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SUMMARY
LECTURE II: RESUMMATION 1

COLLINEAR SINGULARITIES

UNIVERSALITY AND FACTORIZATION
ASYMPTOTIC FREEDOM IN PARTON LANGUAGE
SINGULARITIES AND LOGARITHMS

SOFT LOG UNIVERSALITY: THE EIKONAL LIMIT

RENORMALIZATION GROUP: SUDAKOV RESUMMATION

THE STRUCTURE OF RESUMMED RESULTS: SOFT LOGS



COLLINEAR SINGULARITIES AND RENORMALIZATION

WHAT HAPPENED TO THE COLLINEAR SINGULARITIES?
WHAT HAPPENS BEYOND LEADING ORDER?

RENORMALIZATION OF OPERATOR MATRIX ELEMENTS
AR2pH1 .. ophn = (p|OZ DFL B py — (plahy DL DFEn | p)

LEADING ORDER: —% ~O—— =M Lphn = Ay =1
NEXT-TO-LEADING ORDER:

‘ K
9-—@*— +4 more= yHp¥ ... p* T[] 5= [1 +43 05— n(n2+1)] =

p P p
Ap = An(p?)

RENORMALIZE: A" (u?) = ZI™ (%) An (n?) = YK

{13 = SCALE AT WHICH A QUARK IS A SINGLE QUARK: FACTORIZATION SCALE
. 2 2 2 2\ —
LOG SCALE DEP.: u% ﬁZ(MF) = —u ﬁAfﬁ“(uF) = YN,

ANOMALOUS DIMENSION INDEPENDENT OF £1%, (DIM. ANALYSIS): vy = as(u%)%(\?) + O(a?)



RENORMALIZATION GROUP INVARIANCE & RESUMMATION
RENORMALIZATION GROUP

o ANCN(Q?) = [, dza™N~2F,(z,Q?) ARE PHYSICAL OBSERVABLES (0 = 2 Is)

e CANNOT DEPEND ON L p! u%#ANCN =0
F

2
e Ay = An(p3), Oy =Cn (MR’Z_Z (MR)) LET up = pR = ft, CAN RELAX g = kpup

CALLAN-SYMANZIK (RENORMALIZATION GROUP) EQUATION

{ 28(3 + Bl )QJFVN( (/f))] Ch (—2,04(#2)) _
SOLVING THE RGE

let s = a(@?) = Q% 3%2Cn (%, 04(Q%)) = v (05(@)) On (%, :(@2))
SOLUTION: Ciy (Mj,ozs(,u )) =Cn (1,as(@) exp [& L5 an[a(A?)

a(u;)
1480 ) 1n i’f;

recall as(Q?) = Oés(,u_QaaS(:ug)) =

27



RENORMALIZATION GROUP INVARIANCE!
THE SLIDING SCALE

Q% )2
- 22
o [ Sarvla?)

W2 2 An (1) = i () A (8) & 12 2 Ox (%, 05(Q2)) = —an (12)Cn (%, 00(@))

0? THE RUNNING MATRIX ELEMENT!
COn (S, @s(Q%)) An(1%) = Cn (1,as(Q%) A (Q?)
RESUMMATION

2
CnN (Q—Qa%(QQO An(p?) = Cn (1, s(Q%)) AN (1?)

recall B(as) = —Boa? + O(a?); let yn (as) = fy(o)ozs + O(a?);

[ a0 / e do (255)
exp —n |« — exp — — N
’UJ2 )\2 N as(,u2) 87 BO aS(IU’Q)

(0

O

= (1 + Boas(p?) In 3—22) Fo 40 [oﬂ(;ﬂ) In 3—22] LEADING LOG

=1+ as(uz)%(\ff)) In 2—22 + O(a?(u?)) LEADING ORDER



BACK TO THE DIAGRAMS
LO & NLO

2
o Cn —fo dexN—15 (:1: %)
2
e O (:c C’i—) = CROSS SECTION FOR SCATTERING ON FREE QUARK (UP TO TENSOR STRUCT.)

o Cn = (1—|—045(Q2)C](\;)> [1+as( ) © )ln uZ +O( ( )):|

5(2,1%) = (5(1 = 2) +05(Q2)5 M () ® (6(1 — 2) + as(u?) PO () In & ) + O (u?));
@ = CONVOLUTION INTEGRAL )
= 6(1 - 2) + as (1) |60 (@) + PO (2)In % | + O(a?(u?))

o P(0)(z) SPLITTING FUNCTION & 7\) = [y aN=1PO) ()

WHERE IS THE LOG?
LEADING ORDER: r=xzp = 60(x)=561—2x)

NEXT-TO-LEADING ORDER: ﬁ:; ' L

(5) (<)

DIAGR. (c¢) «x LO=4(1 — x) = MUST LOOK AT DIAGRAMS (a), (b)



COLLINEAR SINGULARITIES!

