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Invitation: What do we latticists think about the field/method?

Non-perturbative regulator of quantum field theory (QFT)
Systematically improvable numerical method for extracting QFT’s properties

Exciting, vibrant, highly active research community
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Technical field that challenges all of us to be great communicators
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Lattice QCD
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Wide range of precision pre-/post-dictions
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Three essential modifications
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To proceed we have to make three modifications
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Also... Mw,lattice > Mw,our universe

(but physical masses — increasingly common)
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[J The LQCD landscape
[ Lattice basics
[J Nielson Ninomiya
[TJ Many actions

[ Flavor physics

Single-hadron matrix elements
Light-flavor decay constants
Heavy-flavor decay constants
Mixing

Form factors

(] QED + QCD
[0 Theoretical challenge

[ Different formulations

sies/als

1 &-2),

[J Light-by-light
(] HVP

[] Multi-hadron processes
[ Finite-volume as a tool
[J Resonances
[0 2 — 2 scattering
[0 1+ 7 — 2 transitions

(] So much more!




Discretization
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Scale setting / parameter tuning
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Monte Carlo importance sampling
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Monte Carlo importance sampling
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Fermion doubling
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Relation to the anomalv
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Nielsen-Ninomiya “no go” theorem
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Proliferation of discretization

Connet &N\u\*o«\ems\\( Inonle.’ Violoded ‘31"
@ N (s?w.& we X, u\ S 22_ (Qsld\\ Donoin woll  (REC/EDY
) D(?\ ‘PQS@A ' Gj\o&l“(tc_ SLAC. SesamanS

> D C?\ -—» % Sos cs\?,,.\“\

et\ D(?\ estible (be.sséo.% p,:—C)\ NMQ Sesiions, g&ﬁe@ SessKanS
() E‘{ss D(?\P)s S Wieon [Uloves (@), Twisked oSS (Emc.\

05&%0\ Yo ius’tecé ?27@\8‘& (QU\&?O&S \A‘\W‘S E‘Ls ,D%.; mD&sD — séi‘\‘ BQoKsN-S oy 2’&5 ,D_g" Q)
Demcin wall, Oveslop




Many lattice actions = many collaborations

BMW (Budapest M

arseille Wuppertal)  Wilson (Clover) / Staggered

ETMC (Eurepean Extended Twisted Mass Collaboration)  Twisted Mass

Staggered (HISQ)

NPLQCD (Nuclear Physics for lattice QCD) Wilson (Clover)
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RBC/UKQCD (Riken Brookhaven Columbia/United Kingdom) Domain Wall




Outline

4 The LQCD landscape
[ Lattice basics
[J Nielson Ninomiya
[TJ Many actions

[ Flavor physics

Single-hadron matrix elements
Light-flavor decay constants
Heavy-flavor decay constants
Mixing

Form factors

(] QED + QCD
[0 Theoretical challenge

[ Different formulations

sies/als

1 &-2),

[J Light-by-light
(] HVP

[] Multi-hadron processes
[ Finite-volume as a tool
[J Resonances
[0 2 — 2 scattering
[0 1+ 7 — 2 transitions

(] So much more!




Flavor anomalies

] Flavor anomalies = opportunity for BSM

[ QCD = crucial for confirming significance and
interpreting

experiment = SM x perturbative QCD x (non-perturbative QCD)
+ BSM x perturbative QCD x (non-perturbative QCD)

e — ___ _ o ppE———— = = ———— —— - — -

] QCD is complicated

mesons baryons

[] Difficult to extract non-perturbative
predictions

tetraquarks hybrids

R e SemmmemRmERETT




Three essential modifications
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Single-hadron states
[J Three categories:

[J Decay constants [0 Form factors [J Mixing parameters
(0|71) (1[T7]17) (IHA2]1)
N PG, faon(d®) B, B

[J Summary of the approach...
[J Importance sampling QCD gauge fields = correlators
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Single-hadron states
[(] Three categories:

[J Decay constants [0 Form factors [J Mixing parameters
(0l711) (1711) (T2
frr 5, I8 FE @), foon(d) B, B

] Summary of the approach...
] Importance sampling QCD gauge fields = correlators

Zrenorm <Abare

7 TLmq7a<*\
[J temporal Iength/l:]

volume l:] quark masses [] lattice spacing
[0 Renormalization of currents required (typically non-perturbative)
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Single-hadron states
[(] Three categories:

[J Decay constants [0 Form factors [J Mixing parameters
(0l711) (1711) (T2
frr 5, I8 FE @), foon(d) B, B

] Summary of the approach...
[J Importance sampling QCD gauge fields = correlators

210 (AL(0) e (~T)) ks Zn” P i (T, Ly, a)

[J temporal length [J volume [ quark masses [J lattice spacing
[0 Renormalization of currents required (typically non-perturbative)
[[] Large time separation filters excited states




