/solitons can radiate energy in electromagnetic fields

*we have simple analytic results, confirmed by numerical simulations + novel phenomenon which are harder to explain analytically
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main takeaways

axion stars/oscillons/solitons can radiate energy in electromagnetic fields

radiated power depends on axion-photon coupling and characteristics of soliton configuration

*we have simple analytic results, confirmed by numerical simulations + novel phenomenon which are harder to explain analytically
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radiation from collisions of solitons

5

main takeaways

radiation from solitons in external electromagnetic fields (with plasma)

!p 6= 0

+ early universe effects ?

+ Fast Radio Bursts ?
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Figure 1. Left: The scalar field potentials that support solitons. For the quadratic potential and
cosine potential, gravity is essential for supporting long-lived, whereas the “flattened” potentials
can support solitons without gravity, but typically require amplitude ⇠ f . For any potential where
solitons have a small amplitude compared to f , gravity is essential for long-lived stable solitons.
Right: A schematic representation of a solitons. Dilute solitons have '0 ⌧ f and R � m

�1. Dense
solitons have '0 ⇠ f and R ⇠ few ⇥m

�1. The frequency is always ⇡ m.

gravity supported scalar field configurations to exist, but ignores gravitational e↵ects (such

as redshifts) in the dynamics of electromagnetic fields and also ignores the contribution of

electromagnetic fields in determining the gravitational potential.1

3 Compact axion stars in constant electromagnetic fields

We are interested in electromagnetic radiation generated by a spatially localized, coherently

oscillating axion field configuration of the approximate form

�(t, r) ⇡ '(r) cos(!t) . (3.1)

Such solutions of the nonlinear Klein-Gordon equation (with and without gravity), which

we generically refer to as solitons, are a result of gradients competing against (i) attractive

self-interactions in the potential V (�) and/or (ii) gravitational interactions.

The detailed form of ' depends on the potential V (�) as well as !. For most of our

purposes, we use an ansatz of the form '(r) = '0 sech (r/R) so that

�(t, r) = '0 sech (r/R) cos!t . (3.2)

The above form is motivated by the fact that it has the correct large distance behavior for

such solutions []: ⇠ e
�r/R, with R ⇠ 1/

p
m2 � !2 where m > !. Typically, ! is not too

di↵erent from m, however, '0 and R can vary significantly for small changes in ! close to

1We are also assuming ga� is su�ciently small here, and the electromagnetic fields are the subdominant

contribution to the total energy density of the system.
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soliton formation mechanisms
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Figure 2 | A slice of the density field of the  DM simulation on various
scales at z=0.1. This scaled sequence (each of thickness 60 pc) shows
how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to
the granular structure inside the haloes. Distinct solitonic cores with radii
⇠0.3–1.6kpc are found within collapsed haloes (which have virial masses
Mvir ⇠ 109˘1011 M�). The density shown here spans over nine orders of
magnitude, from 10�1 to 108 (normalized to the cosmic mean density). The
colour map scales logarithmically, with cyan corresponding to density .10.

giving rise to a co-moving Jeans length, �J / (1+z)1/4m�1/2
B , during

the matter-dominated epoch17. The insensitivity of �J to redshift, z ,
generates a sharp cuto�mass belowwhich structures are suppressed.
Cosmological simulations in this context turn out to be much
more challenging than standard N-body simulations, as the highest
frequency oscillations, !, given approximately by the matter wave
dispersion relation, ! /m�1

B �
�2, where � is the wavelength, occur

on the smallest scales, requiring very fine temporal resolution even
formoderate spatial resolution (Supplementary Fig. 1). In this work,
we optimize an adaptive-mesh-refinement (AMR) scheme, with
graphic processing unit acceleration, improving performance by
almost two orders of magnitude22 (see Supplementary Section 1
for details).

Figure 1 demonstrates that despite the completely di�erent
calculations employed, the pattern of filaments and voids generated
by a conventional N-body particle3CDM simulation is remarkably
indistinguishable from the wavelike 3 DM for the same linear
power spectrum (Supplementary Fig. 3). Here 3 represents the
cosmological constant. This agreement is desirable given the
success of standard 3CDM in describing the statistics of large-scale
structure. To examine the wave nature that distinguishes DM from
CDM on small scales, we re-simulate with a very high maximum
resolution of 60 pc for a 2 Mpc co-moving box, so that the densest
objects formed of &300 pc size are well resolved with ⇠103 grids. A
slice through this box is shown in Fig. 2, revealing fine interference
fringes defining long filaments, with tangential fringes near the
boundaries of virialized objects, where the de Broglie wavelengths
depend on the local velocity of matter. An unexpected feature of
our DMsimulations is the generation of prominent dense coherent
standing waves of dark matter in the centre of every gravitational
bound object, forming a flat core with a sharp boundary (Figs 2
and 3). These dark matter cores grow as material is accreted and
are surrounded by virialized haloes of material with fine-scale,
large-amplitude cellular interference, which continuously fluctuate
in density and velocity, generating quantum and turbulent pressure
support against gravity.

The central density profiles of all our collapsed cores fit well
the stable soliton solution of the Schrödinger–Poisson equation, as
shown in Fig. 3 (see also Supplementary Section 2 and Figs 2 and 4).
On the other hand, except for the lightest halo, which has just formed
and is not yet virialized, the outer profiles of other haloes possess a
steepening logarithmic slope, similar to the Navarro–Frenk–White
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Figure 3 | Radial density profiles of haloes formed in the  DMmodel.
Dashed lines with various symbols show six examples of the halo profiles
normalized to the cosmic mean density. All haloes are found to possess a
distinct inner core fitted extremely well by the soliton solution (solid lines).
A detailed soliton fit for the largest halo is inset, where the error is the root-
mean-square scatter of density in each radial bin. A Navarro–Frenk–White
(NFW) profile representing standard CDM is also shown for comparison
(black dot-dashed line, with a very large scale radius of 10kpc), which fits
well the profiles outside the cores. The yellow hatched area indicates the
⇢300 of the dSph satellites around the Milky Way3,24, which is consistent
with the majority of galaxy haloes formed in the  DM simulations.

(NFW) profile23 of standard CDM. These solitonic cores, which are
gravitationally self-bound and appear as additional mass clumps
superposed on the NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM, which truncate the NFW
cuspy inner profile at lower values and require an external halo for
confinement. The radius of the soliton scales inversely with mass,
such that the widest cores are the least massive and are hosted by the
least massive galaxies. Eighty percent of the haloes in the simulation
have an average density within 300 pc (defined as ⇢300) in the range
5.3⇥ 10�3–6.1⇥ 10�1 M�/pc3, consistent with the dSph satellites
around the Milky Way3,24, and objects like these are resilient to
close interaction with massive galaxies. By contrast, the very lowest
mass objects in our simulation have ⇢300 ⇠ 4.0⇥ 10�4 M�/pc3 and
Mvir ⇠108 M�, but exist only briefly as they are vulnerable to tidal
disruption by large galaxies in our simulations. Together with the
cuto� in the power spectrum at the Jeans scale (Supplementary
Fig. 3), this leads to a marked suppression of substructure below
a few times 108 M� relative to the prediction of standard CDM
(refs 8,9). A quantitative evaluation of the mass function of satellite
galaxies predicted by  DM with larger simulations is thus another
crucial test to be addressed.

The prominent solitonic cores uncovered in our simulations
provide an opportunity to estimate the boson mass, mB, by
comparison with observations, particularly for dSph galaxies where
dark matter dominates. The local Fornax dSph galaxy is the best
studied case, with thousands of stellar velocity measurements,
allowing a detailed comparison with our soliton mass profile.
We perform a Jeans analysis for the dominant intermediate
metallicity stellar population, which exhibits a nearly uniform
projected velocity dispersion (�k; ref. 25). We simultaneously
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Gravitational Bose-Einstein condensation in the kinetic regime

D.G. Levkov,1, 2, ⇤ A.G. Panin,1, 2 and I.I. Tkachev1, 3

1Institute for Nuclear Research of the Russian Academy of Sciences, Moscow 117312, Russia
2Moscow Institute of Physics and Technology, Dolgoprudny 141700, Russia

3Novosibirsk State University, Novosibirsk 630090, Russia

We study Bose-Einstein condensation and formation of Bose stars in the virialized dark matter
halos/miniclusters by universal gravitational interactions. We prove that this phenomenon does
occur and it is described by kinetic equation. We give expression for the condensation time. Our
results suggest that Bose stars may form kinetically in the mainstream dark matter models such as
invisible QCD axions and Fuzzy Dark Matter.

1. Introduction. Bose stars are lumps of Bose -
Einstein condensate bounded by self-gravity [1, 2]. They
can be made of condensed dark matter (DM) bosons —
say, invisible QCD axions [3] or Fuzzy DM [4]. That is
why their physics, phenomenology and observational sig-
natures remain in the focus of cosmological research for
decades [5], see recent papers [6, 7]. Unfortunately, for-
mation of Bose stars is still poorly understood and many
recent works have to assume their existence.

In this Letter we study Bose-Einstein condensation in
the virialized DM halos/miniclusters caused by univer-
sal gravitational interactions. We work at large occupa-
tion numbers which is correct if the DM bosons are light.
Notably, we consider kinetic regime where the initial co-
herence length and period of the DM particles are close
to the de Broglie values (mv)�1 and (mv

2)�1 and much
smaller than the halo size R and condensation time ⌧gr,

mvR � 1 , mv
2
⌧gr � 1 . (1)

We numerically solve microscopic equations for the en-
semble of gravitating bosons in this case and find that
the Bose stars indeed form. We derive expression for ⌧gr
and study kinetics of the process.

