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Invitation: What do we latticists think about the field/method?
Non-perturbative regulator of quantum field theory (QFT) 

Systematically improvable numerical method for extracting QFT’s properties 

Exciting, vibrant, highly active research community 

Technical field that challenges all of us to be great communicators

University of Adelaide, CSSM



Lattice QCD

Formal / numerical machinery (lattice QCD)  +
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A few experimental inputs (e.g. )  =Mπ, MK, MΩ

Wide range of precision pre-/post-dictions

Overwhelming evidence for QCD ✓   →   Tool for new physics searches
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To proceed we have to make three modifications

Euclidean 
signature

3
nonzero lattice spacing1

finite volume,2 L3 ⇥ T

ImE

ReE

M⇡,lattice > M⇡,our universeAlso…

(but physical masses → increasingly common)

=

Z
dN� e�S

h
interpolator 

for observable

i
observable?

Three essential modifications



Outline
The LQCD landscape

Lattice basics
Nielson Ninomiya
Many actions 

Flavor physics
Single-hadron matrix elements
Light-flavor decay constants
Heavy-flavor decay constants
Mixing
Form factors

QED + QCD
Theoretical challenge
Different formulations

Light-by-light
HVP

(g − 2)μ

Multi-hadron processes
Finite-volume as a tool
Resonances

 scattering
 transitions 

So much more!

2 → 2
1 + 𝒥 → 2



Discretization

1



Scale setting/parameter tuning

1



Monte Carlo importance sampling

1



1

Monte Carlo importance sampling



Fermion doubling

1



Relation to the anomaly

1



Nielsen-Ninomiya “no go” theorem

1



Proliferation of discretization

1



1

Many lattice actions = many collaborations

CLS (Coordinated Lattice Effort)

BMW (Budapest Marseille Wuppertal)

RBC/UKQCD (Riken Brookhaven Columbia/United Kingdom)

NPLQCD (Nuclear Physics for lattice QCD)

CalLatt (California Lattice)

ETMC (European Extended Twisted Mass Collaboration)

Fermilab/MILC (MIMD Lattice Collaboration)

Wilson (Clover) / Staggered

Twisted Mass

Domain Wall

Overlap  / Staggered (mixed action)

Wilson (Clover)

Staggered (HISQ)

Wilson (Clover)
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Flavor anomalies
Flavor anomalies = opportunity for BSM

QCD = crucial for confirming significance and 
interpreting

experiment = SM x perturbative QCD x (non-perturbative QCD)
+ BSM x perturbative QCD x (non-perturbative QCD).

glueballs tetraquarks hybrids

mesons baryonsQCD is complicated

Difficult to extract non-perturbative 
predictions
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Single-hadron states
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…
Importance sampling QCD gauge fields → correlators 

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs
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Single-hadron states
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

temporal length volume quark masses lattice spacing
Renormalization of currents required (typically non-perturbative)
Large time separation filters excited states

lim
T,L!1

lim
a!0

f⇡(T, L,m
phys
q , a) = fphys

⇡

Extrapolation/interpolation to physical point

Importance sampling QCD gauge fields → correlators 

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs



Decay constants

Includes isospin breaking (but QED)
Constrain CKM matrix elements
Important to ask “What quantities are being sacrificed to set the calculation?”

h0|J |1i



Decay constants

Current precision sufficient for BES III, BELLE II
Fermilab/MILC includes QED uncertainty (not yet rigorous)

MILC quoting higher precision than any other 2+1(+1) calculation

Need comparable precision from other calculations to cross-check

h0|J |1i



Neutral meson mixing h1|H�F=2
|1i

B-mixing dominated by local matrix element

66

Summary (from Bazavov et al. [Fermilab/MILC] 2016)

⇠ =
fBs

q
B̂Bs

fBd

q
B̂Bd

Lattice precision (~3-4%) is well behind even older experiments (~0.06 - 0.2%)

Challenging to find optimal ‘discretization’ (lattice definition of quarks)

KLR 18 = 
King, Lenz, Rauh (2018) 

 (QCD sum rules)

plot from Kronfeld 
(Durham workshop 2019)

O
q
iBq Bq



Neutral meson mixing h1|H�F=2
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66

Summary (from Bazavov et al. [Fermilab/MILC] 2016)

⇠ =
fBs

q
B̂Bs

fBd

q
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Lattice precision (~3-4%) is well behind even older experiments (~0.06 - 0.2%)