Single-hadron states
[(] Three categories:

[J Decay constants [0 Form factors [J Mixing parameters
(0l711) (1711) (T2
frr 5, I8 FE @), foon(d) B, B

] Summary of the approach...
[J Importance sampling QCD gauge fields = correlators

renorm bare —FE_7 - |
27 (ATE(0) i (—T))Ttmga b Zre T iplfa(T, Ly, )

[J temporal length [J volume [ quark masses [J lattice spacing
[0 Renormalization of currents required (typically non-perturbative)
[[] Large time separation filters excited states

[J Extrapolation/interpolation to physical point
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Decay constants (0|7 |1)

FTAG 2020 fic=/frz

FLAG average for Ne=2+1+1

o LHE0 o, e, oy
stat. err. on
FNAL/MILC 17 Y
ETM 14E
|:] FNAL/MILC 14A
ETM 13F
HPQCD 13A
] MILC 13A
{1H MILC 11 (stat. err. onIY)
—}— ETM 10E (stat. err. only)

E FLAG average for N¢=2+ 1

Ne=24+1+1
[0 N

CDSF/UKQCD 16
8MW 16 N

- RBC/UKQCD 14B
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CD/UKQCD 07
— 01} MILC 04

FLAG average for N¢=2
N
Il =
& o

ETM 14D %tat. err. only)
1.14  1.18 122  1.26

ALPHA 13
ETM 10D (stat. err. only)
ETM 09
QCDSF/UKQCD 07
] Includes isospin breaking (but QED)
[J Constrain CKM matrix elements
Important to ask “What quantities are being sacrificed to set the calculation?”
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Decay constants (0|7 |1)

+ our average for Ng=2+1+1 + our average for Ny =2+1+1
i FNAL/MILC 17 - FNAL/MILC 17
~ HPQCD 17A N — HPQCD 17A
h H ETM 16B Il H ETM 16B
—H HPQCD 13 = HPQCD 13
our average for Ng=2+1
] 9 ' —— our average for Ny =2+1
+—r RBC/UKQCD 14 1
— — RBC/UKQCD 14 2 — —l— RBC/UKQCD 14
+ m— I RBC/UKQCD 14A + — —i—  RBC/UKQCD 14A
‘ﬁ‘ ¥ RBC/UKQCD 13A (stat. err. only) fﬁ' M RBC/UKQCD 13A (stat. err. only)
“ L HPQCD 12 . L | HPQCD 12
Z H-Jl HPQCD 12/ 11A Z il HPQCD 11A
— FNAL/MILC 11 - FNAL/MILC 11
——H —— HPQCD 09 ——o—[li—o—< HPQCD 09
i our average for N¢ =2 n our average for Ny =2
7 ﬁtmﬁ i;‘ : | ALPHA 14
N L |
. {] J ALPHA 13
I i ETM 13B, 13C N
. —T ALPHA 12A Il L ETM 13B, 13C
[ — ALPHA 11 — ETM 12B
. { ETM 11A l—D——i ETM 11A
: {] i ETM 09D >—E{—< ETM 09D
160 175 190 205 220 235 250 210 230 250 270 290

[J Current precision sufficient for BES Ill, BELLE Il
[J Fermilab/MILC includes QED uncertainty (not yet rigorous)
[ MILC quoting higher precision than any other 2+1(+1) calculation

Need comparable precision from other calculations to cross-check
R




Neutral meson mixing I|HA=211)

[[J B-mixing dominated by local matrix element
T O &

] Summary (from Bazavov et al. [Fermilab/MILC] 2016)

2 5 2 5 ~
deBBd st BBs KLR 18 P g fBS \/ BBS

| I T T RBC 18 T o T T I f —

= Fermilab/MILC 16 o fB4\/ BB,

RBC 14 7
Fermilab/MILC 12 — O
o—i—H Fermilab/MILC 11 KLLR 18 =
King, Lenz, Rauh (2018)
—o— +—B— ——
Ny=2+1 HPQCD 09 Np=2+1 (OCD sum rules)
- ETM 13 0.0065
N;=2 1.2014 o) N;=2
! ! ! ! L1 ! ! ! plot from Kronfeld
0.04 0.06 0.08 0.1 1.15 1.21 127 133  (Durham workshop 2019)
2
GeV

[] Lattice precision (~3-4%) is well behind even older experiments (~0.06 - 0.2%)

(] Challenging to find optimal ‘discretization’ (lattice definition of quarks)
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Neutral meson mixing (I|HAF=21)

[J B-mixing dominated by local matrix element

[J Summary (from Bazavov et al. [Fermilab/MILC] 2016)
flfdﬁgi fgségs) KLR 18 V- fBS\/BBS