Up to our knowledge, gravitational Bose-Einstein con-
densation in kinetic regime has not been observed in
simulations before. Old works considered only con-
tact interactions between the DM bosons [8] which
are non-universal and suppressed by quartic constants
� ⇠ 10�50 [9] and 10�100 [10] in models of QCD axions
and string axions/Fuzzy DM. Our results show that in
these cases gravitational condensation is faster: although
the Newton’s constant Gm

2 is tiny, its e↵ect is enhanced
by collective interaction of large fluctuations in the boson
gas at large distances, cf. [11].

On the other hand, all previous numerical studies of
Bose star formation considered coherent initial configura-
tions of the bosonic field — a Gaussian wavepacket [12] or
the Bose stars themself [13, 14]. A spectacular simulation
of structure formation by wavelike/Fuzzy DM [13, 15]
started from (almost) homogeneous Bose-Einstein con-
densate. In all these cases the Bose stars form almost
immediately [12, 13] from the lowest-energy part of the
initial condensate.

We consider entirely di↵erent situation (1) when the
DM bosons are virialized in the initial state. The closest

|

x̃

·

FIG. 1. Formation of Bose star from random field with initial
distribution | ̃p̃|2 / e�p̃2

and total mass Ñ = 50 in the box
0  x̃, ỹ, z̃ < 125. These values correspond to the center of
the axion minicluster with Mc ⇠ 10�13M� and � ⇠ 2.7 in
Sec. 8. (a), (b) Sections z̃ = const of the solution | ̃(t̃, x̃)|
at (a) t̃ = 0 and (b) t̃ > ⌧̃gr ⇡ 1.08 · 106. (c) Radial profile
| ̃(r̃)| of the object in Fig. 1b (points) compared to the Bose
star  ̃s(r̃) with !̃s ⇡ �0.7 (line). (d) Maximum of | ̃(x̃)|
over the box as a function of time. (e) Spectra (3) at times
of Figs. 1a, b and at the eve of Bose star nucleation, t̃ =
1.05 · 106 ⇠ ⌧̃gr. (f) The spectrum at t ⇠ ⌧gr (dashed line)
versus the solution of Eq. (5) (circles) and thermal law F̃ /
!̃�1/2 (dots).
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self-interaction instability + gravity gravitational instability + kinetic nucleation

also phase transitions, nucleation around BHs, etc.

Schive et. al (2015)

Levkov et. al (2018)

MA & Mocz (2019)

also work by D. Croon, C. Prescod-Weinstein 
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why EM radiation from solitons ?

solitons with coherence & large (non-

redshifting) central amplitudes — can 

significantly change expectations of axion-

photon conversion
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electromagnetic radiation from solitons

is heavily suppressed. As a result, most of our focus will be on the dense, smaller radius

solitons.

4 Analytic calculation of electromagnetic radiation

In this section, we calculate the electromagnetic radiation generated by spatially localized,

coherently oscillating axion configurations (solitons) discussed in the previous section. In

presence of external electromagnetic fields, such configurations can be e↵ectively thought of

as time-dependent charge densities and currents which produce electromagnetic radiation.

We provide analytic results for the produced radiation at leading order in the coupling ga� ,

and discuss di�culties with going beyond the leading order analytically. We also discuss

the expected non-perturbative (in the coupling) results in general terms.

The first-order Maxwell’s equations (2.6) can be rearranged into following second-order

equations:

Ë �r2E = �r⇢� J̇ , B̈ �r2B = r⇥ J . (4.1)

The 4-current (⇢,J) defined in (2.7) is spatially localized because the axion field configu-

ration � given by eq. (3.1) is spatially localized. Note that (⇢,J) depend on � as well as

the E and B via eq. (2.7). Beyond the spatial extent of the axion stars, both E and B

propagate like free waves.

4.1 Floquet analysis

Because the system is linear in E and B fields, and we assume � to be periodic in time,

we expect the solutions to obey Floquet’s Theorem [? ? ]. That is, the solutions are either

bounded and periodic, or have exponential growth in time. However calculating Floquet

exponents (µ), or explicit solutions is a tall order because of the large number of coupled

degrees of freedom associated with each spatial point (formally infinite, and usually a rather

large number in discretized three dimensions). Equivalently, the modes in Fourier space

are coupled because of the spatial variation in �.2

While the explicit calculation of the Floquet exponents is non-trivial, we can get a

physical understanding of their scaling with parameters and the parametric boundary be-

tween bounded and unbounded solutions as follows [? ]. For the homogeneous axion field

with amplitude '0, the electromagnetic fields are always unstable, with the k ⇠ m/2 EM

field modes growing as eµhomt where µhom ⇠ ga�'0/m (at least when ga�'0 is not too large,

see Appendix ?? for details). In contrast, for the localized soliton configuration, we expect

a threshold value of the coupling ga�'0 for which we get exponentially growing solutions.

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

2The number of Floquet exponents is equal to the dimensionality of phase space for the system. For a

system with N3 Fourier modes, there would be 2N3 Floquet exponents. For a coupled system of Fourier

modes (ie. inhomogeneous background), each Floquet exponent does not correspond to a single Fourier

mode, but a linear combination of modes. Note that Floquet exponents are complex in general. When they

have a non-zero real part, we can get exponential solutions in time. When we refer to Floquet exponents

from here onwards, we are referring to the real part.

– 6 –

is heavily suppressed. As a result, most of our focus will be on the dense, smaller radius

solitons.

4 Analytic calculation of electromagnetic radiation

In this section, we calculate the electromagnetic radiation generated by spatially localized,

coherently oscillating axion configurations (solitons) discussed in the previous section. In

presence of external electromagnetic fields, such configurations can be e↵ectively thought of

as time-dependent charge densities and currents which produce electromagnetic radiation.

We provide analytic results for the produced radiation at leading order in the coupling ga� ,

and discuss di�culties with going beyond the leading order analytically. We also discuss

the expected non-perturbative (in the coupling) results in general terms.

The first-order Maxwell’s equations (2.6) can be rearranged into following second-order

equations:
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and 5, we study the axion-photon analytically and numerically. In Sec. 6, we discuss the

observation. Our conclusions are presented in Sec. 7.

2 Axion electrodynamics

Our system consists of a real valued, pseudo-scalar field � coupled to the electromagnetic
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Note that @µjµ = 0. Note that we have assumed that there are no free currents or charges

in our system. The above four-current arises from axion-electromagnetic interactions.

We define electric and magnetic fields in the usual way

Ei = Fi0 and Bi = (1/2)✏ijkF
jk
, (2.5)

with ✏ijk = ✏
ijk. Then, the coupled Klein-Gordon and Maxwell’s equations are then given

by
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Note that the e↵ective charge and current densities are

⇢ = �ga�r� ·B and J = ga�
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�̇B +r�⇥E

⌘
. (2.7)

In the above equations, we have ignored gravitational interactions. If one wishes to included

weak field gravity (gravitational potential | | ⌧ 1), the substitution @�V ! (1 + 2 )@�V

in the equation of motion for the scalar field captures the most relevant contributions due

to gravity. Moreover, we will need to include a Poisson equation r
2 = (1/2m2

pl)⇢� where

⇢� is the density of the axion field to close the system. This prescription allows certain
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is heavily suppressed. As a result, most of our focus will be on the dense, smaller radius

solitons.

4 Analytic calculation of electromagnetic radiation

In this section, we calculate the electromagnetic radiation generated by spatially localized,

coherently oscillating axion configurations (solitons) discussed in the previous section. In

presence of external electromagnetic fields, such configurations can be e↵ectively thought of

as time-dependent charge densities and currents which produce electromagnetic radiation.

We provide analytic results for the produced radiation at leading order in the coupling ga� ,

and discuss di�culties with going beyond the leading order analytically. We also discuss

the expected non-perturbative (in the coupling) results in general terms.

The first-order Maxwell’s equations (2.6) can be rearranged into following second-order

equations:

Ë �r2E = �r⇢� J̇ , B̈ �r2B = r⇥ J . (4.1)

The 4-current (⇢,J) defined in (2.7) is spatially localized because the axion field configu-

ration � given by eq. (3.1) is spatially localized. Note that (⇢,J) depend on � as well as

the E and B via eq. (2.7). Beyond the spatial extent of the axion stars, both E and B

propagate like free waves.

4.1 Floquet analysis

Because the system is linear in E and B fields, and we assume � to be periodic in time,

we expect the solutions to obey Floquet’s Theorem [? ? ]. That is, the solutions are either

bounded and periodic, or have exponential growth in time. However calculating Floquet

exponents (µ), or explicit solutions is a tall order because of the large number of coupled

degrees of freedom associated with each spatial point (formally infinite, and usually a rather

large number in discretized three dimensions). Equivalently, the modes in Fourier space

are coupled because of the spatial variation in �.2

While the explicit calculation of the Floquet exponents is non-trivial, we can get a

physical understanding of their scaling with parameters and the parametric boundary be-

tween bounded and unbounded solutions as follows [? ]. For the homogeneous axion field

with amplitude '0, the electromagnetic fields are always unstable, with the k ⇠ m/2 EM

field modes growing as eµhomt where µhom ⇠ ga�'0/m (at least when ga�'0 is not too large,

see Appendix ?? for details). In contrast, for the localized soliton configuration, we expect

a threshold value of the coupling ga�'0 for which we get exponentially growing solutions.

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

2The number of Floquet exponents is equal to the dimensionality of phase space for the system. For a

system with N3 Fourier modes, there would be 2N3 Floquet exponents. For a coupled system of Fourier

modes (ie. inhomogeneous background), each Floquet exponent does not correspond to a single Fourier

mode, but a linear combination of modes. Note that Floquet exponents are complex in general. When they

have a non-zero real part, we can get exponential solutions in time. When we refer to Floquet exponents

from here onwards, we are referring to the real part.
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and 5, we study the axion-photon analytically and numerically. In Sec. 6, we discuss the

observation. Our conclusions are presented in Sec. 7.