Challenging to find optimal ‘discretization’ (lattice definition of quarks)

KLR 18 = 
King, Lenz, Rauh (2018) 

 (QCD sum rules)

plot from Kronfeld 
(Durham workshop 2019)

O
q
iBq Bq

RBC/UKQCD 2018
No effective action for b quark
Extrapolate to heavy mass

relativistic 
quarks

lattice prevents direct 
calculation here



Form factors
Significantly more information (functions vs numbers)

h1|J |10i

Conformal mapping → z-expansion → wider kinematic range

Report z coefficients + correlations
Bhattacharya, Hill, Paz (2011)

Joint fit to LQCD and experiment → CKM

Better precision needed for BES III, LHCb 
and BELLE II

Kronfeld (Durham workshop) (2019)



Form factors
Example: 

h1|J |10i
fB!⇡(q2)

See new FLAG report/website for details
Please cite original work (each figure has a .bib)
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Why QED + QCD?
In our Universe, up and down quarks have different masses and electric charges

Thus far we have been ignoring these effects 

 

This is expected to induce a percent-level systematic uncertainty 

 

But many LQCD observables have reached percent level determinations!

Mn �Mp

Mn
⇡ 0.1%↵QED ⇡ 0.7%

⌦
O
↵
[1+1+1, ↵QED=1/137]

⇡
⌦
O
↵
[2+1, ↵QED=0]



Precision era LQCD
         uncertainty = 0.6%       

     uncertainty = 0.5%        

        uncertainty = 0.2%        

fπ = 130.2(8) 𝖬𝖾𝖵 δχPT, 𝖰𝖤𝖣(π− → ℓ−ν̄) = 1.8 %

fK = 155.7(0.7) 𝖬𝖾𝖵 δχPT, 𝖰𝖤𝖣(K− → ℓ−ν̄) = 1.1 %

f+(0) = 0.9698(17) δχPT, 𝖰𝖤𝖣(K → πℓν̄) = 0.5 to 3 %



Two basic strategies for QED+QCD
Simulate with α𝖰𝖤𝖣, mu − md

hOi =

Z
D�O e�SQCD�SQED+IB

Expand in α𝖰𝖤𝖣, mu − md

hOi =

Z
D�O e�SQCD �

Z
D�

⇥
SQED+IBO

⇤
e�SQCD +O(e4)

signal is not suppressed, but observables are more complicated

simplifies observables, but signal may be suppressed

   Borsanyi et al., Science 347 (2015) 1452-1455   



QED in a box

   •   figures from A. Nicholson, GHP 2021   •   

Gauss’s law prohibits a naive implementation of charged objects in a 
periodic volume

Note: if expanding one can take infinite-volume QED
but putting QED and QCD in different spaces causes its own subtleties

Q =

Z
d3x j0(t,x) =

Z
d3xr ·E(t,x) =

Z
dS ·E(t,x) = 0



Many proposed methods
Remove the global zero-mode of the gauge field ( )

Restrict the global zero-mode of the gauge field

Remove the spatial zero-mode of the gauge field in each timeslice ( )

Massive photon ( )

 boundary conditions ( )

𝖰𝖤𝖣𝖳𝖫

𝖰𝖤𝖣𝖫

𝖰𝖤𝖣𝖬

𝖢⋆ 𝖰𝖤𝖣𝖢

All equivalent if  before anything else 
(before ,  before ,  before ,  maybe before fitting)

L → ∞
a → 0 T → ∞ mγ → 0
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Don’t mess with the global zero mode!
Remove the global zero-mode of the gauge field ( ) 

Restrict the global zero-mode of the gauge field

𝖰𝖤𝖣𝖳𝖫

aµ = eLµ

Z
d4xAµ(x)

!
= 0

�⇡ < aµ = eLµ

Z
d4xAµ(x) < ⇡

Z
d3xh (t,x) (0)i 6=

X

n,m

Cnm(L)e�t(En�Em)e�TEm

Must send  before making use of spectral decompositionL → ∞

Both of these disrupt 
the transfer matrix! 
(i.e. the hamiltonian)

�⇡ < aµ = eLµ

Z
d4xAµ(x) < ⇡
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QEDL
Z

d3xAµ(x)
!
= 0

   •   slide from A. Patella, Lattice 2016 plenary   •   



QEDL
Z

d3xAµ(x)
!
= 0

In matrix elements of high-dimension operators one expects terms scaling as 

 