T T T T REC 18 1@ T T f — -
o Fermilab/MILC 16 fB, \/ Bp,

~—— e s - A~

| [J RBC/UKQCD 2018
| [ No effective action for b quark

1.20H......
& Co
6 cC1
& MO
115} ® M1
¢ F1
*

[J Extrapolate to heavy mass

wr
1.10
lattice prevents direct relativistic
105t calculation here quarks
0.1 0.2 0.3 0.4 05 0.6
mp! [GeV ']
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Form factors (1|7(1")

[ Significantly more information (functions vs numbers)

[[] Conformal mapping — z-expansion — wider kinematic range

Lt B E2

— e ——— \

— ~ ——

1 /

2 2 AN P
_Qmax 9m7r A

Bhattacharya, Hill, Paz (2011)
[J Report z coefficients + correlations

/ ’Vudl |Vus| |Vub| \
Tty Kt—=IlTy BT—1tv
[] Joint fit to LQCD and experiment =& CKM nt—nletv  K—mltv  Boaltv
| Ved| | Ves | 2
o Dt —lty Df—Itv  Bf—1ty
| Be;tgll'EE[(IeEc:T'lon needed for BES Ill, LHCb Doty Dokitv  Besaltv
" Via Vil Vi
BO—a0%+i—  BY—KYITI-
\ BV B° BV BY )

Kronfeld (Durham workshop) (2019)




Form factors (1]J7|1")
[J Example: fB_”T(qQ)

08 |

B(q®)p(q?) fP77(
F&H

02 F FrRG2019
|

I
fo BCL fit
f+ BCL fit
f+ HPQCD 06

f+ FNAL/MILC 15
f+ RBC/UKQCD 15

fo

FNAL/MILC 15

fo RBC/UKQCD 15

{ BaBar untagged 12bin

BaBar untagged 6bin

Belle tagged 13bin

Belle

untagged 13bin

Belle tagged 7bin

i Eiﬁ ER

i

ti1itottt

T%

-0.3 -0.2 -0.1 0.0
Z(q27 topt)

[J See new FLAG report/website for details
[J Please cite original work (each figure has a .bib)

0.1

0.2

0.3

FLA

Flavour Lattice Averaging Group
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Why QED + QCD?

[J In our Universe, up and down quarks have different masses and electric charges

[ Thus far we have been ignoring these effects

Y

<O>[1—|—1—|—1, aQep=1/137] ~ <O>[2-|-1, aQep=0]

[ This is expected to induce a percent-level systematic uncertainty

A ~ 0.1%

OQED ~ 0.7 %

[J But many LQCD observables have reached percent level determinations!




Precision era LQCD
I, = 130.2(8) MeV

Ne=24+1+1

Ne=24+1

f = 155.7(0.7) MeV

£.(0) = 0.9698(17)

FLAG2020

uncertainty = 0.6%

uncertainty = 0.5%

uncertainty = 0.2%

FLAG average for Ny =2+1+1

Miller 20

ETM 20 f_stat. err. only)
FNAL/MILC 17

ETM 14E

FNAL/MILC 14A

ETM 13F

HPQCD 13A

MILC 13A

MILC 11 (stat. err. onIY)
ETM 10E (stat. err. only)

FLAG average for Ny=2+1
QCDSF/UKQCD 16
BMW 16

FLAG average for N¢=2

ETM 14D (stat. err. only)

ALPHA 13A

ETM 10D (stat. err. only)
T™ 09

E
QCDSF/UKQCD 07

Ne=2+141

Ne=2+1

=2

non-lattice N¢

X

X

X

FLAG2020

f+(0)

5,pr oen(K = 7¢0) = 0.5 to 3%

FLAG average for Ne=2+1+1

FNAL/MILC 18
ETM 16
FNAL/MILC 13E
FNAL/MILC 13C

LS

FLAG average for N;=2+1

PACS 19

JLQCD 17
RBC/UKQCD 15A
RBC/UKQCD 13
FNAL/MILC 12I
JLQCD 12

JLQCD 11
RBC/UKQCD 10
RBC/UKQCD 07

FLAG average for Ny=2

ETM 10D (stat. err. only)
ETM 09A

Kastner 08
Cirigliano 05
Jamin 04
Bijnens 03
Leutwyler 84

0.95

0.97

1.01




Two basic strategies for QED+QCD 2000

1 Simulate with agep, m, — my 15000 |

10000

AM_2[MeV?]