2 Axion electrodynamics

Our system consists of a real valued, pseudo-scalar field � coupled to the electromagnetic

field. The action for our system is given by

S =

Z
d
4
x
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, (2.1)

where we adopt �+++ signature of the metric. The electromagnetic field-strength tensor,

and its dual are:

Fµ⌫ = @µA⌫ � @⌫Aµ , F̃
µ⌫ =

1

2
✏
µ⌫⇢�

F⇢�, (2.2)

where ✏
0123 = 1. The equations of motion for the axion and the gauge fields are given by
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, @µF̃

µ⌫ = 0 ,
(2.3)

where

j
⌫
⌘ ga�@µ�F̃

µ⌫
. (2.4)

Note that @µjµ = 0. Note that we have assumed that there are no free currents or charges

in our system. The above four-current arises from axion-electromagnetic interactions.

We define electric and magnetic fields in the usual way

Ei = Fi0 and Bi = (1/2)✏ijkF
jk
, (2.5)

with ✏ijk = ✏
ijk. Then, the coupled Klein-Gordon and Maxwell’s equations are then given

by
�̈�r

2
�+ @�V = ga�E ·B ,

Ė = r⇥B � ga�

⇣
�̇B +r�⇥E

⌘
,

Ḃ = �r⇥E ,

r ·E = �ga�r� ·B ,

r ·B = 0 .

(2.6)

Note that the e↵ective charge and current densities are

⇢ = �ga�r� ·B and J = ga�

⇣
�̇B +r�⇥E

⌘
. (2.7)

In the above equations, we have ignored gravitational interactions. If one wishes to included

weak field gravity (gravitational potential | | ⌧ 1), the substitution @�V ! (1 + 2 )@�V

in the equation of motion for the scalar field captures the most relevant contributions due

to gravity. Moreover, we will need to include a Poisson equation r
2 = (1/2m2

pl)⇢� where

⇢� is the density of the axion field to close the system. This prescription allows certain
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is heavily suppressed. As a result, most of our focus will be on the dense, smaller radius

solitons.

4 Analytic calculation of electromagnetic radiation

In this section, we calculate the electromagnetic radiation generated by spatially localized,

coherently oscillating axion configurations (solitons) discussed in the previous section. In

presence of external electromagnetic fields, such configurations can be e↵ectively thought of

as time-dependent charge densities and currents which produce electromagnetic radiation.

We provide analytic results for the produced radiation at leading order in the coupling ga� ,

and discuss di�culties with going beyond the leading order analytically. We also discuss

the expected non-perturbative (in the coupling) results in general terms.

The first-order Maxwell’s equations (2.6) can be rearranged into following second-order

equations:

Ë �r2E = �r⇢� J̇ , B̈ �r2B = r⇥ J . (4.1)

The 4-current (⇢,J) defined in (2.7) is spatially localized because the axion field configu-

ration � given by eq. (3.1) is spatially localized. Note that (⇢,J) depend on � as well as

the E and B via eq. (2.7). Beyond the spatial extent of the axion stars, both E and B

propagate like free waves.

4.1 Floquet analysis

Because the system is linear in E and B fields, and we assume � to be periodic in time,

we expect the solutions to obey Floquet’s Theorem [? ? ]. That is, the solutions are either

bounded and periodic, or have exponential growth in time. However calculating Floquet

exponents (µ), or explicit solutions is a tall order because of the large number of coupled

degrees of freedom associated with each spatial point (formally infinite, and usually a rather

large number in discretized three dimensions). Equivalently, the modes in Fourier space

are coupled because of the spatial variation in �.2

While the explicit calculation of the Floquet exponents is non-trivial, we can get a

physical understanding of their scaling with parameters and the parametric boundary be-

tween bounded and unbounded solutions as follows [? ]. For the homogeneous axion field

with amplitude '0, the electromagnetic fields are always unstable, with the k ⇠ m/2 EM

field modes growing as eµhomt where µhom ⇠ ga�'0/m (at least when ga�'0 is not too large,

see Appendix ?? for details). In contrast, for the localized soliton configuration, we expect

a threshold value of the coupling ga�'0 for which we get exponentially growing solutions.

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

2The number of Floquet exponents is equal to the dimensionality of phase space for the system. For a

system with N3 Fourier modes, there would be 2N3 Floquet exponents. For a coupled system of Fourier

modes (ie. inhomogeneous background), each Floquet exponent does not correspond to a single Fourier

mode, but a linear combination of modes. Note that Floquet exponents are complex in general. When they

have a non-zero real part, we can get exponential solutions in time. When we refer to Floquet exponents

from here onwards, we are referring to the real part.
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and 5, we study the axion-photon analytically and numerically. In Sec. 6, we discuss the

observation. Our conclusions are presented in Sec. 7.

2 Axion electrodynamics
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Note that @µjµ = 0. Note that we have assumed that there are no free currents or charges

in our system. The above four-current arises from axion-electromagnetic interactions.

We define electric and magnetic fields in the usual way

Ei = Fi0 and Bi = (1/2)✏ijkF
jk
, (2.5)

with ✏ijk = ✏
ijk. Then, the coupled Klein-Gordon and Maxwell’s equations are then given
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Ḃ = �r⇥E ,

r ·E = �ga�r� ·B ,
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Note that the e↵ective charge and current densities are

⇢ = �ga�r� ·B and J = ga�

⇣
�̇B +r�⇥E

⌘
. (2.7)

In the above equations, we have ignored gravitational interactions. If one wishes to included

weak field gravity (gravitational potential | | ⌧ 1), the substitution @�V ! (1 + 2 )@�V

in the equation of motion for the scalar field captures the most relevant contributions due

to gravity. Moreover, we will need to include a Poisson equation r
2 = (1/2m2

pl)⇢� where

⇢� is the density of the axion field to close the system. This prescription allows certain
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ijk. Then, the coupled Klein-Gordon and Maxwell’s equations are then given

by
�̈�r
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�+ @�V = ga�E ·B ,
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�̇B +r�⇥E
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Note that the e↵ective charge and current densities are

⇢ = �ga�r� ·B and J = ga�

⇣
�̇B +r�⇥E

⌘
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In the above equations, we have ignored gravitational interactions. If one wishes to included

weak field gravity (gravitational potential | | ⌧ 1), the substitution @�V ! (1 + 2 )@�V

in the equation of motion for the scalar field captures the most relevant contributions due

to gravity. Moreover, we will need to include a Poisson equation r
2 = (1/2m2

pl)⇢� where

⇢� is the density of the axion field to close the system. This prescription allows certain
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is heavily suppressed. As a result, most of our focus will be on the dense, smaller radius

solitons.

4 Analytic calculation of electromagnetic radiation

In this section, we calculate the electromagnetic radiation generated by spatially localized,

coherently oscillating axion configurations (solitons) discussed in the previous section. In

presence of external electromagnetic fields, such configurations can be e↵ectively thought of

as time-dependent charge densities and currents which produce electromagnetic radiation.

We provide analytic results for the produced radiation at leading order in the coupling ga� ,

and discuss di�culties with going beyond the leading order analytically. We also discuss

the expected non-perturbative (in the coupling) results in general terms.

The first-order Maxwell’s equations (2.6) can be rearranged into following second-order

equations:

Ë �r2E = �r⇢� J̇ , B̈ �r2B = r⇥ J . (4.1)

The 4-current (⇢,J) defined in (2.7) is spatially localized because the axion field configu-

ration � given by eq. (3.1) is spatially localized. Note that (⇢,J) depend on � as well as

the E and B via eq. (2.7). Beyond the spatial extent of the axion stars, both E and B

propagate like free waves.

4.1 Floquet analysis

Because the system is linear in E and B fields, and we assume � to be periodic in time,

we expect the solutions to obey Floquet’s Theorem [? ? ]. That is, the solutions are either

bounded and periodic, or have exponential growth in time. However calculating Floquet

exponents (µ), or explicit solutions is a tall order because of the large number of coupled

degrees of freedom associated with each spatial point (formally infinite, and usually a rather

large number in discretized three dimensions). Equivalently, the modes in Fourier space

are coupled because of the spatial variation in �.2

While the explicit calculation of the Floquet exponents is non-trivial, we can get a

physical understanding of their scaling with parameters and the parametric boundary be-

tween bounded and unbounded solutions as follows [? ]. For the homogeneous axion field

with amplitude '0, the electromagnetic fields are always unstable, with the k ⇠ m/2 EM

field modes growing as eµhomt where µhom ⇠ ga�'0/m (at least when ga�'0 is not too large,

see Appendix ?? for details). In contrast, for the localized soliton configuration, we expect

a threshold value of the coupling ga�'0 for which we get exponentially growing solutions.

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

2The number of Floquet exponents is equal to the dimensionality of phase space for the system. For a

system with N3 Fourier modes, there would be 2N3 Floquet exponents. For a coupled system of Fourier

modes (ie. inhomogeneous background), each Floquet exponent does not correspond to a single Fourier

mode, but a linear combination of modes. Note that Floquet exponents are complex in general. When they

have a non-zero real part, we can get exponential solutions in time. When we refer to Floquet exponents

from here onwards, we are referring to the real part.
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and 5, we study the axion-photon analytically and numerically. In Sec. 6, we discuss the

observation. Our conclusions are presented in Sec. 7.