2
3‘(
Lo« G = J g Prq l

LEADING ORDER: r=xp = 0(0) () = 6(1 — x);

NLO, LEADING LOG:

Ho s f‘*‘ S {—*g,,-u

M(pq — p'k) = S0 )7 eu(a) (L5575 (a)u(p)

I

2

Sudakov parametrization k = (1 — z)p + k¢ + 1 such that k2 =p?=n?=p-ki=n-ke=0

— k2 uS ()G i(p— L us(p—k)as(p—k
(0 —k)* = 7oL ()@ (p) = 1278 = et M=) 4 op2)

_ (0 1 dk} dz 2 1 Y2
o=0c0(z)+ 5050 (1T07) f s @n? | Mk — p— k)| WUW(Q(Z? — k) —p')|
k¢ INTEGRAL —> LOG DIVERGENT,

UPPER LIMIT: (1 2) . LOWER LIMIT: 4 CUTOFF

o =00 (z)+ ore ln fdzP(z () (zp)




UNIVERSALITY

FORM OF LO (%) NOT USED IN THE ARGUMENT

- § ®« P QnQv:
/™ /

2
c=00(z)+ %= 1n /Cf—g [ dzP(2)0(9) (2p) + NON LOGARITHMIC
GENERAL COLLINEAR EMISSION
QUARK CAN RADIATE GLUON, GLUON CAN RADIATE QUARK, GLUON:

2
o; = 050)(x) + 52 In % [ dzP;; (z)a§0)(zp)

ﬁ‘i”/‘”‘zf‘ g | /L |2/' Pﬁi‘lfi‘r/’ 39° l/;m i



FACTORIZATION < RESUMMATION

N SPACE
2 Q2% 1\2
On (%5.00(@)) An (1) = € (1,04(Q%) [exp [ S awla0®)]| An (s
o)
2
_ (c§$>+as(Q2)C§;>+...) {1—|—ozs( )4 mi ] An (12

2

- [C](\?) +as (1) (CJ(V}) +7y) In %)} AN (1) +0(a3)

= [0 + s @)V | An(@Y) + 0(a?)

THE 2 SPACE CROSS-SECTION
o(2,05(QY) = 6 + s (@%)5 M (2)] ® a(z, Q%)
[y dzaN—tq(z) = An, [ dzaN~'6 =Cy, ® CONVOLUTION INTEGRAL

aSC](\}) IS WHAT IS LEFT OF C AFTER SUBTRACTING THE LOG

as(Q2?)6(M (x) 1S WHAT IS LEFT OF THE NLO XSECT AFTER SUBTR. THE COLLINEAR SING.
SINGULARITY: UV (UPPER) FOR MATRIX ELEMENT; IR (LOWER) FOR CROSS-SECTION

THE PDF q(z, Q?) SATISFIES THE z-SPACE VERSION OF THE RGE (Altarelli-Parisi equation)

SOLUTION RESUMS COLLINEAR LOGS



THE ALTARELLI-PARISI EQUATION

QQdQsz z, Q%) ZPZJ as(Q%),7) ® f(Q%)(z, Q%)

RESUMS COLLINEAR LOGS IN THE PDFS f;= QUARKS ¢;, ANTIQUARKS ¢; GLUON g
COLLINEAR SINGULARITIES SUBTRACTED FROM THE PARTONIC CROSS-SECTION
COLLINEAR LOGS ARE UNIVERSAL

THE SCALE DEPENDENCE IS UNIVERSAL

LOGARITHMICALLY ENHANCED TERMS ALWAYS FACTORIZE



ALTARELLI PARISI: QUARK EMISSION

FACTORIZED COLLINEAR EMISSION, UP TO NON-LOGARITHMIC TERMS:

2 - ; ® « P Qn@f
e /“
2

oV (r,Q?) = /1 dfa@) (; QQ) P(z)aln %

T

THE QUARK-QUARK SPLITTING FUNCTION

1 2
T + §(5(1—33)]

P =C
qq() F[l_er 5

THE PARTONIC CROSS-SECTION IS A DISTRIBUTION
+ DISTRIBUTION: f(x)4+ ACTS ON g(x) AS fol derf(x)+g(z) = fol dzf(x)[g(x) — g(1)]
DIVERGENCES & LOGS