5000 |

<O> — /D(I) () ¢ °QCD ~SQED+IB

l bare A
. , , , renormalized @
Slmp|lﬁes observables, but S'gnal may be Suppressed ®0 002 004 006 008 01 012 014 016
e?/(4m)

Borsanyi et al., Science 347 (2015) 1452-1455

] Expand in agep, m, — my
<0> — /D(I) ) e~ PQcD _ /D(I) [SQED—I—IBO] e~ PQcD + 0(64)

signal is not suppressed, but observables are more complicated




QED in a box

Gauss’s law prohibits a naive implementation of charged objects in a
periodic volume

Q:/d3wj0(t,a3):/dSwV-E(t,m):/dS-E(t,a:):O

Note: if expanding one can take infinite-volume QED
but putting QED and QCD in different spaces causes its own subtleties

 figures from A. Nicholson, GHP 2021 -




Many proposed methods
] Remove the global zero-mode of the gauge field (QED- )

[J Restrict the global zero-mode of the gauge field

] Remove the spatial zero-mode of the gauge field in each timeslice (QED, )

] Massive photon (QED,,)

[d C* boundary conditions (QED,)

All equivalent if L — oo before anything else

(before a — 0O, before T — oo, before m, — 0, maybe before fitting)




Many proposed methods

] Remove the global zero-mode of the gauge field (QED- )

[J Restrict the global zero-mode of the gauge field

] Remove the spatial zero-mode of the gauge field in each timeslice (QED, )

] Massive photon (QED,,)

[d C* boundary conditions (QED,)

All equivalent if L — oo before anything else

(before a — 0O, before T — oo, before m, — 0, maybe before fitting)




Don’t mess with the global zero mode!

] Remove the global zero-mode of the gauge field (QED- )

|
a, = eLM/d4mAM(:E) =0
Both of these disrupt

the transfer matrix!
[J Restrict the global zero-mode of the gauge field (i.e. the hamiltonian)

- < a, < T

Must send L. — oo before making use of spectral decomposition




Many proposed methods

J

| Remove the global zero-mode of the gauge field (QED-, )

] Restrict the global zero-mode of the gauge field

[ Remove the spatial zero-mode of the gauge field in each timeslice (QED, )

] Massive photon (QED,,)

[J C* boundary conditions (QED,)

All equivalent if L — oo before anything else

(before a — 0O, before T — oo, before m, — 0, maybe before fitting)




QEDL

d’x A, (x) =0

QED, has a transfer matrix. It is a nonlocal prescription. Locality is a core property of QFT, it is
a fundamental assumption behind

» Renormalizability by power counting
Volume-independence of renormalization constants
Operator product expansion

Effective-theory description of long-distance physics

v vyyvyy

Symanzik improvement program
Bl

Infinite-volume limit should be taken before the continuum limit.

R e ———— e

» slide from A. Patella, Lattice 2016 plenary -
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QED;.

/dgaz A, (z) =0

[J In matrix elements of high-dimension operators one expects terms scaling as

1 Vanishes if L. = oo at fixed q,
al™ diverges if a — 0 at fixed L

[J No specific evidence of a problem for quantities currently being calculated
[ Failure of NREFT = important lesson

[J Would be very interesting to improve understanding of these issues

Practical consequence of QED, = modified Feynman rules in calculating volume effects

1 1
75 2 >
k

k0

3
2
e



QEDw

[ Combine Landau gauge + mass term for the photon

[J Gauge invariance is broken, but in a controlled way

’*’ﬂ%’::i’—? oy
\/‘l’ P‘L'r’—-;—-"f
/ — — rF‘\_‘ - \- |
i‘! ’ 3 'l I

e Endres et al., arXiv:1507.08916, (2015) < figure from A. Nicholson <

:
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QEDc

] Use charge-conjugation-like boundary conditions

Au(z + Le;) = —Aj () >\>/ /

—T

Y(z+ Le)) =C 'y (2)

5

] Still power-like volume effects, but leading non-universal term is removed

] Exponentially suppressed flavor mixing

 Wiese (1992) e« Polley (1993) e« Lucini et al. (2016) < figure from A. Patella

=
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QCD+QED observables

[J Masses and mass splittings

[CJ Meaning of decay constants

9 2
] Pure QCD (K™ = v GFWUSF@mKW ( i )
K
(] QCD + QED T(K~ — u~ 7, [y]) = (1.0032 £ 0.001 )T (K~ — u~7,)

(GRS scheme) C. Sachrajda (Durham flavour workshop) * Di Carlo et al. (2020)

[J Different soft scales for different particles

[J Well-understood for pions and kaons
[J B and D = different soft scale = requires theory developments
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(g —2) , general

i Anomalous magnetic moment

—

The magnetic moment of charged leptons (e, u,7): HE=4g S

&
2m

Dirac (leading order): g=2 s = (—ie) u(p’)y"u(p)
N

Quantum effects (loops):

§ = (—ie)u(p) [W“Fl(qz) +

TN

10t q,

- F3(q®) | u(p)

All SM particles contribute

Note: F1(0) =1and g =2+ 2F5(0)

: — 2
Anomalous magnetic moment: a= gT = F»(0)

—‘_

Slides from Aida El-Khadra, Lattice 2021
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(g —2) , general

Muon g-2: experiment

¢ The Fermilab experiment released the measurement result from their run 1 data on 7 April 2021.