2 Axion electrodynamics

Our system consists of a real valued, pseudo-scalar field � coupled to the electromagnetic

field. The action for our system is given by

S =

Z
d
4
x


�
1

2
@µ�@

µ
�� V (�)�

1

4
Fµ⌫F

µ⌫
�

ga�

4
�Fµ⌫F̃

µ⌫

�
, (2.1)

where we adopt �+++ signature of the metric. The electromagnetic field-strength tensor,

and its dual are:

Fµ⌫ = @µA⌫ � @⌫Aµ , F̃
µ⌫ =

1

2
✏
µ⌫⇢�

F⇢�, (2.2)

where ✏
0123 = 1. The equations of motion for the axion and the gauge fields are given by

@µ@
µ
�� @�V =

ga�

4
Fµ⌫F̃

µ⌫
,

@µF
µ⌫ = �j

⌫
, @µF̃

µ⌫ = 0 ,
(2.3)

where

j
⌫
⌘ ga�@µ�F̃

µ⌫
. (2.4)

Note that @µjµ = 0. Note that we have assumed that there are no free currents or charges

in our system. The above four-current arises from axion-electromagnetic interactions.

We define electric and magnetic fields in the usual way

Ei = Fi0 and Bi = (1/2)✏ijkF
jk
, (2.5)

with ✏ijk = ✏
ijk. Then, the coupled Klein-Gordon and Maxwell’s equations are then given

by
�̈�r

2
�+ @�V = ga�E ·B ,

Ė = r⇥B � ga�

⇣
�̇B +r�⇥E

⌘
,

Ḃ = �r⇥E ,

r ·E = �ga�r� ·B ,

r ·B = 0 .

(2.6)

Note that the e↵ective charge and current densities are

⇢ = �ga�r� ·B and J = ga�

⇣
�̇B +r�⇥E

⌘
. (2.7)

In the above equations, we have ignored gravitational interactions. If one wishes to included

weak field gravity (gravitational potential | | ⌧ 1), the substitution @�V ! (1 + 2 )@�V

in the equation of motion for the scalar field captures the most relevant contributions due

to gravity. Moreover, we will need to include a Poisson equation r
2 = (1/2m2

pl)⇢� where

⇢� is the density of the axion field to close the system. This prescription allows certain
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axion field oscillations = periodic coefficients — Floquet theory applies: 
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E,B ⇠ e
µe↵ t (0.2)

1 Introduction

The axion field [? ? ? ] extends Maxwell’s equations in a manner that other matter fields

can not. On the one hand, the axion field couples to the gauge field in the action via the

Chern-Simons term. This is interesting because, as this is topological, such a term does not

a↵ect the energy-momentum tensor, even though it is the term that is responsible for axion
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amplitude '0 and oscillating harmonically with a frequency !, the electromagnetic fields
are always unstable, with the k ⇡ !/2 electromagnetic field modes growing as eµhomt where
µhom ⇡ ga�'0!/4 at least when ga�'0 is not too large [113] (for larger amplitudes, it is model
dependent [41]). In contrast, for the localized soliton configuration, we expect a threshold
value of the coupling ga�'0 for which we get exponentially growing solutions. The parameter
'0 should now also be thought of as the central amplitude of the soliton. The threshold can be
determined by comparing µ

�1
hom to the width of the soliton R [41, 113, 114]. Essentially, if the

produced photons can escape the system quickly enough (ie. R is small enough), they do not
lead to exponential growth due to parametric resonance (equivalently, Bose-enhancement).
This motivates the definition of a dimensionless e↵ective coupling

C ⌘
R

µ
�1
hom

⇡
1

4
ga�'0!R. (4.2)

In terms of this e↵ective coupling:

C ⌧ 1 �! bounded periodic solutions, steady radiated power ,

C & 1 �! unbounded exponential solutions and radiated power .
(4.3)

We remind the reader that C is independent of background electromagnetic fields. Note that
for C > Ccrit ⇠ 1, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0! , (4.4)

In Sec. 5, we will confirm this behaviour, and provide the numerical coe�cient in front of
this expression for µe↵ based on a specific soliton profile.

We remind the reader that soliton configurations do not allow us to specify '0, ! and
R independently. For example, dilute and gravitationally supported solitons have '0 / R

�2.
For dense, self-interaction supported axion stars/oscillons, '0 ⇠ f . For the dilute case, we
have !R � 1, so we can get C ⇠ 1 for ga�'0 ⌧ 1. For the dense case, we typically have
R ⇠ few ⇥ m

�1, so we can get C ⇠ 1 with ga�'0 ⇠ 1. The C ⌧ 1 can be achieved, for
example, by simply making ga� smaller in each case.

Before moving on to a quantitative analytical analysis, we briefly discuss the connection
of C ⌧ 1 and C & 1 regimes with e↵ective field theory (EFT) considerations. The action in
Eq. (2.1) represents the leading operators in an EFT with cuto↵ ⇤ ⇠ g

�1
a� describing axion-

photon interactions.4 The EFT also contains sub-leading operators that are suppressed by
additional powers of the cuto↵, e.g. Lsub � csub g

2
a��

2
F

2 or csub g
3
a�⇤�FF̃ . Validity of the

EFT requires the sub-leading operators to be negligible. As discussed above, it is possible to
have ga�'0 ⌧ 1 to get C ⌧ 1. For dilute axion stars, C ⇠ 1 can be obtained for ga�'0 ⌧ 1
also. However, for C ⇠ 1 in the dense case, we need ga�'0 ⇠ 1, which threatens to break the
EFT if higher-order operators are only suppressed by additional powers of ga�'0. Even in
this case, the EFT can remain reliable even for ga�'0 ⇠ 1 if the numerical coe�cient of the
higher-order operators is small, e.g. csub ⌧ 1. For some theoretical work on models with a
large axion-photon coupling, see [115–121].

4
If the axion-photon interaction is loop-induced, such as for models of the QCD axion, then one expects

ga� ⇡ ↵/2⇡f ⇠ 10
�3/f . However in this work we take a more general approach by treating ga� and f as

independent parameters where f enters as a scale in the axion potential.

– 7 –

C ⌘ escape time-scale

Bose-enhancement time-scale

numerator and denominator are calculable “by hand”
depends on axion-photon coupling and soliton parameters 
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bounded periodic solutions
'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
⇥
%(1)(x)e

�i!t
⇤
, J(1)(t,x) = Re

⇥
j(1)(x)e

�i!t
⇤
, (4.10)

with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP

�

(2)/d⌦ = |x|2x̂ · S(2), is given by

dP
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,

where k = !x̂ , (4.12)

where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.
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Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
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with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP
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where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
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bounded periodic solutions

and f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and

current densities in (4.10), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+

iga�!'̃(!)ix̂⇥ Ē, which yields

dP
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=
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32⇡2
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x̂⇥ B̄

�2
+
�
x̂⇥ Ē

�2
� 2x̂ ·

�
Ē ⇥ B̄

� i
(1 + cos (2!t� 2!|x|)) .

(4.12)

Figure 3. Left panels: Dipole radiation from oscillating electric dipole created by a axion star in
a background magnetic field. Right panels: Dipole radiation from oscillating an magnetic dipole
created by a axion star in a background electric field. The magnetic and electric fields point in the
z direction. The colors represent electromagnetic energy density. MA:units? I will rearrange and
label later
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'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
⇥
%(1)(x)e

�i!t
⇤
, J(1)(t,x) = Re

⇥
j(1)(x)e

�i!t
⇤
, (4.10)

with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP

�

(2)/d⌦ = |x|2x̂ · S(2), is given by
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where k = !x̂ , (4.12)

where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
⇥
%(1)(x)e

�i!t
⇤
, J(1)(t,x) = Re

⇥
j(1)(x)e

�i!t
⇤
, (4.10)

with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP

�
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where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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where k = !x̂, we have assumed that N is large, V is the volume in which the %(1)(x) is

non-zero, and we defined

Q0 ⌘

s

V

Z
d3x

��%(1)(x)
��2 . (4.21)

Since the power radiated is proportional to |%
N
(1)(k)|

2, we can compare now compare them

in coherent and incoherent case

hP
�
(2)N it

hP
�
(2)it

=
|%̃

N
(1)(k)|

2

|%̃(1)(k)|2
⇠

Q
2
0

N |%̃(1)(k)|2
. (4.22)

That is, if N > Q
2
0|%̃(1)(k)|

�2, the radiated power will be larger from a coherent configura-

tion. For the special case where %(1)(x) ⇠ Q0/R
3 for r < R and zero otherwise, we find that

N & (!R)6 will lead to the coherent configuration radiating more than the incoherent one.

For our more realistic sech profile and a constant background B field in the z-direction, we

have |%̃(1)(k)|
2
⇡ (⇡2

B̄
2
/4!4)(ga�'0)2(⇡!R)4e�⇡!R and Q

2
0 ⇠ (!R)4(ga�'0)2B̄2

/!
4, which

tells us that we need N & e
⇡!R for coherence to win.5

For some localized configuration of radius R with a characeteristic density %0 ⇠ Q0/R
3,

we can define a coherence length:

�C ⌘ R

✓
|%̃(1)(k)|

%0R
3

◆2/3

. (4.23)

If we subdivide the volume of our coherent configuration into N incoherent regions, each

with a volume smaller than �
3
C , then the power radiated from the coherent configura-

tion will be larger. For our specific case of interest related to our soliton profile, we get

�C ⇠ e
�⇡!R/3

R. Hence for large radius configurations, incoherent emission will typically

dominate over the coherent one.

Probability Calculation

AL:fill in

Summary of Dipole Radiation

Finally, to make the dipole nature of the radiation apparent, let us either set the background

electric field to zero. In this case
*
dP

�
(2)

d⌦

+

t

=
g
2
a�!

4
'̃
2(!)

