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LECTURE II

• Neutrino oscillations in vacuum and in matter

• Experimental evidence for neutrino masses & mixings 



Neutrino oscillations
1968   Pontecorvo

If neutrinos are massive

A neutrino experiment is an interferometer in flavour space, because 
neutrinos are so weakly interacting that can keep coherence over 
very long distances  ! 

ni pick up different phases when travelling in vacuum

L



Neutrino oscillations in QM (plane waves)
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Neutrino oscillations in QM (plane waves)

Why same p for the i-th states ?

Why plane waves if the neutrino source is localized ?

Why t <-> L conversion ?

Well founded criticism to this derivation



Neutrino oscillations

Quantum mechanics with neutrinos as wave packets

Quantum Field Theory <-> neutrinos as intermediate states

Two basic ingredients: 

ü Uncertainty in momentum at production & detection (they must be 
better localized than baseline)

ü Coherence of mass eigenstates over macroscopic distances   



Neutrino oscillations in QM (wavepackets)
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Neutrino oscillations in QM (wavepackets)

For Gaussian wave packets overlap is also gaussian:    

A(�� ⇥ �⇥) =

Z

x
⇤�⇥(t,x)|��(t,x)⌅

=
X

i

U⇤
�iU⇥i

Z

p
eiEi(p)T e�ipL fD⇤

i (p�Q0
i)f

S
i (p�Qi)| {z }

overlap

hQii ⌘
✓
Qi

�2
S

+
Q0

i

�2
D

◆
�2
ov

�2
ov ⌘ 1

1/�2
S + 1/�2

D

fD⇤
i fS

i = fov
i (p� hQii) e�(Qi�Q0

i)
2/4/(�2

S+�2
D)

Ei(p) ⇥ Ei(⇤Q⌅i) +
�E

�pk

����
hQii

(pk � ⇤Qk⌅i) +O(pk � ⇤Qk⌅i)2

A(�� � �⇥) ⇥
X

i

U⇤
�iU⇥i e

iEi(hQii)T e�ihQiiL e�(Qi�Q0
i)

2/4/(⇤2
S+⇤2

D) e�(L�viT )2⇤2
ov/2

viz}|{ group velocity



Neutrino oscillations in QM (wavepackets)

⇥Q⇤i � ⇥Q0⇤i, L||⇥Q⇤i

There must be sufficient uncertainty in production & detection so that 
wave packets include all mass eigenstates: 

Problems: normalization is arbitrary, needs to be imposed a posteriori  
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Can be cured in QFT…



Neutrino oscillations in QFT

in-states out-states

Idealization: asymptotic states are plane waves if R << Compton wavelength, 
in reality in-states are wave packets

R

A = �out; p01, ..., p0n|in; p1, p2⇥



Neutrino oscillations in QFT

in-states out-states
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Neutrinos are not the asymptotic states…

Neutrino propagator: intermediate state



Neutrino oscillations in QFT

Necessary to adapt standard formalism:

1) macroscopic separation of Source and Detector L (eg. localized wave 
packets of in-states + static approximation)

2) oscillation probability from factorization: 

decay x     propagation  x    n cross-section
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Oscillation probability is indeed properly normalized!



Neutrino Oscillation

a ≠ b appearance probability
a = b disappearance or survival  probability
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Neutrino Oscillation: 2n
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Optimal experiment:
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Neutrino vs Antineutrino: CP

P (�� ⇥ �⇥) = 2
X

i<j

Re[U⇤
�iU⇥iU�jU

⇤
⇥j ] +

X

i=j

|U�i|2|U⇥i|2

| {z }
⇤↵�

� 4
X

i<j

Re[U⇤
�iU⇥iU�jU

⇤
⇥j ] sin

2

"
�m2

jiL

4E

#

� 2
X

i<j

Im[U⇤
�iU⇥iU�jU

⇤
⇥j ] sin

"
�m2

jiL

2E

#
CP-even 

CP-odd 

Exercise: check that Majorana phases do not contribute to this.



Exercise: do leptons oscillate? 
(hint: be precise about what you mean)



Neutrino Oscillations in matter
Many neutrino oscillation experiments involve neutrinos propagating
in matter (Earth for atmospheric neutrinos or accelerator experiments, 

Sun for solar neutrinos) 

Index of refraction (coherent forward scattering) can strongly affect the 
oscillation probability 

Wolfenstein



Neutrino Oscillations in matter
Many neutrino oscillation experiments involve neutrinos propagating
in matter (Earth for atmospheric neutrinos or accelerator experiments, 

Sun for solar neutrinos) 

Index of refraction (coherent forward scattering) can strongly affect the 
oscillation probability 

Wolfenstein

hē�µ(1� �5)eiunpol.medium = �µ0Ne
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Neutrino propagation in matter

⇤HCC +HNC⌅medium =
⇧
2 GF ⇥̄ �0

0

@
Ne � Nn

2
�Nn

2
�Nn

2

1

A ⇥ ⇥ ⇥̄ �0Vm⇥

L ⇥ ⇥̄ (i⇤/�M� � �0Vm) ⇥ + ...

O(V 2
m,M2

�Vm) E2 � p2 = ±2 VmE +M2
�

Earth:

Sun: 

Vm ' 10�13eV ! 2VmE ' 10�4eV 2


E

1GeV

�

Vm ' 10�12eV ! 2VmE ' 10�6eV 2


E

1MeV

�



Oscillations in constant matter density
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MSW resonance
Mikheyev,  Smirnov ‘85
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MSW resonance
Mikheyev,  Smirnov ‘85
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-Only for n or n, not both

-Only for one sign of Dm2 cos2q

MSW Resonance: 



Neutrinos in variable matter
Solar neutrinos propagate in variable matter:
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Solar neutrinos
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In most physical situations: piece-wise constant matter or adiabatic approx. good 
enough