[B. Abi et al, Phys. Rev. Lett. 124, 141801 (2021)]

¢ Analysis of runs 2 and 3 is now underway.

17.5

W

2
_

WP
BNLg-2 — ®
FNAL g-2 + —O
( 420 >
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(g —2) , general

Muon g-2: SM contributions

[a“ =a,(QED) + a,(EW) 4+ a, (hadronic)]

leading hadronic

4+ The hadronic contributions are written as:

HVP,LO HVP,NLO HVP,NNLO
+ a + a 4+ ...

a¢(hadronic) = a, p p
HLbL, NLO
+a?LbL + a, + ...
a’ a’ a’
~ 107
e I
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(g —2), light-by-light

(’
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S HLbL: |lattice

u

Hadronic light-by-light: Target: = 10% total error

Two independent and complete direct lattice calculations of a;H‘bL

& 00 o8 999 9599

+ Mainz group
[E. Chao et al, arXiv:2104.02632]
+ QCD + QED (infinite volume & continuum)

m ¢l FV effects
semi-analytic QED kernel function

+ RBC/UKQCD
[T. Blum et al, arXiv:1610.04603, 2016 PRL; arXiv:1911.08123, 2020 PRL]

+ QCD + QED, (finite volume)
w 1/L? FV effects
stochastic evaluation of position space sums
Feynman gauge photon propagators
DWF ensembles at/near phys mass,

CLS (2+1 Wilson-clover) ensembles
a~008-02fm,L~45-93fm

m, ~ 200 — 430 MeV, a = 0.05 — 0.1 fm, m_L > 4

4+ Cross checks between RBC/UKQCD & Mainz approaches in White Paper at unphysical pion mass
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(g —2), light-by-light

HLDbL
a
V)
1 I 1 l 1 I 1 I 1 I 1 l 1 I 1 I 1
Glasgow consensus (09) models of QCD +EFT,
N/JNO9 Iarge N
J17 |
Mainz21 (+ charm-loop) —C0O—
____________________________________ T notusedinwpzo | Lattice QCD + QED
RBC/UKQCD19 | ® :
(+ charm-loop) d di )
WP20 data-driven * = i ata + dispersive
dispersive approach
WP20 : = |
Y IV NI EUR SRS (R I IR S
0 20 40 60 80 100 120 140 160
HLbL 11

Now well-determined in two independent approaches, systematically improvable
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(g —2), HVP
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(g —2), HVP

Isospin symmetric

O O O O O

connected light connected strange connected charm disconnected
633.7(2.1)(4.2) 53.393(89)(68) 14.6(0)(1) -13.36(1.18)(1.36)

@ QED O_O Strong isospin-breaking

isospin-breaking: l@ O O O O
@ valence connected disconnected
6.60(63)(53) -4.67(54)(69)

OO e O OO)f , Ee

bottom; higher order;

isospin-breaking: bati
S i 00O i

connected 0.37(21)(24) disconnected -0.040(33)(21)

connected -1.23(40)(31) disconnected -0.55(15)(10)

QED Finite-size effects
isospin-breaking: (=) () is°s°1i;';¥;" ;';e"ic
mixed isospin-breaking

connected -0.0093(86)(95) disconnected 0.011(24)(14) 0.0(0.1)

Slides from B.C. Toth, Lattice 2021

B
A
S
Al
x



BNL g-2
@ |
FNAL g-2
< 150 >
@ i b o i
BMW Experimental
lattice QCD verage
Standard Model

<

Standlard odell

" White Paper

420 >

175 18

2
_

185 19

195 20 205 21
aux109—1165900

Slides from B.C. Toth, Lattice 2021

21.5




Outline

4 The LQCD landscape
[ Lattice basics
[J Nielson Ninomiya
[TJ Many actions

[ Flavor physics

Single-hadron matrix elements
Light-flavor decay constants
Heavy-flavor decay constants
Mixing

Form factors

4 QED + QCD
[0 Theoretical challenge

[ Different formulations

sies/als

™M (-2,

[J Light-by-light
(] HVP

[] Multi-hadron processes
[ Finite-volume as a tool
[J Resonances
[0 2 — 2 scattering
[0 1+ 7 — 2 transitions

(] So much more!




Multi-hadron lattice quantities

[ ‘On the lattice’ we calculate finite-volume energies and matrix elements

(0;(T)OL(0)) = (0|0;(7)|En) (Ea|O(0)]0) =) e BT 7, . 7% .

n n

(] Determine optimized operators by diagonalizing correlator matrix (GEVP)

~ €
N G_Em'T e—EmT <Em"j(0)‘Em> 4.

—Em (L) + ...