—_02)2 2 2 (1_+)2 2
COLLINEAR: flf; @) /S% ~ In [2—2%} ~In 2y

INFRARED (SOFT, LARGE-x, SUDAKOV) fj dyﬁJr ~ In(l—171)



SOFT EIKONAL EMISSION

K
Ptk P
—>—X A
) | +Ek+m
W) - ey I
_ a2 ot Ok L

SOFT GLUON EMISSION = UNIVERSAL EIKONAL FACTOR
EMISSION IS ALSO COLLINEAR
COLLINEAR EMISSION MAY BE NON-SOFT
COLLINEAR EMISSION = UNIVERSAL PARTON-DEPENDENT ALTARELLI- PARISI FACTOR;

SOFT GLUON EMISSION = UNIVERSAL EIKONAL FACTOR



CANCELLATION OF IR SINGULARITIES

THE KLN MECHANISM
' <
| =
- B - - - .

: }}:g ‘ g) g

_ |
/
CROSS SECTION FOR SINGLE (DOUBLE. .. ) EMISSION INFRARED DIVERGENT:

[ imbed.
fdeka — dz

1—=

c&hum howm

DIVERGENCE CANCELLED BY VIRTUAL CORRECTIONS:
SINGLE EMISSION CANCELLED BY ONE-LOOP,
DOUBLE EMISSION CANCELLED BY TWO LOOPS ETC:

REAL ~ [ ;22 ; REAL+VIRTUAL ~ [ 4% N

1

AFTER CANCELLATION, LEFTOVER SOFT LOGS

QED: KLN THEOREM FROM EIKONAL; QCD: ONLY FOR COLOR-SINGLET



SOFT LOGS

x SPACE VS. [N SPACE

1 InP(1 — 1 1 1
/ deaN 12 (1-2) = InP*tt — 4+ O(In? —)
0 (1—x)4+ p+1 N N
EACH EMISSION — EXTRA FACTOR OF (1; < |In 1
—CL‘)_|_ N

IN £ SPACE, EMISSION CONVOLUTIVE — IN [N SPACE, MULTIPLICATIVE

In" 1 (1—x)
(1—z)4

n-TUPLE EMISSION = EXTRA FACTOR OF In" % —
NOTE: ¢ — 1 & N — oo; O(l—x)@O(%)
IRC LOGS

AT EACH PERTURBATIVE ORDER, TWO SOFT LOGS:
1 1
INFRARED |~ dyy— , ~In(l—7) &

022 2 2 (12
COLLINEAR flf; RAREKAL SPNE {3—2%} ~ In(1 — 7)?
t

FACTORIZATION SCHEME CHOICE: CAN REDEFINE OPERATOR MATRIX ELEMENT BY ANY FINTE
Zn(as): Ap — Zn(as)Ay, <> REDEFINE PDF ¢ -+ Z ® q

N 2
MS (MINIMAL SUBTRACTION) => ONLY In (,;2—2 SUBTRACTED FROM & INTO PDF EVOLUTION

MS PARTONIC XSECT CONTAINS TWO EXTRA SOFT LOGS AT EACH EXTRA PERTURBATIVE

ORDER



THRESHOLD RESUMMATION & RG INVARIANCE 1

COLORLESS PRODUCTION (H1GGS, DRELL YAN)

FACTORIZATION, KINEMATICS & SCALE SEPARATION
L,

2 > &

2 - 1 + 0 (1-2) C g2 — M2 = M2 g2 o ($2-M?)?
P x\“‘ 2 ’ q - ’ o s - S
2 R

K
Pa

e RADIATION FROM INTERNAL LINES POWER-SUPPRESSED IN SOFT LIMIT

P, H "HARD” FUNCTION
e LOOPS: ——— 1 = H(M?) (LOOP CORRECTIONS TO LEADING-ORDER o)
DIMENSIONLESS, DEPENDS ONLY ON M2

e REAL EMISSION: = J(M?(1—1)?)

“JET” FUNCTION(S): DIMENSIONLESS, DEPEND ONLY ON M 2(1 — 7)2 IN SOFT LIMIT:
PHASE-SPACE!

o In6(M?,7) =InH(M?)+1InJ(M?(1 — 7)?) PARTONIC XSEC FACTORIZES INTO

f(M?) (HARD SCALE) & f(M?(1 — 7)?) (SOFT SCALE)



THRESHOLD RESUMMATION & RG INVARIANCE II

COLORLESS PRODUCTION (HIGGS, DRELL YAN)

RG IMPROVEMENT
MELLIN TRANSFORM F'(M?(1 — 7)?) & F ( ) FACTORIZES PHASE SPACE

MELLIN-SPACE PARTONIC CROSS-SECTION:
2
n6 (M?,4%, N,a(u?) = n H (25, a(u?)) +nJ (255, a(u?))