32⇡2
B̄2 sin2 ✓ ⇡

(ga�'0)2

8!2
(⇡!R)4e�⇡!RB̄2 sin2 ✓, (4.24)

where ✓ is the angle with respect to the B̄ direction. The same formula holds for the

electric field also. The above is a good approximation for !R & 2 for the sech profile. To

get significant emitted power, it is essential to have R! not be too large, and ga�'0 not be

too small, which provides motivation for considering considering dense axion stars. At the

5There can be purely numerical co-e�cients in front which depend on choice of V and the details of the

profile. The exponential scaling with !R, is the main result we want to focus on.
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'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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where k = !x̂, we have assumed that N is large, V is the volume in which the %(1)(x) is

non-zero, and we defined

Q0 ⌘

s

V

Z
d3x

��%(1)(x)
��2 . (4.21)

Since the power radiated is proportional to |%
N
(1)(k)|

2, we can compare now compare them

in coherent and incoherent case

hP
�
(2)N it

hP
�
(2)it

=
|%̃

N
(1)(k)|

2

|%̃(1)(k)|2
⇠

Q
2
0

N |%̃(1)(k)|2
. (4.22)

That is, if N > Q
2
0|%̃(1)(k)|

�2, the radiated power will be larger from a coherent configura-

tion. For the special case where %(1)(x) ⇠ Q0/R
3 for r < R and zero otherwise, we find that

N & (!R)6 will lead to the coherent configuration radiating more than the incoherent one.

For our more realistic sech profile and a constant background B field in the z-direction, we

have |%̃(1)(k)|
2
⇡ (⇡2

B̄
2
/4!4)(ga�'0)2(⇡!R)4e�⇡!R and Q

2
0 ⇠ (!R)4(ga�'0)2B̄2

/!
4, which

tells us that we need N & e
⇡!R for coherence to win.5

For some localized configuration of radius R with a characeteristic density %0 ⇠ Q0/R
3,

we can define a coherence length:

�C ⌘ R

✓
|%̃(1)(k)|

%0R
3

◆2/3

. (4.23)

If we subdivide the volume of our coherent configuration into N incoherent regions, each

with a volume smaller than �
3
C , then the power radiated from the coherent configura-

tion will be larger. For our specific case of interest related to our soliton profile, we get

�C ⇠ e
�⇡!R/3

R. Hence for large radius configurations, incoherent emission will typically

dominate over the coherent one.

Probability Calculation

AL:fill in

Summary of Dipole Radiation

Finally, to make the dipole nature of the radiation apparent, let us either set the background

electric field to zero. In this case
*
dP

�
(2)

d⌦

+

t

=
g
2
a�!

4
'̃
2(!)

32⇡2
B̄2 sin2 ✓ ⇡

(ga�'0)2

8!2
(⇡!R)4e�⇡!RB̄2 sin2 ✓, (4.24)

where ✓ is the angle with respect to the B̄ direction. The same formula holds for the

electric field also. The above is a good approximation for !R & 2 for the sech profile. To

get significant emitted power, it is essential to have R! not be too large, and ga�'0 not be

too small, which provides motivation for considering considering dense axion stars. At the

5There can be purely numerical co-e�cients in front which depend on choice of V and the details of the

profile. The exponential scaling with !R, is the main result we want to focus on.
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'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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EM radiation at moderate coupling

*keep soliton fixed, change axion-photon coupling

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
⇥
%(1)(x)e

�i!t
⇤
, J(1)(t,x) = Re

⇥
j(1)(x)e

�i!t
⇤
, (4.10)

with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP

�

(2)/d⌦ = |x|2x̂ · S(2), is given by

dP
�

(2)

d⌦
=

!
2

32⇡2

 
� |%̃(1)(k)|

2 + | ˜j(1)(k)|
2
� Re

h
e
�i2!t

e
i2!|x|

⇣
�%̃

2
(1)(k) + j̃2(1)(k)

⌘ i!
,

where k = !x̂ , (4.12)

where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
⇥
%(1)(x)e

�i!t
⇤
, J(1)(t,x) = Re

⇥
j(1)(x)e

�i!t
⇤
, (4.10)

with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP

�

(2)/d⌦ = |x|2x̂ · S(2), is given by

dP
�

(2)

d⌦
=

!
2
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� |%̃(1)(k)|

2 + | ˜j(1)(k)|
2
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2
(1)(k) + j̃2(1)(k)
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,

where k = !x̂ , (4.12)

where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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EM radiation at moderate coupling

*keep soliton fixed, change axion-photon coupling

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
⇥
%(1)(x)e

�i!t
⇤
, J(1)(t,x) = Re

⇥
j(1)(x)e

�i!t
⇤
, (4.10)

with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP

�

(2)/d⌦ = |x|2x̂ · S(2), is given by

dP
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where k = !x̂ , (4.12)

where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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EM radiation at moderate coupling

*keep soliton fixed, change axion-photon coupling

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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steady EM radiation at moderate coupling

*keep soliton fixed, change axion-photon coupling

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
⇥
%(1)(x)e

�i!t
⇤
, J(1)(t,x) = Re

⇥
j(1)(x)e

�i!t
⇤
, (4.10)

with %(1)(x) = �ga�r'(r) · B̄, j(1)(x) = �i!ga�'(r)B̄ + ga�r'(r)⇥ Ē. (4.11)

Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
at su�ciently late times, the power per unit solid angle dP

�

(2)/d⌦ = |x|2x̂ · S(2), is given by

dP
�

(2)

d⌦
=

!
2

32⇡2

 
� |%̃(1)(k)|

2 + | ˜j(1)(k)|
2
� Re

h
e
�i2!t

e
i2!|x|

⇣
�%̃

2
(1)(k) + j̃2(1)(k)

⌘ i!
,

where k = !x̂ , (4.12)

where f̃(k) is the spatial Fourier transform of f(x). Using the specific forms of the charge and
current densities in (4.11), we have %̃(1)(k) = �iga�!'̃(!)x̂·B̄ and j̃(1)(k) = �i!ga�'̃(!)B̄+
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.
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B̈(1) �r2B(1) = r⇥ J(1). (4.9)
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Due to the spatial derivative acting on ' along the direction of B̄ field, the positive and the
negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
in Fig. 2). And with its oscillating nature of the axion configuration, such an oscillating dipole
will lead to dipolar electromagnetic radiation. A constant Ē field results in an oscillating
azimuthal current, which also results in dipolar radiation (see right panel in Fig. 2).

It is a standard textbook problem to compute the excited electric and magnetic fields
caused by the harmonic, spatially localized sources of the form (4.10), as well as the associated
Poynting flux S(2) ⌘ E(1) ⇥ B(1) and power emitted per unit solid angle. See for example
[111, 112]. We review some of the relevant details of the derivation in Appendix A. Here, we
directly write down the solution for the flux below. At a position x far from the source, and
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explosive radiation

*keep soliton fixed, change axion-photon coupling
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dimensionless coupling

'0 should now also be thought of as the central amplitude of the oscillon. The threshold

can be determined by comparing µhom ⇠ ga�'0/m to the inverse width of the oscillon R
�1.

Essentially, if the produced photons can escape the system quickly enough (ie. R is small

enough), they do not lead to exponential growth due to parametric resonance (equivalently,

Bose-enhancement). That is,

ga�'0 ⌧ mR �! bounded periodic solutions ,

ga�'0 & mR �! unbounded exponentially growing solutions .
(4.2)

We re-mind the reader that that soliton configurations do not allow us to specify '0 and R

independently. For example, dilute and gravitationally supported solitons have '0 / R
�2.

For a dense axion star/oscillon we typically have '0 ⇠ f and R ⇠ few⇥m
�1. In the dense

case, we can determine a critical value of a combination of parameters at the transition

between bounded and unbounded solutions as

(ga�f)crit = O(1) . (4.3)

Note that in the unbounded regime, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0/m , (4.4)

In the next section, we will confirm this behaviour, and provide the numerical coe�cient

in front of this expression for µe↵ based on a specific oscillon profile. In our earlier work

[? ] (and in [? ]), these heuristic results have been confirmed in explicit scenarios.

4.2 Perturbative analysis

With the expectation of bounded solutions for small ga�'0, we pursue an analytic treatment

in the limit of small coupling ga� . With this small parameter in mind, we expand the fields,

densities and currents as follows:

E = E(0) +E(1) +E(2) + · · · , B = B(0) +B(1) +B(2) + · · · , (4.5)

⇢ = ⇢(0) + ⇢(1) + ⇢(2) + · · · , J = J(0) + J(1) + J(2) + · · · . (4.6)

Here we use the subscript (n) to denote the terms containing n-th power of ga�'0.

At the lowest order, the E(0) and B(0) stand for the electric and magnetic backgrounds

and are sourced by (⇢(0),J (0)) which are independent of the axion field configuration. For

example such background fields could be the fields in the magnetosphere of a neutron star or

in the intergalactic medium.To make the physics more transparent, we will consider spatio-

temporally constant background electromagnetic fields which we denote by E(0) = Ē and

B(0) = B̄. We are essentially assuming that the spatial extent of the axion star is much

smaller than the coherence length of the background fields, and that the time variation of

the background fields is slow compared to the time that configuration spends in the given

volume of the fields.
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non perturbative

amplitude '0 and oscillating harmonically with a frequency !, the electromagnetic fields
are always unstable, with the k ⇡ !/2 electromagnetic field modes growing as eµhomt where
µhom ⇡ ga�'0!/4 at least when ga�'0 is not too large [113] (for larger amplitudes, it is model
dependent [41]). In contrast, for the localized soliton configuration, we expect a threshold
value of the coupling ga�'0 for which we get exponentially growing solutions. The parameter
'0 should now also be thought of as the central amplitude of the soliton. The threshold can be
determined by comparing µ

�1
hom to the width of the soliton R [41, 113, 114]. Essentially, if the

produced photons can escape the system quickly enough (ie. R is small enough), they do not
lead to exponential growth due to parametric resonance (equivalently, Bose-enhancement).
This motivates the definition of a dimensionless e↵ective coupling

C ⌘
R

µ
�1
hom

⇡
1

4
ga�'0!R. (4.2)

In terms of this e↵ective coupling:

C ⌧ 1 �! bounded periodic solutions, steady radiated power ,

C & 1 �! unbounded exponential solutions and radiated power .
(4.3)

We remind the reader that C is independent of background electromagnetic fields. Note that
for C > Ccrit ⇠ 1, the power in radiated electromagnetic fields

P� / e
2µe↵ t where µe↵ / ga�'0! , (4.4)

In Sec. 5, we will confirm this behaviour, and provide the numerical coe�cient in front of
this expression for µe↵ based on a specific soliton profile.