No specific evidence of a problem for quantities currently being calculated

Failure of NREFT = important lesson

Would be very interesting to improve understanding of these issues

1

aLn
Vanishes if  at fixed , 
diverges if  at fixed 

L → ∞ a
a → 0 L

Practical consequence of  = modified Feynman rules in calculating volume effects𝖰𝖤𝖣L

1

L3

X

k

1

L3

X

k 6=0



QEDM

Combine Landau gauge + mass term for the photon

Gauge invariance is broken, but in a controlled way

   •   Endres et al., arXiv:1507.08916, (2015)   •   figure from A. Nicholson   •   



QEDC

   •   Wiese (1992)   •   Polley (1993)   •  Lucini et al. (2016)   •   figure from A. Patella   •   

Use charge-conjugation-like boundary conditions

Aµ(x+ Lêi) = �A⇤
µ(x)

 (x+ Lêi) = C�1 
T
(x)

Still power-like volume effects, but leading non-universal term is removed

Exponentially suppressed flavor mixing



QCD+QED observables

Different soft scales for different particles
Well-understood for pions and kaons
B and D = different soft scale → requires theory developments

�(K� ! µ� ⌫µ [�]) = (1.0032± 0.0011)�(0)(K� ! µ� ⌫µ)QCD + QED 
(GRS scheme) C. Sachrajda (Durham flavour workshop)  •  Di Carlo et al. (2020)

Meaning of decay constants

�(K� ! `� ⌫`) =
G2

F |Vus|2f2
K

8⇡
mKm2

`

✓
1� m2

`

m2
K

◆2

Pure QCD

Masses and mass splittings
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Slides from B.C. Toth, Lattice 2021
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Multi-hadron lattice quantities

hOj(⌧)O
†
i (0)i =

X

n

h0|Oj(⌧)|EnihEn|O
†
i (0)|0i =

X

n

e�En(L)⌧Zn,jZ
⇤
n,i

⌦
⌦m0(⌧) J (0) ⌦†

m(�⌧)
↵
⇠ e�Em0⌧ e�Em⌧ hEm0 |J (0)|Emi+ · · ·

⌦
⌦m(⌧)⌦†

m(0)
↵
⇠ e�Em(L)⌧ + · · ·

Our task is relate             and                            to experimental observablesEn(L)
<latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit>

hEm0 |J (0)|Emi
<latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit><latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit><latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit><latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit>

‘On the lattice’ we calculate finite-volume energies and matrix elements

Determine optimized operators by diagonalizing correlator matrix (GEVP)



Multi-hadron processes from LQCD 

Use the finite volume as a tool to extract multi-hadron observables

Scattering (from finite-volume energies)

Transitions (from finite-volume energies + matrix elements)

E0(L)

E1(L)

E2(L)

L

L

Lh2|J |1i `+
`�

B ! K⇡h2|J |2i
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Multi-hadron observables
Exotics, XYZs, tetra- and penta-quarks, H dibaryon

QCD Fock space|Xi, |⇢i , |K⇤i , |f0i 62

   •   LHCb (PRD92, 2015)   •   

e.g. X(3872)

CP violation in charm

B ! K⇤ `` ! K⇡ ``

Eletroweak, CP violation, resonant enhancement

Resonant B decays

f0(1710) �ACPcould enhance
   •   Soni (2017)   •   

D ! ⇡⇡,KK
   •   LHCb (PRL, 2019)   •   

⇠ |D0D
⇤0

+D
0
D⇤0i?



QCD Fock space 
At low-energies QCD = hadronic degrees of freedom ⇡ ⇠ ūd, K ⇠ s̄u, p ⇠ uud

Overlaps of multi-hadron asymptotic states → S matrix

0 0

00

0 0

|⇡⇡, ini

h⇡⇡, out|

s = E2
cmdepends on

and angular variables

diagonal in angular momentum

S(s) ⌘

e2i�0(s)

e2i�1(s)

e2i�2(s)

|KK, ini|⇡⇡⇡⇡, iniAn enormous space of information · · ·

M`(s) / e2i�`(s) � 1



Roughly speaking, a bump in:

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

scattering rate

pions

QCD resonances

Protopopescu et al. (1972)

|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)



scattering rate
Roughly speaking, a bump in:

ImE

ReE

Extend to the 
complex plane

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions
Protopopescu et al. (1972)

|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)
QCD resonances



resonance

Analytic continuation reveals a complex pole

ER = MR + i�R/2

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions

EB = MB

bound state

Protopopescu et al. (1972)

scattering rate
Roughly speaking, a bump in: |M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)