& IS NOT RG INVARIANT (NOT PHYSICAL OBSERVABLE); yphys M? 6 1S RG INVARIANT
MELLIN SPACE & MULTIPLICATIVELY RENORMALIZED:

o™ (N, M?, a"(u?)) = Z(N, a" (u*))o" (N, M?*, a”(u?))

clM2

DEFINE PHYSICAL ANOMALOUS DIMENSION vPPYs = M2 (In H 4 In J) = v° 4+

2
Ve = M? ( s a(p? )) v = M2 1HJ<MM/N ,a(p? ))

RG INVARIANCE CONDTION 2 ﬁyphys = 0 BUT ~!, v° NOT SEPARATELY RGI
d M?/N? M2

= 12 gyt (2B a(i?)) = =2 v (2, a(k?)) = g(a(u?))
LOOKS LIKE A RG EQUATION!

SOL: ~Phys (N, Aj—;,a(MQ)) = go (oz(MQ)) + fM /N? d: g [04(,“2)]



THE STRUCTURE OF RESUMMED TOTAL CROSS-SECTIONS I

PARTONIC CROSS SECTION IN THE SOFT LIMIT

X M2 M2 d/~52 N? dn
o <N, —2704(,“2)) = H(a(M?)) exp/ 5 —4g [04(.“2/”)] = Cres(V, as)
Hp pio M 1 n

RESUMMATION AS RG EVOLUTION DOWN TO SOFT SCALE WITH
“SOFT AN. DIM.” gla] = cja+cla® + ...

LOG COUNTING
Cres(N,as) = go(as)exp[In Ngi(asIn N) + ga(asIn N) + asgs(asIn N) + ... ];
go(as) =1+ asgo1 +aZgoz +0(ad); g1(A) = 252, 91,6A", gi(A) = 3272 gi xA® FOR G > 2

LOG APPROX.  XSECT ACCURACY  EXP. ACCURACY: a”L*  go ACCURACY: o
LL k =2n k=n+1 0
NLL 2n — 2 < k < 2n k=mn 1
NNLL 2n —4 < k < 2n k=n—1 2

NOTE ACCURACY OF gop ONE ORDER HIGHER THAN CORRESP. LOG ACCURACY = INCREASES LOG

ACCURACY OF & BY ONE ORDER



THE STRUCTURE OF RESUMMED TOTAL CROSS-SECTIONS II
RG INVARIANT EXPRESSION

Cres(N, v2) = go(avs) exp /N d”/M W Tt /n)]]

) —1 MPa-)? gu?

0 1 M2

e TO BE USED WITH PDFS EVALUATED AT % = M?
e { DETERMINED ORDER BY ORDER BY g
e § DETERMINED BY MATCHING TO FIXED ORDER

CUSP ANOMALOUS DIMENSION

Cres(N, as) = go(as) exp [2 /Oldx% /A;z—z)%\/_r? CZLAth ( (qQ)) + Dtgh (as ((1 B z)2 M2))]

e A AND D POWER SERIES IN o,

e LEADING LOG => LEADING ORDER A <+ COEFFICIENT OF 7

+ IN SPLITTING FUNCTION

e O(a) CONTRIBUTION TO A DEFINED AS O(«) COEFFICIENT OF
CUSP ANOMALOUS DIMENSION

+ IN SPLITTING FUNCTION:

e D STARTS AT NNLO, DUE TO LARGE-ANGLE GLUON EMISSION

e IF FINAL STATE CAN RADIATE (E.G. DIS), FURTHER D-LIKE “B” TERM DUE TO FINAL-STATE COLLINEAR
RADIATION



SUMMARY

OPERATOR MATRIX ELEMENTS DIVERGENT = UV RENORMALIZATION

RG INVARIANCE OF PHYSICAL OBSERVABLE =- PHYSICAL SCALE LOG RESUMMATION
OPERATOR UV LOGS < COEFFICIENT COLLINEAR LOGS

RESUMMATION < FACTORIZATION

COLLINEAR UNIVERSALITY VS SOFT (EIKONAL) UNIVERSALITY

SCALE SEPARATION + RG INVARIANCE = RESUMMATION OF ANOMALOUS DIMENSION