We remind the reader that soliton configurations do not allow us to specify '0, ! and
R independently. For example, dilute and gravitationally supported solitons have '0 / R

�2.
For dense, self-interaction supported axion stars/oscillons, '0 ⇠ f . For the dilute case, we
have !R � 1, so we can get C ⇠ 1 for ga�'0 ⌧ 1. For the dense case, we typically have
R ⇠ few ⇥ m

�1, so we can get C ⇠ 1 with ga�'0 ⇠ 1. The C ⌧ 1 can be achieved, for
example, by simply making ga� smaller in each case.

Before moving on to a quantitative analytical analysis, we briefly discuss the connection
of C ⌧ 1 and C & 1 regimes with e↵ective field theory (EFT) considerations. The action in
Eq. (2.1) represents the leading operators in an EFT with cuto↵ ⇤ ⇠ g

�1
a� describing axion-

photon interactions.4 The EFT also contains sub-leading operators that are suppressed by
additional powers of the cuto↵, e.g. Lsub � csub g

2
a��

2
F

2 or csub g
3
a�⇤�FF̃ . Validity of the

EFT requires the sub-leading operators to be negligible. As discussed above, it is possible to
have ga�'0 ⌧ 1 to get C ⌧ 1. For dilute axion stars, C ⇠ 1 can be obtained for ga�'0 ⌧ 1
also. However, for C ⇠ 1 in the dense case, we need ga�'0 ⇠ 1, which threatens to break the
EFT if higher-order operators are only suppressed by additional powers of ga�'0. Even in
this case, the EFT can remain reliable even for ga�'0 ⇠ 1 if the numerical coe�cient of the
higher-order operators is small, e.g. csub ⌧ 1. For some theoretical work on models with a
large axion-photon coupling, see [115–121].

4
If the axion-photon interaction is loop-induced, such as for models of the QCD axion, then one expects

ga� ⇡ ↵/2⇡f ⇠ 10
�3/f . However in this work we take a more general approach by treating ga� and f as

independent parameters where f enters as a scale in the axion potential.
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• parametric resonance does not even require 
background EM fields, quantum fluctuations are 
enough

• can be efficient for works for dilute and dense 
cases [see Hertzberg & Schiappacasse (2018), MA & Mou (2020)]

https://arxiv.org/search/hep-ph?searchtype=author&query=Schiappacasse%2C+E+D
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explosive production from soliton mergers

• no emission before merger

• explosive after merger

• a threshold & resonant effect 
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explosive photon production from soliton mergers

~30% of total energy goes into axion waves

~20% of remaining goes into EM radiation

E� ⇠ 0.1⇥Moscc
2
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explosive, self-regulating photon production from mergers

*after backreaction shuts of resonance, the luminosity falls to small values — at late times the apparent moderate value it due to a periodic box
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solitons falling on to compact stars — plasma effects ?

!p 6= 0



solitons falling on to compact stars — resonant conversion!

plasma frequency!p ⇡
p
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Figure 10. Power radiated by a dense soliton for large e↵ective coupling C = 1.7 (left panel). In
this regime the power grows exponentially with time, however backreaction eventually curtails this
growth when the radiated electromagnetic energy becomes comparable to the initial energy of the
soliton (right panel).

6.1 Medium e↵ects and “resonant” conversion

Our previous calculation was done with the axion star in the presence of background elec-
tromagnetic fields, with no other medium present at the background level. However, in
applications to astrophysical scenarios, such as axion-stars in the magnetosphere of a neu-
tron star, a plasma is present that leads to the photon having an e↵ective mass !p. The
e↵ect of such a constant e↵ective mass !p < ! can be approximately taken into account by
modifying eq. (4.8) and (4.9) making the replacement r2

!
�
r

2
� !

2
p

�
. Note that if ! < !p

the propagating mode would be exponentially suppressed.8

Following through with the same calculation as before, but carefully keeping track of
 and ! separately, we arrive at the generalization of our equation for the radiated power
(4.14):

hP
�

(2)it =
g
2
a�!

4

12⇡



!
'̃
2()

�
B̄2 + Ē2

�
, where  ⌘

q
!2 � !2

p , (6.1)

where '̃() is the Fourier transform of the axion field profile at |k| = . Note that for !p = 0,
 = ! and we recover our earlier result without the medium (4.14). However, for !p ! !

(“resonant conversion” domain), we have to be careful. Importantly, in the limit  ! 0, we

8
Since we assume the background E and B fields to be constant, it is natural to assume !p is constant,

although in practice it does depend on the spatially varying free charge density also. In neutron star at-

mospheres, an approximation to the plasma frequency is given by !p =

p
4⇡↵emne/me where ne is the

Goldreich-Julian charge density [130], and me is the mass of the electron. Note that ne(x) ⇠ ⌦ ·B(x) where
⌦ is the angular velocity of the neutron star.

– 20 –*This resonance is NOT parametric resonance discussed earlier

Figure 10. Power radiated by a dense soliton for large e↵ective coupling C = 1.7 (left panel). In
this regime the power grows exponentially with time, however backreaction eventually curtails this
growth when the radiated electromagnetic energy becomes comparable to the initial energy of the
soliton (right panel).

6.1 Medium e↵ects and “resonant” conversion

Our previous calculation was done with the axion star in the presence of background elec-
tromagnetic fields, with no other medium present at the background level. However, in
applications to astrophysical scenarios, such as axion-stars in the magnetosphere of a neu-
tron star, a plasma is present that leads to the photon having an e↵ective mass !p. The
e↵ect of such a constant e↵ective mass !p < ! can be approximately taken into account by
modifying eq. (4.8) and (4.9) making the replacement r2

!
�
r

2
� !

2
p

�
. Note that if ! < !p

the propagating mode would be exponentially suppressed.8

Following through with the same calculation as before, but carefully keeping track of
 and ! separately, we arrive at the generalization of our equation for the radiated power
(4.14):

hP
�

(2)it =
g
2
a�!

4
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B̄2 + Ē2

�
, where  ⌘

q
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p , (6.1)

where '̃() is the Fourier transform of the axion field profile at |k| = . Note that for !p = 0,
 = ! and we recover our earlier result without the medium (4.14). However, for !p ! !

(“resonant conversion” domain), we have to be careful. Importantly, in the limit  ! 0, we

8
Since we assume the background E and B fields to be constant, it is natural to assume !p is constant,

although in practice it does depend on the spatially varying free charge density also. In neutron star at-

mospheres, an approximation to the plasma frequency is given by !p =

p
4⇡↵emne/me where ne is the

Goldreich-Julian charge density [130], and me is the mass of the electron. Note that ne(x) ⇠ ⌦ ·B(x) where
⌦ is the angular velocity of the neutron star.
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Observational estimates

the radiation spectrum peaks at E ⇠ ! ⇠ ma, which corresponds to radio frequencies for
typical axion masses. We have also seen that the radiation power grows as P �

/ B̄
2 with the

strength of the external magnetic field. In this section we will discuss how this phenomenon
could lead to a variety of observational signatures in di↵erent environments with strong
magnetic fields. We again restrict our attention to results at leading order in ga� , although
the large ga� results might lead to more radiated power in some cases.

Using the dipole approximation from eq. (4.14) and (6.2), the luminosity (L ⌘ hP
�

(2)it)

of an axion star in a background magnetic field (with strength B̄) is estimated as

L '
�
4⇥ 1022 W

� ⇣ m

10�5 eV

⌘�2
✓

ga�

0.66⇥ 10�10 GeV�1

◆2✓
f

1010 GeV

◆�2

⇥

✓
B̄

1010 G

◆2✓
'0

f

◆2

F(!R,!p/!),

(7.1)

where we have normalized the axion-photon coupling ga� to the 95% CL upper limit from
the CAST helioscope [133], and we have set ! = m. We also remind the reader that 1W =
107 erg/sec. The function F holds information about the soliton shape and plasma e↵ects:

F(!R,!p/!) ⇡

8
<

:
(⇡!R)4e�⇡!R

, for !p ⇡ 0 ,
1

16
(⇡!R)6

q
1� !2

p/!
2, for !p ⇡ ! .

(7.2)

where !p is the plasma frequency. Note the beneficial dependence on large radius and the
lack of exponential suppression in the “resonant” (!p ⇡ !) case. As long as the radius of
the star is smaller than the size of the resonant region, our calculation holds, and leads to a
large enhancement in the radiated power compared to the non-resonant case.

For the estimates in this section, we approximate the radiation spectrum as monochro-
matic, corresponding to a single spectral line. The frequency of this line is taken to be

⌫� =
!

2⇡
⇡

m

2⇡
'

�
2 GHz

� ⇣ m

10�5 eV

⌘
, (7.3)

and we take the width of the line, i.e. the signal bandwidth, to be �⌫� ⇠ ⌫� . For these
fiducial parameters, we also note that the mass scale and radius of a very dense axion star
(soliton) are expected to be on the order of

Msol ⇠ 102f2
/m '

�
2⇥ 109 kg

�✓ f

1010 GeV

◆2 ⇣
m

10�5 eV

⌘�1

Rsol ⇠ 2m�1
'

�
4 cm

� ⇣ m

10�5 eV

⌘�1
.

(7.4)

Note that 2⇥ 109 kg ⇡ 10�21
M�.