N—— | S
~—" ~—

[J Our task is relate E,,(L) and (E,,,/|J(0)|Ey,) to experimental observables




Multi-hadron processes from LQCD

Use the finite volume as a tool to extract multi-hadron observables

[J Scattering (from finite-volume energies)
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Multi-hadron processes from LQCD

Use the finite volume as a tool to extract multi-hadron observables

[J Scattering (from finite-volume energies)

. e,
—> >4 e,
, v N
)
[[] Transitions (from finite-volume energies + matrix elements)
.............. A
""" e D %72 . ("
</2\“/7\1/> S "/<: » , ~ .
(27|27, J * Ypokre




Multi-hadron observables

[J Exotics, XYZs, tetra- and penta-quarks, H dibaryon

e.g. X(3872)
~ DD + D D*)?

Candidates per 1 MeV

[0 Eletroweak, CP violation, resonant enhancement

CP violation in charm D — T, KF
. LHCb (PRL, 2019) -

140

—
o N
o O

. LHCb (PRD92, 2015) -«

160

H O @
o O O

N
o

A P 1“'1, .......
740 760 780 800 820

AM = Mr'mdly) - M(J/y) [MeV]

o

f0(171()) could enhance AACP

e Soni (2017) -

Resonant B decays B — K* ff —> Kﬂ' M

X)), 1p),|K*),|fo) € QCD Fock space
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QCD Fock space

[J At low-energies QCD = hadronic degrees of freedom 7 ~ ud, K ~ su, p ~ uud

[ Overlaps of multi-hadron asymptotic states — S matrix

|77, in)

.g. |

dependson § = Egm
and angular variables

diagonal in angular momentum

L%
S(s) = <7T7T»0“t|$o
Ve

[J An enormous space of information nrnm,in)  |KK,in)

My(s) ox €2¥¢0s) — 1
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QCD resonances
[J Roughly speaking,a bump in: |./\/lg(8)‘2 X ‘62i5£(8) — 1‘2 X Sin2 55(8)

scattering rate
0.6 0.8 1

60 .
o, O =17(177) T — T
—‘_‘40 nﬂ p ncn . 6
= el >
o g ‘ pions 6
0 Protopopescu et al. (1972)

0.6 0.8 1
E (GeV)
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘z X ‘62i5€(8) — 1‘2 X Sin2 5g(8)

scattering rate

60 0.6 0.8 1
e, [O(JTO) =17 (177) T — T
—‘_‘40 nﬂ [0 Unn .‘}\/.‘,
DY c O o ® "o _
— 20 o Pw<:o, Ttz 9/pivo>!z
0 ; Protopopescu et al. (1972)

0.6 0.8 1

Extend to the
complex plane
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘Z X ‘6%52(8) — 1‘2 X Sin2 5g(8)

scattering rate
0.6 0.8 1

60 .
G(TPCY _ 14+ (1——
e M) =1 T — T
—‘_‘40 un p nn !} .‘,
z a @ ';3<I./00 a _ | \/ «'
o X “ pions ¥
Protopopescu et al. (1972)
0.8 1
E (GeV)
A Analytic continuation reveals a complex pole
< O
@ bound state
Ep = Mp

Er = Mg+ il'g/2

resonance @ :>¢C<:.
9




Pole is universal

] Resonances often seen in “production”

B %J/wﬂ' T

(b) LHCb
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The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SRR Ey(L) p=—mn, nel

v . . — M, L

T :/L Eo(L) 1 Lis large enough to neglect €
L

1 T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Eo = 2M;

Infinite-volume threshold

./\/lgzo (QMW) = —327

 Huang, Yang (1958) -

e S




Result

F ( P7 L) Matrix of known

geometric functions

A Ey(L) finite volume . ) unitarity | o
B e Sy® > O
o ) L L

Holds only for two-particle energies s < (4m)* Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

Huang, Yang (1958) +« Liischer (1986, 1991) ¢ Rummukainen, Gottlieb (1995)
Kim, Sachrajda, Sharpe (2005) Christ, Kim, Yamazaki (2005) e+  He, Feng, Liu (2005)
Leskovec, Prelovsek (2012) e«  Bernard et. al. (2012) «  MTH, Sharpe (2012) +  Briceno, Davoudi (2012)
L1, Liu (2013) « Bricefio (2014)
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Using the result
[] Single-channel case (pions in a p-wave)
—1 —
K(sn) " = pcotd(s,) =—F(FE,, P, L)
P = [000]|| T
__________________________________________________________________________ 180
& R < R
_ —p—
Sa'a P =10,0,0]
i o Ljas =16 P =10,0,1]
SHE 0 L/a, =20 P=10,1,1]
- = A Llas =24 P = [1,1,1]
| P =10,0,2]
16 20 24 30 i @
A T — T
0 Il_(3_| I I |
0.14 0.15 0.16 0.17 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -




