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Introduction

@ In QCD: Factorization between hard scales (e.g. hard partonic
cross-sections, perturbative) and soft scales (e.g. PDFs,
non-perturbative)

@ Important non-perturbative information from operator matrix
elements (OMEs)

((p1)| O(p3) [¥(p2))

| ps
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Introduction

OMEs describe different physical quantities depending on momentum flow,
e.g.
e Forward kinematics, (¥(p)| O(0) |(—p)): PDFs
e Off-forward kinematics, (¢)(p1)| O(p3) |#(p2)): GPDs and pion form
factor

All these non-perturbative quantities can be extracted from experiment
(e.g. DIS and DVCS) or lattice QCD (e.g. [1, 2] and for recent
progress [3, 4, 5, 6, 7, 8])

The scale dependence of these distributions can be calculated
perturbatively (RGE)

doO

_ae — 2.0 4 22D
dlog 2 10, y=a +ay + .

During this talk: Off-forward kinematics

Sam Van Thurenhout Renormalization of non-singlet quark OMEs for DIS



Operator definitions

We are interested in spin-/V non-singlet quark operators of the form

NS
Om Sy ¢/\ 7#1 2 MquZ}, u = 8 — IgsA

which e.g. show up in the OPE analysis of DIS. In practice we consider

NS 2 _
AMLAONS = Oy, A2=0

Because of the non-zero momentum flow through the operator-vertex,
these will mix with total-derivative operators

OD o, = 00" ((D™...D") A%, (D7 ... D7),
p+g+r=N-1

Choice of basis for total-derivative operators is not unique!
This one: (Total) derivative basis D (see e.g. [9, 10])
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Operator renormalization

In the chosen basis the operators renormalize as
Ont1 =2y (ZN,N[ONH] + Znn-1[00N] + -+ - + ZN,0[8N01]>

For the full spin-(N+1) sector:

On+1 N Zun-1 - LN [On+1]
90N 0 Znoini - Zu-ro| [ [00w]
. = Z,l/) . . . .
N, 0 0 .. Zo ) \[0VOy]
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Anomalous dimension matrix

We are interested in the corresponding anomalous dimension matrix
(ADM)

d
D -1
INKk = — <d|n,u2 ZNJ) Ziy
and 5 5
INN YN N—1 TN
0 YN—-1,N—1 - 757170
0 0 ee 7.0

The diagonal elements correspond to the forward anomalous dimensions.
The off-diagonal elements are a priori unknown (only low-N results known
in literature up to 3-loops in D-basis [11, 12])

Is it possible to determine the full mixing matrix for arbitrary N7
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Diagonal (forward) anomalous dimensions

INN YN N—1 %MO
0 w-in-1 - YN-10
0 0 e 70,0

The scale dependence of the PDFs is determined by the DGLAP equation

dfa(x, p%)

— [Py f,
dlogz o0 @ Folx)

and the splitting functions are related to the forward anomalous dimensions
' N—1
Yns(N) = ynv1n1 = —/ dx x" 7" Pys(x)
0

Known completely up to the 3-loop level, and in certain limits up to the
5-loop level [13, 14, 15, 16, 17, 18, 19, 20, 21]
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Constraints on the anomalous dimensions

Working in the chiral limit, left- and right-derivative operators?
renormalize with the same renormalization constants

r
D _ . D
Opor = Zrr—i10F 0041
j:o

q 0 — Z Zq q—J [Op—H q—j,O]

and total derivatives act as

OE% OP 1q+1r+01?—1,q,r+1’
e.g. "
OF o — (~DM 3 (- w( ) OPyn ;= 0.
Jj=0

'OF,, = oM. 9" (D™ ... D) \¥y, (D7 ... D))
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Constraints on the anomalous dimensions

These lead to a relation between sums of the elements of the mixing matrix

i é{(l)k(i)vﬁ,j - <1y'(’jv)v}?k} =0

D D D D
TNN - YN, N-1 ’IV)N,N72 “l/)N,k %N,O
0 w-1n-1 TN-1,N—2 - TIN-1,k - TN-10
0 0 0 Yk, k
0 0 0 0 ’)/0’0

Valid to all orders in a.
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Constraints on anomalous dimensions

Special cases:

o k=N-12 N
D
INN-1 = 5(1/\/71./%1 — YNN)
. D D D D
INN- TN,N-1 %N,N—z %N,k %N,O
0 9w iw 1 Wnepn—2 0 IN—1k o YN=1,0
0 0 0 Yk, k
0 0 0 0 ’}/070

2The low-N version of this relation was pointed out to us by J. Gracey in a private
communication.
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Constraints on the anomalous dimensions

e k=0
N N—1 N
D N D i D
YN = (_) [ZA'N.:' - Z(_)J< -)’Yj,o
i=0 j=1 J
~ D D D D
YN,N YN,N—1 bN'N 2 éN.k 'ZY)N,O
0 WN-1N-1 YN_in—2 - IN-1k YN-1,0
0 0 0 Yk, k
0 0 0 0 - 70,0
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Constraints on the anomalous dimensions