7.1 Compact stars

The strongest magnetic fields in the universe today can be found in the magnetospheres of
compact stars. The magnetic field strength at the surface of a white dwarf star is typically
106�8 G [134] whereas the smaller neutron stars can reach 1012�14 G [135]. If an axion star
were to encounter these extreme magnetic fields, the result would be a sudden and extreme
release of electromagnetic radiation [67].
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If the compact star is a distance d? away, then the flux of radiation reaching Earth
is F = L/(4⇡d2?), which can be measured in erg/cm2

/sec. The corresponding spectral flux
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whereas the flux from a star at the galactic center (d? ⇡ 8 kpc) would be reduced to S '

3 ⇥ 103 µJy. For reference, an hour-long observation with a current or planned telescope
(such as GBT, JVLA, or SKA) would have a flux sensitivity of �S ⇠ 1 µJy; see the estimates
in Refs. [61, 72]. If an axion star were to pass through the magnetosphere of a compact star
while it was being observed by a radio telescope, then the signal could be quite striking, even
for modest couplings and field strengths.

Since the compact star is surrounded by a plasma, this must be taken into account
for the signal strength estimates. In Sec. 6.1 we have argued that the finite plasma density
modifies the radiation spectrum, which is captured by F in eq. (7.2). This factor depends
on the plasma frequency !p, which is grows larger at points closer to the star, and F peaks
near to where the plasma frequency matches the soliton’s oscillation frequency, !p ⇡ !, as
shown in Fig. 11. For example, using the fiducial parameters in Ref. [61], the width of the
resonance region is estimated to be !L ⇠ O(100). If the axion star’s radius is R ⇠ 0.1L
then Fig. 11 implies an enhancement of F ⇠ 104 to the spectral flux density estimate from
eq. (7.5), which further increases the detectability.

Even if an axion star’s encounter with a compact star could be detected, we must address
the expected rate of these encounters [67, 72, 74]. The encounter rate between a particular
compact star and the ambient population of axion stars is estimated as � = �e↵vrelnas

where �e↵ is the e↵ective cross sectional area for the scattering, vrel is the typical relative
velocity, and nas is the number density of axion stars (near the target compact star). We
can also write nas = ⇢as/Msol where ⇢as is the local mass density in axion stars and Msol

is the typical energy per axion star (soliton). The e↵ective cross sectional area is further
enhanced by the gravitational focusing factor, and we estimate �e↵ = (1+v
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plR? is the escape velocity at the surface of the neutron star. Combining these
factors allows us to estimate the encounter rate of axion stars with a particular white dwarf
star to be
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whereas the rate for encountering a neutron star (with R? = 10 km and other fiducial
parameters unchanged) is � ' 5 ⇥ 10�8 hr�1. The fiducial axion star density is taken to
equal the local dark matter energy density near Earth, ⇢dm = 0.3 GeV/cm3, although axion
stars are not expected to compose an O(1) fraction of the total dark matter density, which
is typically dominated by a di↵use population of axion particles.

The estimate in (7.6) appears very unfavorable. For the fiducial parameters we expect
a particular white dwarf star to encounter an axion star approximately once every 3 years
(or once every 2000 years for a neutron star). However, there are several reasons why the
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is typically dominated by a di↵use population of axion particles.

The estimate in (7.6) appears very unfavorable. For the fiducial parameters we expect
a particular white dwarf star to encounter an axion star approximately once every 3 years
(or once every 2000 years for a neutron star). However, there are several reasons why the

– 25 –

*Conservative axion star - compact star interaction rate, 
there is freedom to change these numbers by orders of 
magnitude

* does not include large coupling regime. 
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what is the relevance of the soliton? — interference effects
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The detailed form of ' depends on the potential V (�) as well as !. For most of our

purposes, we use an ansatz of the form '(r) = '0 sech (r/R) so that

�(t, r) = '0 sech (r/R) cos!t . (3.2)

The above form is motivated by the fact that it has the correct large distance behavior for

such solutions []: ⇠ e
�r/R, with R ⇠ 1/

p
m2 � !2 where m > !. Typically, ! is not too

di↵erent from m, however, '0 and R can vary significantly for small changes in ! close to

m. In a typical scenario, '0, R and ! are not independent. Usually we are free to chose

only one, and even that has constraints from stability analyses.

To understand what to expect for '0 and R, we consider two relevant cases below.

3.1 Self-interaction supported solitons

For potentials V (�) ⇡ (1/2)m2
�
2 for � ⌧ f (see Fig. 1), but are flatter than quadratic

V (�) / �
↵<2 for � � f , exceptionally long lived spatially localized configurations of the

above form exist, and are called oscillons (setting ga� ! 0 for the moment). Typically,

for very long-lived oscillons, we have '0 ⇠ f , a width R ⇠ few ⇥m
�1 and the frequency

! . m [? ]. In detail, there is a one parameter family of long lived configurations for a

given potential V (�). Moreover, typically the solution also includes higher frequencies and

a very small radiating tail (scalar radiation).

Because of the scalar radiation, oscillons are not perfectly stable. Depending on the

potential V (�), there are oscillon configurations that have been shown to last for & 1012m�1

[? ? ], with some claims of even longer lifetimes [? ]. However, even with such exceptionally

long times in units of m�1, their lifetimes might very short compared to the present age of

the universe H
�1
0 ⇠ 1033eV�1 (unless m . 10�21eV). This is an important concern when

using oscillon configurations for observable implications in the present day universe.

The formation of such oscillons from cosmological initial conditions (especially in the

early universe) has been explored in detail before [? ? ? ? ? ? ], and typically

happens whenH ⇠ m. An almost homogeneous, oscillating condensate naturally fragments

into oscillons []. As a result, compared to the H
�1 at the time of formation, oscillons

can be exceptionally long lived, and have important cosmological implications []. Using

similar arguments, oscillons in ultra-light axions might potentially survive till today [].

Furthermore, since oscillons appear to be attractors in the space of solutions [], oscillons

might also nucleate inside dark matter halos [? ], or even near black-holes [? ], although

most of these analysis are done in the context of gravitationally supported solitons so far.

The detailed investigation of oscillon production and existing population today is not

considered in this paper, we simply take these objects to exist in today’s universe.

3.2 Gravitationally supported non-relativistic solitons

It is also possible to obtain solutions of the form in eq. (3.1) for V (�) = (1/2)m2
�
2 (ie.

without nonlinearities in the potential) as long as we now allow for gravitational interactions

[? ? ]. Such configurations are sometimes referred to as oscillatons [? ]. Such oscillatons

can be compact, with R ⇠ 10m�1, with an amplitude '0 ⇠ 0.1mpl [? ? ]. For some

formation mechanisms, see [].
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CMB birefringence from ultralight-axion string networks
with Andrew Long and Mudit Jain
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Figure 6: The angular power spectra corresponding to the birefringence correlation functions in
Fig. 5. The thin gray curves show the projected sensitivities of several next-generation CMB
surveys (68% CL), and the current upper limit from BICEP2/Keck (68% CL, assuming a scale-
invariant power spectrum) [99]. We take A = 1, ⇠0 = 1, and the signal scales as C��

`
/ ⇠0A2.

and a sizeable axion-photon coupling A & O(10�1). We reserve a detailed analysis of parameter
space constraints for future work.

An interesting feature of axion-string induced birefringence is the presence of a peak at
multipoles corresponding to angular scales of the smallest loops (present at the time of recom-
bination), `p ⇠ 1/✓min ⇡ ⇣�1

O(100). For ` < `p the spectrum is blue tilted while for ` > `p it is
red tilted. This is apparent in the right panel of Fig. 6. The larger the loop size ⇣, the smaller
the multipole `p at which we expect to see a peak. Therefore, if the network is dominated by
⇠ H�1 string loops (⇣ = 1), ✓min ' ✓cmb and the peak is expected to be around `p ⇠ O(100).

There are two main features of the birefringence signal that are worth noting. (1) The
overall amplitude of the signal is linearly dependent on ⇣ (to leading order); (2) The location of
the peak in the power spectrum `p is inversely dependent on ⇣. This points towards a universal
feature of the signal in that di↵erent ⇣ curves, to a good approximation, are merely re-scaling
+ translation changes amongst one another.
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Figure 5: The birefringence signal’s two-point correlation function for the string network model
in Sec. 4.1. At any time t, the network contains only loops of comoving radius r = ⇣0/aH;
i.e., the dimensionless loop length distribution �(⇣, z) = ⇠0 �(⇣ � ⇣0) is parametrized by a single
dimensionless radius ⇣0, and ⇠0 is the e↵ective number of loops per Hubble volume. The solid
curves correspond to a direct numerical integration over the loops’ locations and orientations,
and the dashed curves show our analytical approximation to these integrals (46). We take A = 1,
⇠0 = 1, and the signal scales as h��(�̂1)��(�̂2)i / ⇠0A2.

changing ⇣0 changes the area through which photons can pass and accumulate birefringence.
Since the correlation depends on this area, this e↵ect tries to make it go like / ⇣20 . Second,
changing ⇣0 also changes the number density of strings in the network which go like / 1/⇣0. This
is because the total energy density in the network is held fixed. The net result is only a linear
dependence on ⇣0. The e↵ect of this linear dependence on the power spectra, will therefore just
be an overall re-scaling of the amplitude.