P — T
19(JPC)y =17(1"7)

" Guo et al. (2016)

150+ Ni=2, mr=226 MeV

61[°]

am,=0.1390(5) -

am,=0.4603(10) |
8pmn=599(11) |
x?/dof=33.5/9=3.7 -

am,,=0.4613(10) -
8prn=5.69(12)
y?/dof=8.04/6=134 |

I 1 L 1 I

Ecm/ My

4.0

4.5

-
180
135 1
Leskovec et al. (2017)
g 90 - N=2+I, mr=316 MeV
45+ am,, = 0.4609(16)(14)
Jporm — 569(13)(16)
0.42 0.48 0.54 0.60

170}
2130}

90|

Andersen et al., (2019)
N=2+1, mr=220 MeV

4.0




P — T
1°(JP)y =17(1"7)

- Erben et al., Phys.Rev. D 101 (2020) 5, 054504

f
8'0_ S e b o0 PACS-CS (2011)
B = m HSC (2012)
751 Nf = 2+1 (up, down, strange) e ot
70l A HSC (2015)
1 Bulava et al. (2015)
6.5 v Fu, Wang (2016)
7l ® Leskovec et al. (2017)
B 6.0 m Andersen et al. (2018)
ke & Werner et al. (2019)
55 % physical value
5.0 +_
4.5¢ -
4.0_ ! ) | ) L L L | ) ! L L | ! ! ) L | L L | ) | L L L ) | ) L ! ! | |
o™ T T ] T
7.5- N¢ = 2 (up, down) -
7.0 .
i [ ]
6.5 1 + -
| | i
T - B ]
%} < <+ —#- [® Langetal. (2011)
5.5F A < m ETMC (2011)
- + GWU (2012)
5.0 A Balietal. (2015)
- < GWU (2016)
4.5+ O This work
s * physical value
40 L | I f L L | L L ! L | L ) L ! | ! L L ) | ! ! L L | L ! ! L | L L f L | L
’ 150 200 250 300 350 400 450 500
mn/MeV
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Kk — K
p—TT K* — Km
J CP-PACS/PACS-CS 2007,2011 }K*(892) J Lang et al. 2012
dJ ETMC 2010 N O Prelovsek et al.2013

(] Lang et al.201 |
0 HadSpec 2012,2016

0 Wilson et al. 2015
d ROQCD 2015

[ Pellisier 2012 {0 Brett et al. 2018

O ROCD 2015 J Wilson et al. 2019

J Guo etal.2016 | J Rendon et al. 2020

O Fuetal.2016 __ /P

[J Bulava et al.2016

[J Alexandrou et al. 2017 | | — 1~ bl — TW, 7T¢

0 Andersen et al.2018
{OJ Fischer et al. 2020
{OJ Erben et al. 2020

[0 Woss et al. 2019

ao(980) — mn, KK

0 Dudek et al. 2016

g o, fo, fo — wm, KK, mn
T Yr E— ,, - O Bricefio et al. 2017
[ Wakayama 2015 / ao(980)

0 Howarth and Giedt 2017
{OJ Briceno et al.2017
[J Guoetal.2018

O_|_ See the recent review by
Bricefio, Dudek and Young
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https://inspirehep.net/literature/759221
https://inspirehep.net/literature/944159
https://inspirehep.net/literature/879349
https://inspirehep.net/literature/901738
https://inspirehep.net/literature/1205306
https://inspirehep.net/literature/1382163
http://inspirehep.net/record/1411662?ln=en
https://inspirehep.net/literature/1458955
https://inspirehep.net/literature/1484163
https://inspirehep.net/literature/1449090
https://inspirehep.net/literature/1683416
https://inspirehep.net/literature/1687570
https://inspirehep.net/literature/1802679
https://inspirehep.net/literature/1757265
http://inspirehep.net/record/1122549?ln=en
http://inspirehep.net/record/1241426?ln=en
http://inspirehep.net/record/1326652?ln=en
http://inspirehep.net/record/1411662?ln=en
http://inspirehep.net/record/1654342?ln=en
https://inspirehep.net/literature/1728655
https://inspirehep.net/literature/1802829
http://inspirehep.net/record/854248?ln=en
http://inspirehep.net/record/1222343?ln=en
http://inspirehep.net/record/1618009/references
http://inspirehep.net/record/1389182?ln=en
http://inspirehep.net/record/1477214
https://inspirehep.net/literature/1659102
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1421934#
http://inspirehep.net/record/1618009
https://inspirehep.net/literature/1728779

_
R

Coupled channels

-------------

[J The cubic volume mixes different partial waves...

eg. Km— Kr | Kt 0 Feo  Fgp
Fro > (5 )+ (5 5

p

...as well as different flavor channels...