General case:

Can be used to construct the complete ADM from the knowledge of the
forward anomalous dimensions +, y and the last column fyﬁ_o!
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4-step algorithm for constructing the ADM

© Determine all-N expressions for v& ,_; and 7%,

@ Calculate Nk
N — (N — k
<k> Z(—U’( i >7j+k,j+k

Jj=0

and construct an Ansatz for the off-diagonal piece

© Calculate N ; N y
Sor() £ ()

I=j+1

J

@ Substitute into the consistency relation = System of equations +
boundary condition for k =0
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Feynman diagrams and vy o

lp:a

P1 P2

The diagrams are generated with QGRAF [22] and calculated using
FORCER [23], which efficiently deals with massless propagator-type
diagrams in dimensional regularization

— Nullify one of the external momenta: (¢(p)| O(—p) |(0))
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Feynman diagrams and vy o

Remember the renormalization pattern

Ont1 = Zy (ZN,N[ON+1] + Zyn-1[00N] + -+ - + ZN,O[aNOI])

N
= B(N+1) = Onya/e~ > T,
i=0

and the relation for the last column
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Example new result: Leading-ns part of 4-loop ADM

We present here the leading-ns part of the 4-loop off-diagonal elements of
the ADM. The Riemann-Zeta function

o0

1
43521.*3

i=1

will appear as well as harmonic sums, which are recursively defined
as [24, 25]

I'm
i=1
N .
(£1)'
S:l:m17 msy, 7md(N) = Z iml SmQ?"'7md(I) Y
i=1
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Example new result: Leading-ns part of 4-loop ADM

i :En?CF{ (s:m) - 51(”)3(; e )

2 N+2 N—k
1 2 11 1
+ (5:m) - $10)) (3N7k+—N+1 -t )
1 1

(s 509) (5500 560) (5 - )

I ) | G 2 4
" (1( - 1())(3m7§N+1+( NE12 N2

11 1 1 5 1
St wra) T (B - s0) (5

2 11 1 2
YET T st e (S sk )(

- 2 1 2 26 1
_ka) §N7k+N7+1_?(N+1)2+m

8 1 8 2 1 . 1
T3Nc2 T Nt22 3 N+28 (Niop C3(N7+27 N—k)
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Comparison with calculations in the Gegenbauer basis

In conformal calculations, the ADM has been calculated completely up to
3-loop order in another basis for the total derivative operators (see e.g.
[26, 27] for details). It is possible to relate the anomalous dimensions in
both bases (new)

N . N J
U+2) g 1 N N+j+2 D
-1 - 1y

Using this relation and our 4-loop result, we can also derive the 4-loop
leading-ns part of the ADM in the Gegenbauer basis
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Leading-ns part of 4-loop Gegenbauer ADM (

27 a(N, k)

3
G.,(3) 764 n;Cg
Ink =

ﬁN,k{ =2 (510 = s1(0) 2k +3) + (S5 - $1(0)°

)+ (s1v) - 51(k))2(4 +—

1 1 1 )+(5 ) s(k))( 20+ 4 2 1
3N+2  (N+2)2 ! ! 3 N+1 N+1k+1
5 1 1 N 4 2 1 5 1 1 )
3k+1 (k+12 N+2 N+2k+2 3k+2 (k+2)?

701 1 1 1 1 2 11 1
tk+d) (e o s —
3N+1 6(N+1)2 2(N+1)3 N+2 6 (N+2)?2

2 2 1 2

1
3w so) S

5
- - — - -
N+12 k+1 3N+1k+1 N+1(k+1)2 3k+1 6 (k+1)?

(
101 2 1 2 11 5 1 1
2

(k+1)3 3 N+2 (N+22 (N+22k+2 3N+2k+2
1 1 5 1 5 1

101
e+ _—
N+2(k+2)2 3k+2 6 (k+2)? 2(k+2)3}

+
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Conclusions and outlook

@ New method for calculating off-diagonal elements of ADM, based on
renormalization structure in chiral limit

@ Checks and extends previous calculations, both in the derivative and
in Gegenbauer bases

@ Nice advantage of our method: Well-suited for automation with
computer algebra programs

@ Possible to go beyond the leading-nf limit, see [hep-ph/2107.02470]
for more details

@ Generalize method to different operators (e.g. flavor singlet
operators) in QCD and different models (e.g. gradient operators in
scalar field theories) — needs to be studied
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Thank you for your attention!
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Backup and references

@ Deep inelastic scattering

@ ADM in the Gegenbauer basis

@ Calculating sums

@ Feynman rules for operator insertions

@ References
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Deep inelastic scattering (DIS) 3

Particularly important process: DIS (can e.g. probe proton structure)

3See e.g. M. Schwarz, Quantum Field Theory and the Standard Model
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Deep inelastic scattering