ImE

ReE

QCD resonances



Pole is universal

E (GeV)

⇡⇡ ! ⇡⇡

J/ ! ��⇢B
0 ! J/ ⇡+⇡�

Resonances often seen in “production”

(as opposed to scattering)

same pole, 
different couplings



The finite-volume as a tool
Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, spatial volume (extent L)

periodic

L is large enough to neglect e�M⇡L

~p =
2⇡

L
~n , ~n 2 Z3

Scattering leaves an imprint on finite-volume quantities

E0 = 2M⇡
Infinite-volume threshold

M`=0(2M⇡) = �32⇡M⇡a

Finite-volume ground state

E0(L) = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

   •   Huang, Yang (1958)   •   

scattering length

T and lattice also negligible



Result

det[K�1(s) + F (P,L)] = 0 F (P,L) ⌘ Matrix of known 
geometric functions

Holds only for two-particle energies(2m)2 < s < (4m)2

Generalized to non-degenerate masses, multiple channels, spinning particles

Neglects e�mL

Encodes angular momentum mixing

E0(L)

E1(L)

E2(L)

M2K2

finite volume unitarity

Huang, Yang (1958)  •  Lüscher (1986, 1991)  •  Rummukainen, Gottlieb (1995) 
Kim, Sachrajda, Sharpe (2005)   •   Christ, Kim, Yamazaki (2005)   •   He, Feng, Liu (2005) 

Leskovec, Prelovsek (2012)  •   Bernard et. al. (2012)   •   MTH, Sharpe (2012)   •   Briceño, Davoudi (2012) 
Li, Liu (2013)    •    Briceño (2014) 



⇡⇡ ! ⇡⇡

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)



ϕ

ω ρ

JP = 1�

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

amΩ = 0.4609(16)(14)
gΩºº = 5.69(13)(16)

Leskovec et al. (2017)
Nf=2+1, mπ=316 MeV

⇢ ! ⇡⇡

IG(JPC) = 1+(1��)
Guo et al. (2016)
Nf=2, mπ=226 MeV

Andersen et al., (2019) 
Nf=2+1, mπ=220 MeV



⇢ ! ⇡⇡

IG(JPC) = 1+(1��)

Nf  = 2+1 (up, down, strange)

Nf  = 2 (up, down)

   •   Erben et al., Phys.Rev. D 101 (2020) 5, 054504   •   



CP-PACS/PACS-CS 2007, 2011
ETMC 2010
Lang et al. 2011
HadSpec 2012, 2016
Pellisier 2012
RQCD 2015
Guo et al. 2016
Fu et al. 2016
Bulava et al. 2016
Alexandrou et al. 2017
Andersen et al. 2018
Fischer et al. 2020
Erben et al. 2020

⇢ ! ⇡⇡ K⇤ ! K⇡
Lang et al. 2012
Prelovsek et al. 2013
Wilson et al. 2015
RQCD 2015
Brett et al. 2018
Wilson et al. 2019
Rendon et al. 2020

K*(892)

ϕ

ω ρ

κ(700)

σ(500) a0(980)

f0(980)

JP = 1�

JP = 0+

� ! ⇡⇡
Prelovsek et al. 2010
Fu 2013
Wakayama 2015
Howarth and Giedt 2017
Briceño et al. 2017
Guo et al. 2018

See the recent review by 
Briceño, Dudek and Young

 ! K⇡

Dudek et al. 2016
a0(980) ! ⇡⌘,KK

�, f0, f2 ! ⇡⇡,KK, ⌘⌘
Briceño et al. 2017

b1 ! ⇡!,⇡�
Woss et al. 2019

https://inspirehep.net/literature/759221
https://inspirehep.net/literature/944159
https://inspirehep.net/literature/879349
https://inspirehep.net/literature/901738
https://inspirehep.net/literature/1205306
https://inspirehep.net/literature/1382163
http://inspirehep.net/record/1411662?ln=en
https://inspirehep.net/literature/1458955
https://inspirehep.net/literature/1484163
https://inspirehep.net/literature/1449090
https://inspirehep.net/literature/1683416
https://inspirehep.net/literature/1687570
https://inspirehep.net/literature/1802679
https://inspirehep.net/literature/1757265
http://inspirehep.net/record/1122549?ln=en
http://inspirehep.net/record/1241426?ln=en
http://inspirehep.net/record/1326652?ln=en
http://inspirehep.net/record/1411662?ln=en
http://inspirehep.net/record/1654342?ln=en
https://inspirehep.net/literature/1728655
https://inspirehep.net/literature/1802829
http://inspirehep.net/record/854248?ln=en
http://inspirehep.net/record/1222343?ln=en
http://inspirehep.net/record/1618009/references
http://inspirehep.net/record/1389182?ln=en
http://inspirehep.net/record/1477214
https://inspirehep.net/literature/1659102
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1606083
http://inspirehep.net/record/1421934#
http://inspirehep.net/record/1618009
https://inspirehep.net/literature/1728779