e,g, a =TT

' Ka—)a Ka—)b - Fa 0 L © e
] (5 5 D)0

Kooa Koo

0 Workflow...

Vary L and P to recover a

Reliably extract dense set of energies
finite-volume energies

Correlators with a large
operator basis

[000,Ay, ©0O O o O

(Qn (T)2],(0)) ~ e Fm{BIT WA 00 © o o

011],A;, ©O O ©O O o
had/spec

' » F,, (L)
|dentify a broad list of K-matrix parametrizations

polynomials EFT based dispersion — Perform gIObaI fits to the
finite-volume spectrum

and poles theory based

(0a(1)0}(0))
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Multi-hadron processes from LQCD

Use the finite volume as a tool to extract multi-hadron observables

Scattering (from finite-volume energies)
)
. =
A j>/—> @,
| o N\
)
[[] Transitions (from finite-volume energies + matrix elements)
............... /g—
<2j1>L S, %72/@ ‘\PPP,/VEJr

AT 12} * ¥ “BoKkT®
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Multi-hadron processes from LQCD

Use the finite volume as a tool to extract multi-hadron observables

“Scattering (from finite-volume energies)

A Ey(L)
By (L)
Eo(L)
Review articles:
MTH and Sharpe (2019), Mai, Doring
[[] Transitions (from finite-volume energies Rusetsky (2020)
AT 12} B Kkr®
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Multi-hadron processes from LQCD

Use the finite volume as a tool to extract multi-hadron observables

iScattering (from finite-volume energies)




Multi-hadron matrix elements

Kaon deca — @ ——>/
y (mm, out|H|K) _C \b
Implementation by RBC/UKQCD collaboration
Lellouch, Liischer (2001) < Kim, Sachrajda, Sharpe (2005) ¢ Christ, Kim, Yamazaki (2005)

Time-like form factors <7T7T, Out|j,u|0> — ’VVV\,<:6
Relevant for muon HVP contribution to muon g-2 L
Meyer (2011)
,.::‘fz"
" KmouiTusiB) = @8

(NTout| T, |N) = g,_—~¥

e e

Particles with spin

Agadjanov et al. (2014) « Briceio, MTH, Walker-Loud (2015) < Bricefio, MTH (2016)

o3
b2
1
A



Pion photo-production o out] 7. | = M, _~%
photo-p ol =
[ Formal relation
get this from the lattice experimental observable

(n, L\ju|7r>\2 (m|T |, in)R(E,,, L)(mmr, out|J,|m)
Bricefio, MTH, Walker-Loud (2015)

] Numerical implementation

- - - 100
200} my, ~ 400MeV g m,. ~ 320MeV
Q ] — 80 5
= o< [{mm, out|J,,|w)|? @
_ 5 100 S
ig I 60T
S 50t ~
A
90 2.1 2.2 23 c 40F
< T
EE 400 E 20 F
7L 2000 B
Nbl‘\' 0 1 1
. | | | 700 800 900 1000
20 2.1 22 23 B /m, V5 [MeV]
Bricefio et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502 (2018)
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B Final result for ¢’

« Combining our new result for Im(A,) and our 2015 result for
Im(A,), and again using expt. for the real parts, we find

s_’) _R {iwei(‘S?_‘sO) [ImAQ B ImAO] }
) ° V2e ReAs ReAy
= (0.00217(26)(62)(50)*~—
\ IB + EM
sys

Stat

Consistent with experimental result:

Re(€'/€)exps = 0.00166(23)

e e

RBC/UKQCD < Slides from C. Kelly Lattice 2021
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B Conclusions

Completed update on our 2015 lattice determination of A, and €’

- 3.2x increase Iin statistics.

- Improved systematic errors, notably use of multi-operator techniques
essentially removes excited-state systematic.

* Reproduce experimental value for Al=1/2 rule, demonstrating that
QCD sufficient to solve this decades-old puzzle.

* Result for €' consistent with experimental value.
« Total error is ~3.6x that of experiment.

* €' remains a promising avenue to search for new physics, but
greater precision is required.

* The work goes on....

e e R R

RBC/UKQCD < Slides from C. Kelly Lattice 2021
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4 The LQCD landscape
[ Lattice basics
[J Nielson Ninomiya
[TJ Many actions

[ Flavor physics

Single-hadron matrix elements
Light-flavor decay constants
Heavy-flavor decay constants
Mixing

Form factors

4 QED + QCD
[0 Theoretical challenge

[ Different formulations

sies/als

™M (-2,

[J Light-by-light
(] HVP

g Multi-hadron processes
[ Finite-volume as a tool
[J Resonances
[0 2 — 2 scattering
[0 1+ 7 — 2 transitions

(] So much more!

loads of material not covered here

especially...
nuclear physics

determination of alpha strong
Great resources are

lattice conferences

FLAG!




Thanks for listening!

T Ay

University of Adelaide, CSSM