Physical cross section is proportional to

1
?LWHW

e L,,: Leptonic tensor (electron information, trivial)
e HM¥: Hadronic tensor (quantum corrections, hard)
Relate H,,,, to electromagnetic currents

H = [ o €™ (P11, (x)1(0) P
where

Ju(x) = G(x)va(x) = (cp, )

e g/q: (Anti-) quark
@ 7,: Dirac gamma matrix
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Operator product expansion (OPE)

Main idea: Write a product of operators at the same point as a sum,
which is easier to handle

lim O(x ZC (x — y)On(x)

X—y

More practical in momentum space
/d4x e'7*0(x)0 ZC

Cn(g): Wilson coefficients (universal numbers)
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Operator product expansions and DIS

Now apply the OPE to DIS

JH(xX) I (y Z Co(x — y) O (x)

The type of operators that will appear on the RHS are of the following
form

Ouioiwy =S §¥u Dy --Dyuyyq
where
© D, =0, — igsAu Ay gluon
@ S: Symmetrization

Compare this with the standard electromagnetic current

Ju(x) = G(x)ua(x)
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ADM in the Gegenbauer basis

We start by introducing the renormalized non-local light-ray operators [O],
which act as generating functions for local operators, see e.g. [27], as

k

Ol 21.22) = 3 A2 [Fx)(D )™ BY0()]

m! k!

m,k

The renormalization group equation for these light-ray operators can be
written as

(1202 + B(2s)a, + H(25) ) 10)(21,22) = 0

The evolution operator H(as) is an integral operator and acts on the
light-cone coordinates of the fields [28]

1 1
H(a5)[O)(z1, 22) = /0 do /0 dp h(or, B)[O)(zh. 25,)

with zf5 = z1(1 — «) + zo« and the evolution kernel h(a, 3). The
moments of the evolution kernel correspond to the anomalous dimensions
of the local operators
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ADM in the Gegenbauer basis

The light-ray operators admit an expansion in a basis of local operators in
terms of Gegenbauer polynomials, see e.g. [26],

Oy — Oy,

(9%7,( = (0 —I—@Zz)kC,?,ﬁ(a " )(’)(21,22)
71 Z>

)
z1=20=0

where k > N is the total number of derivatives. The Gegenbauer
polynomials can be written as [29]

rv+1/2)
r2v)

Ch(2) =

\MZ

Frv+N-+1) (1 2)/

/l (N=NDIT(w+1/2+0)\2 2

The renormalized operators [C’)% «| obey the evolution equation

N
(uzc‘?ﬂz + B(as)aas)[O%,k] = > w07
=0

Sam Van Thurenhout

Renormalization of non-singlet quark OMEs for DIS



Calculating sums

Using our constructive algorithm, we have to evaluate single and double
sums involving harmonic sums and denominators. This can be done by
using the principles of symbolic summation, see e.g. [30, 31] for extensive
overviews. Particularly helpful for these purposes is the MATHEMATICA
package SIGMA [32], which uses the creative telescoping algorithm.
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Calculating sums

Telescoping: Suppose we have a summation ZLV:a f(k)
— Find function g(N) such that the summand can be written as

f(k) = Dg(k) = g(k+1) — g(k)

N N N
=Y f(k)=) glk+1)=> g(k)
k=a k=a k=a
=g(N+1)-2g(a)

~ discrete version of symbolic integration:

b
f(x) = Dg(x) = 560 = [ F(x)ox = g(b) - &)

Sam Van Thurenhout
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Calculating sums

Creative telescoping [33]: Suppose we have the summation
b —
Y r_.f(n k)= S(n)

= Find functions ¢p(n), ..., c4(n) and g(n, k) such that

g(n k+1)—g(n k) = co(n)f(n, k) + ... + cg(n)f(n+ d, k)

Now apply summation on both sides of the equation

b b
=g(nb+1)— ) =co(n) Y F(n k) + ...+ ca(n) ) f(n+d k)
k=a k=a
= Inhomogeneous recurrence for original sum

q(n) = co(n)S(n) + ... + cg(n)S(n + d)

Sam Van Thurenhout
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Calculating sums

@ In this way, SIGMA generates and solves recurrence for given
summation problem

@ Solution consists of solution set for homogeneous recurrence +
particular solution

@ For final closed expression of summation: Determine linear
combination of solutions that has same initial values as the given sum
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Feynman rules for operator insertions

Contract OMEs with A, ...A,,, A? =0, see e.g. [19]

pi P2 N-1
K (A-p2)

&

Py g@ P2
K% N-2 S :
o —gt AN Y (po- AV I (g-A— py- A
ji=0
3
P
ag, 13
v u P2
& :
O N=3 ji : s
: gszAm z E (p2 _A);\,,3,N (g-A—pi-A)2
1o Ji=0j2=0
( ) (r"-“r'”{q-Afpl A—p3- Ay
P P4 .
as. i as, i (g A= py- A py-A)1 )
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