We calculate the angular power spectrum using Eq. (18), and our results appear in Fig. 6.
We show the predicted power spectra for several values of the dimensionless loop radius ⇣0. We
also overlay the projected sensitivities of next-generation CMB surveys [99]. These observations
will be able to test the presence of an axion string network in our Universe today. Testable
string network models include those with large loops ⇣0 & O(10�1), abundant strings ⇠0 & O(1),

22
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Figure 2 | A slice of the density field of the  DM simulation on various
scales at z=0.1. This scaled sequence (each of thickness 60 pc) shows
how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to
the granular structure inside the haloes. Distinct solitonic cores with radii
⇠0.3–1.6kpc are found within collapsed haloes (which have virial masses
Mvir ⇠ 109˘1011 M�). The density shown here spans over nine orders of
magnitude, from 10�1 to 108 (normalized to the cosmic mean density). The
colour map scales logarithmically, with cyan corresponding to density .10.

giving rise to a co-moving Jeans length, �J / (1+z)1/4m�1/2
B , during

the matter-dominated epoch17. The insensitivity of �J to redshift, z ,
generates a sharp cuto�mass belowwhich structures are suppressed.
Cosmological simulations in this context turn out to be much
more challenging than standard N-body simulations, as the highest
frequency oscillations, !, given approximately by the matter wave
dispersion relation, ! /m�1

B �
�2, where � is the wavelength, occur

on the smallest scales, requiring very fine temporal resolution even
formoderate spatial resolution (Supplementary Fig. 1). In this work,
we optimize an adaptive-mesh-refinement (AMR) scheme, with
graphic processing unit acceleration, improving performance by
almost two orders of magnitude22 (see Supplementary Section 1
for details).

Figure 1 demonstrates that despite the completely di�erent
calculations employed, the pattern of filaments and voids generated
by a conventional N-body particle3CDM simulation is remarkably
indistinguishable from the wavelike 3 DM for the same linear
power spectrum (Supplementary Fig. 3). Here 3 represents the
cosmological constant. This agreement is desirable given the
success of standard 3CDM in describing the statistics of large-scale
structure. To examine the wave nature that distinguishes DM from
CDM on small scales, we re-simulate with a very high maximum
resolution of 60 pc for a 2 Mpc co-moving box, so that the densest
objects formed of &300 pc size are well resolved with ⇠103 grids. A
slice through this box is shown in Fig. 2, revealing fine interference
fringes defining long filaments, with tangential fringes near the
boundaries of virialized objects, where the de Broglie wavelengths
depend on the local velocity of matter. An unexpected feature of
our DMsimulations is the generation of prominent dense coherent
standing waves of dark matter in the centre of every gravitational
bound object, forming a flat core with a sharp boundary (Figs 2
and 3). These dark matter cores grow as material is accreted and
are surrounded by virialized haloes of material with fine-scale,
large-amplitude cellular interference, which continuously fluctuate
in density and velocity, generating quantum and turbulent pressure
support against gravity.

The central density profiles of all our collapsed cores fit well
the stable soliton solution of the Schrödinger–Poisson equation, as
shown in Fig. 3 (see also Supplementary Section 2 and Figs 2 and 4).
On the other hand, except for the lightest halo, which has just formed
and is not yet virialized, the outer profiles of other haloes possess a
steepening logarithmic slope, similar to the Navarro–Frenk–White
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Figure 3 | Radial density profiles of haloes formed in the  DMmodel.
Dashed lines with various symbols show six examples of the halo profiles
normalized to the cosmic mean density. All haloes are found to possess a
distinct inner core fitted extremely well by the soliton solution (solid lines).
A detailed soliton fit for the largest halo is inset, where the error is the root-
mean-square scatter of density in each radial bin. A Navarro–Frenk–White
(NFW) profile representing standard CDM is also shown for comparison
(black dot-dashed line, with a very large scale radius of 10kpc), which fits
well the profiles outside the cores. The yellow hatched area indicates the
⇢300 of the dSph satellites around the Milky Way3,24, which is consistent
with the majority of galaxy haloes formed in the  DM simulations.

(NFW) profile23 of standard CDM. These solitonic cores, which are
gravitationally self-bound and appear as additional mass clumps
superposed on the NFW profile, are clearly distinct from the cores
formed by WDM and collisional CDM, which truncate the NFW
cuspy inner profile at lower values and require an external halo for
confinement. The radius of the soliton scales inversely with mass,
such that the widest cores are the least massive and are hosted by the
least massive galaxies. Eighty percent of the haloes in the simulation
have an average density within 300 pc (defined as ⇢300) in the range
5.3⇥ 10�3–6.1⇥ 10�1 M�/pc3, consistent with the dSph satellites
around the Milky Way3,24, and objects like these are resilient to
close interaction with massive galaxies. By contrast, the very lowest
mass objects in our simulation have ⇢300 ⇠ 4.0⇥ 10�4 M�/pc3 and
Mvir ⇠108 M�, but exist only briefly as they are vulnerable to tidal
disruption by large galaxies in our simulations. Together with the
cuto� in the power spectrum at the Jeans scale (Supplementary
Fig. 3), this leads to a marked suppression of substructure below
a few times 108 M� relative to the prediction of standard CDM
(refs 8,9). A quantitative evaluation of the mass function of satellite
galaxies predicted by  DM with larger simulations is thus another
crucial test to be addressed.

The prominent solitonic cores uncovered in our simulations
provide an opportunity to estimate the boson mass, mB, by
comparison with observations, particularly for dSph galaxies where
dark matter dominates. The local Fornax dSph galaxy is the best
studied case, with thousands of stellar velocity measurements,
allowing a detailed comparison with our soliton mass profile.
We perform a Jeans analysis for the dominant intermediate
metallicity stellar population, which exhibits a nearly uniform
projected velocity dispersion (�k; ref. 25). We simultaneously
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Gravitational Bose-Einstein condensation in the kinetic regime
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We study Bose-Einstein condensation and formation of Bose stars in the virialized dark matter
halos/miniclusters by universal gravitational interactions. We prove that this phenomenon does
occur and it is described by kinetic equation. We give expression for the condensation time. Our
results suggest that Bose stars may form kinetically in the mainstream dark matter models such as
invisible QCD axions and Fuzzy Dark Matter.

1. Introduction. Bose stars are lumps of Bose -
Einstein condensate bounded by self-gravity [1, 2]. They
can be made of condensed dark matter (DM) bosons —
say, invisible QCD axions [3] or Fuzzy DM [4]. That is
why their physics, phenomenology and observational sig-
natures remain in the focus of cosmological research for
decades [5], see recent papers [6, 7]. Unfortunately, for-
mation of Bose stars is still poorly understood and many
recent works have to assume their existence.

In this Letter we study Bose-Einstein condensation in
the virialized DM halos/miniclusters caused by univer-
sal gravitational interactions. We work at large occupa-
tion numbers which is correct if the DM bosons are light.
Notably, we consider kinetic regime where the initial co-
herence length and period of the DM particles are close
to the de Broglie values (mv)�1 and (mv

2)�1 and much
smaller than the halo size R and condensation time ⌧gr,

mvR � 1 , mv
2
⌧gr � 1 . (1)

We numerically solve microscopic equations for the en-
semble of gravitating bosons in this case and find that
the Bose stars indeed form. We derive expression for ⌧gr
and study kinetics of the process.

Up to our knowledge, gravitational Bose-Einstein con-
densation in kinetic regime has not been observed in
simulations before. Old works considered only con-
tact interactions between the DM bosons [8] which
are non-universal and suppressed by quartic constants
� ⇠ 10�50 [9] and 10�100 [10] in models of QCD axions
and string axions/Fuzzy DM. Our results show that in
these cases gravitational condensation is faster: although
the Newton’s constant Gm

2 is tiny, its e↵ect is enhanced
by collective interaction of large fluctuations in the boson
gas at large distances, cf. [11].

On the other hand, all previous numerical studies of
Bose star formation considered coherent initial configura-
tions of the bosonic field — a Gaussian wavepacket [12] or
the Bose stars themself [13, 14]. A spectacular simulation
of structure formation by wavelike/Fuzzy DM [13, 15]
started from (almost) homogeneous Bose-Einstein con-
densate. In all these cases the Bose stars form almost
immediately [12, 13] from the lowest-energy part of the
initial condensate.

We consider entirely di↵erent situation (1) when the
DM bosons are virialized in the initial state. The closest

|

x̃

t = 1.3 · 10

FIG. 1. Formation of Bose star from random field with initial
distribution | ̃p̃|2 / e�p̃2

and total mass Ñ = 50 in the box
0  x̃, ỹ, z̃ < 125. These values correspond to the center of
the axion minicluster with Mc ⇠ 10�13M� and � ⇠ 2.7 in
Sec. 8. (a), (b) Sections z̃ = const of the solution | ̃(t̃, x̃)|
at (a) t̃ = 0 and (b) t̃ > ⌧̃gr ⇡ 1.08 · 106. (c) Radial profile
| ̃(r̃)| of the object in Fig. 1b (points) compared to the Bose
star  ̃s(r̃) with !̃s ⇡ �0.7 (line). (d) Maximum of | ̃(x̃)|
over the box as a function of time. (e) Spectra (3) at times
of Figs. 1a, b and at the eve of Bose star nucleation, t̃ =
1.05 · 106 ⇠ ⌧̃gr. (f) The spectrum at t ⇠ ⌧gr (dashed line)
versus the solution of Eq. (5) (circles) and thermal law F̃ /
!̃�1/2 (dots).
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.

4.2.1 Leading order in ga�: dipole radiation

At leading order in the coupling ga� , we have

Ë(1) �r2E(1) = �r⇢(1) � J̇(1), (4.8)

B̈(1) �r2B(1) = r⇥ J(1). (4.9)

At this order in ga� , the background electromagnetic fields along with the axion configuration
�(t,x) = '(r) cos!t induce an e↵ective charge and current density:

⇢(1)(t,x) = Re
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negative charges are distributed separately along the B̄ field axis like a dipole (see left panel
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Figure 2. The e↵ective charge and current density (dipoles) induced by the presence of a soliton in
an external electromagnetic field background. The left image shows a charge dipole aligned with the
external magnetic field, and the right image shows a current dipole in a plane normal to the external
electric field. The charge density and current density oscillate in time, generating dipole radiation.
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