Coupled channels
The cubic volume mixes different partial waves…

…as well as different flavor channels…

det

✓
Ka!a Ka!b

Kb!a Kb!b

◆�1

+

✓
Fa 0
0 Fb

◆�
= 0

a = ⇡⇡

b = KK
e.g.

det

✓
K�1

s 0
0 K�1

p

◆
+

✓
Fss Fsp

Fps Fpp

◆�
= 0

K⇡ ! K⇡
~P 6= 0

e.g.

Workflow…

Correlators with a large 
operator basis 

Reliably extract 
finite-volume energies

Vary L and P to recover a 
dense set of energies 

hOa(⌧)O
†
b(0)i

h⌦m(⌧)⌦†
m(0)i ⇠ e�Em(L)⌧

[000],A1

[001],A1

[011],A1

En(L)

Identify a broad list of K-matrix parametrizations
Perform global fits to the 
finite-volume spectrumEFT basedpolynomials 

and poles
dispersion 

theory based

spec



IG(JPC) = 0+(0++)

�, f0 ! ⇡⇡,KK, ⌘⌘

   •   Briceno et al., Phys.Rev. D 97 (2018) 5, 054513   •   

κ(700)

σ(500)

f0(980)



IG(JPC) = 0+(0++)

�, f0 ! ⇡⇡,KK, ⌘⌘

   •   Briceno et al., Phys.Rev. D 97 (2018) 5, 054513   •   

κ(700)

σ(500)

f0(980)



Multi-hadron processes from LQCD 
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Review articles:
MTH and Sharpe (2019), Mai, Döring 

Rusetsky (2020)
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Multi-hadron matrix elements

Time-like form factors h⇡⇡, out|Jµ|0i ⌘

Meyer (2011)
Relevant for muon HVP contribution to muon g-2

Kaon decay h⇡⇡, out|H|Ki ⌘

Lellouch, Lüscher (2001)   •   Kim, Sachrajda, Sharpe (2005)   •   Christ, Kim, Yamazaki (2005)
Implementation by RBC/UKQCD collaboration

Resonance transition
amplitudes

Particles with spin

hK⇡, out|J↵� |Bi ⌘

hN⇡, out|Jµ|Ni ⌘

Agadjanov et al. (2014)   •   Briceño, MTH, Walker-Loud (2015)   •   Briceño, MTH (2016)



h⇡⇡, out|Jµ|⇡i ⌘

get this from the lattice experimental observable

|hn, L|Jµ|⇡i|2 = h⇡|Jµ|⇡⇡, iniR(En, L)h⇡⇡, out|Jµ|⇡i
<latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit>

Pion photo-production
Formal relation 

Briceño, MTH, Walker-Loud (2015)

Briceño et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502  (2018)

m⇡ ⇡ 320MeV
<latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit>
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m⇡ ⇡ 400MeV
<latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit><latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit><latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit><latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit>

Numerical implementation 



K → ππ

RBC/UKQCD   •   Slides from C. Kelly Lattice 2021



K → ππ

RBC/UKQCD   •   Slides from C. Kelly Lattice 2021



Outline
The LQCD landscape

Lattice basics
Nielson Ninomiya
Many actions 

Flavor physics
Single-hadron matrix elements
Light-flavor decay constants
Heavy-flavor decay constants
Mixing
Form factors

QED + QCD
Theoretical challenge
Different formulations

Light-by-light
HVP

(g − 2)μ

Multi-hadron processes
Finite-volume as a tool
Resonances

 scattering
 transitions 

So much more!

2 → 2
1 + 𝒥 → 2

loads of material not covered here

especially…

nuclear physics

determination of alpha strong

Great resources are

lattice conferences

FLAG!



Thanks for listening!

University of Adelaide, CSSM


