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Dark matter exists!

Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency-averaged
temperature spectrum computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters de-
termined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm, computed over 94 % of the sky. The best-fit base ⇤CDM theoreti-
cal spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown
in the lower panel. The error bars show ±1� uncertainties.

The large upward shift in Ase�2⌧ reflects the change in the abso-
lute calibration of the HFI. As noted in Sect. 2.3, the 2013 analy-
sis did not propagate an error on the Planck absolute calibration
through to cosmological parameters. Coincidentally, the changes
to the absolute calibration compensate for the downward change
in ⌧ and variations in the other cosmological parameters to keep
the parameter �8 largely unchanged from the 2013 value. This
will be important when we come to discuss possible tensions
between the amplitude of the matter fluctuations at low redshift
estimated from various astrophysical data sets and the Planck
CMB values for the base ⇤CDM cosmology (see Sect. 5.6).

(4) Likelihoods. Constructing a high-multipole likelihood for
Planck, particularly with T E and EE spectra, is complicated
and di�cult to check at the sub-� level against numerical
simulations because the simulations cannot model the fore-
grounds, noise properties, and low-level data processing of
the real Planck data to su�ciently high accuracy. Within the
Planck collaboration, we have tested the sensitivity of the re-
sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2016). The most highly developed of

them are the CamSpec and revised Plik pipelines. For the 2015
Planck papers, the Plik pipeline was chosen as the baseline.
Column 6 of Table 1 lists the cosmological parameters for base
⇤CDM determined from the Plik cross-half-mission likeli-
hood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations,
and multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasize that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on
the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
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We have never observed a dark matter particle.

Planck Collaboration: The Planck mission

Fig. 9. Maximum posterior CMB intensity map at 50 resolution derived from the joint baseline analysis of Planck, WMAP, and
408 MHz observations. A small strip of the Galactic plane, 1.6 % of the sky, is filled in by a constrained realization that has the same
statistical properties as the rest of the sky.

Fig. 10. Maximum posterior amplitude Stokes Q (left) and U (right) maps derived from Planck observations between 30 and
353 GHz. These mapS have been highpass-filtered with a cosine-apodized filter between ` = 20 and 40, and the a 17 % re-
gion of the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration IX 2015). From
Planck Collaboration X (2015).

8.2.1. Polarization power spectra

In addition to the TT spectra, the 2015 Planck likelihood in-
cludes the T E and EE spectra. Figure 12 shows the T E and EE

power spectra calculated from the 2015 data and including all
frequency combinations. The theory curve shown in the figure
is the best-fit base ⇤CDM model fitted to the temperature spec-

tra using the PlanckTT+lowP likelihood. The residuals shown
in Fig. 12 are higher than expected and provide evidence of
residual instrumental systematics in the T E and EE spectra. It
is currently believed that the dominant source of errors is beam
mismatch generating leakage from temperature to polarization
at low levels of a few µK2 in D`. We urge caution in the in-
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Table 3. Parameters of the base⇤CDM cosmology computed from the 2015 baseline Planck likelihoods, illustrating the consistency
of parameters determined from the temperature and polarization spectra at high multipoles. Column [1] uses the TT spectra at low
and high multipoles and is the same as column [6] of Table 1. Columns [2] and [3] use only the T E and EE spectra at high
multipoles, and only polarization at low multipoles. Column [4] uses the full likelihood. The last column lists the deviations of the
cosmological parameters determined from the Planck TT+lowP and Planck TT,TE,EE+lowP likelihoods.

Parameter [1] Planck TT+lowP [2] Planck TE+lowP [3] Planck EE+lowP [4] Planck TT,TE,EE+lowP ([1] � [4])/�[1]

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02228 ± 0.00025 0.0240 ± 0.0013 0.02225 ± 0.00016 �0.1
⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1187 ± 0.0021 0.1150+0.0048

�0.0055 0.1198 ± 0.0015 0.0
100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04094 ± 0.00051 1.03988 ± 0.00094 1.04077 ± 0.00032 0.2
⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.053 ± 0.019 0.059+0.022

�0.019 0.079 ± 0.017 �0.1
ln(1010As) . . . . . . 3.089 ± 0.036 3.031 ± 0.041 3.066+0.046

�0.041 3.094 ± 0.034 �0.1
ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.965 ± 0.012 0.973 ± 0.016 0.9645 ± 0.0049 0.2
H0 . . . . . . . . . . . 67.31 ± 0.96 67.73 ± 0.92 70.2 ± 3.0 67.27 ± 0.66 0.0
⌦m . . . . . . . . . . . 0.315 ± 0.013 0.300 ± 0.012 0.286+0.027

�0.038 0.3156 ± 0.0091 0.0
�8 . . . . . . . . . . . . 0.829 ± 0.014 0.802 ± 0.018 0.796 ± 0.024 0.831 ± 0.013 0.0
109Ase�2⌧ . . . . . . 1.880 ± 0.014 1.865 ± 0.019 1.907 ± 0.027 1.882 ± 0.012 �0.1

likelihood. The residuals in both T E and EE are similar to those
from Plik. The main di↵erence can be seen at low multipoles
in the EE spectrum, where CamSpec shows a higher dispersion,
consistent with the error model, though there are several high
points at ` ⇡ 200 corresponding to the minimum in the EE spec-
trum, which may be caused by small errors in the subtraction
of polarized Galactic emission using 353 GHz as a foreground
template (and there are also di↵erences in the covariance matri-
ces at high multipoles caused by di↵erences in the methods used
in CamSpec and Plik to estimate noise). Generally, cosmolog-
ical parameters determined from the CamSpec likelihood have
smaller formal errors than those from Plik because there are no
nuisance parameters describing polarized Galactic foregrounds
in CamSpec.

3.3.3. Consistency of cosmological parameters from the TT ,
T E, and EE spectra

The consistency between parameters of the base ⇤CDM model
determined from the Plik temperature and polarization spec-
tra are summarized in Table 3 and in Fig. 6. As pointed out by
Zaldarriaga et al. (1997) and Galli et al. (2014), precision mea-
surements of the CMB polarization spectra have the potential to
constrain cosmological parameters to higher accuracy than mea-
surements of the TT spectra because the acoustic peaks are nar-
rower in polarization and unresolved foreground contributions at
high multipoles are much lower in polarization than in temper-
ature. The entries in Table 3 show that cosmological parameters
that do not depend strongly on ⌧ are consistent between the TT
and T E spectra, to within typically 0.5� or better. Furthermore,
the cosmological parameters derived from the T E spectra have
comparable errors to the TT parameters. None of the conclu-
sions in this paper would change in any significant way were we
to use the T E parameters in place of the TT parameters. The
consistency of the cosmological parameters for base ⇤CDM be-
tween temperature and polarization therefore gives added confi-
dence that Planck parameters are insensitive to the specific de-
tails of the foreground model that we have used to correct the
TT spectra. The EE parameters are also typically within about
1� of the TT parameters, though because the EE spectra from
Planck are noisier than the TT spectra, the errors on the EE pa-
rameters are significantly larger than those from TT . However,
both the T E and EE likelihoods give lower values of ⌧, As and
�8, by over 1� compared to the TT solutions. Noticee that the

T E and EE entries in Table 3 do not use any information from
the temperature in the low-multipole likelihood. The tendency
for higher values of �8, As, and ⌧ in the Planck TT+lowP solu-
tion is driven, in part, by the temperature power spectrum at low
multipoles.

Columns [4] and [5] of Table 3 compare the parameters
of the Planck TT likelihood with the full Planck TT,T E, EE
likelihood. These are in agreement, shifting by less than 0.2�.
Although we have emphasized the presence of systematic ef-
fects in the Planck polarization spectra, which are not accounted
for in the errors quoted in column [4] of Table 3, the consis-
tency of the Planck TT and Planck TT,T E, EE parameters pro-
vides strong evidence that residual systematics in the polariza-
tion spectra have little impact on the scientific conclusions in this
paper. The consistency of the base ⇤CDM parameters from tem-
perature and polarization is illustrated graphically in Fig. 6. As a
rough rule-of-thumb, for base ⇤CDM, or extensions to ⇤CDM
with spatially flat geometry, using the full Planck TT,T E, EE
likelihood produces improvements in cosmological parameters
of about the same size as adding BAO to the Planck TT+lowP
likelihood.

3.4. Constraints on the reionization optical depth parameter ⌧

The reionization optical depth parameter ⌧ provides an important
constraint on models of early galaxy evolution and star forma-
tion. The evolution of the inter-galactic Ly↵ opacity measured in
the spectra of quasars can be used to set limits on the epoch of
reionization (Gunn & Peterson 1965). The most recent measure-
ments suggest that the reionization of the inter-galactic medium
was largely complete by a redshift z ⇡ 6 (Fan et al. 2006). The
steep decline in the space density of Ly↵-emitting galaxies over
the redshift range 6 <⇠ z <⇠ 8 also implies a low redshift of reion-
ization (Choudhury et al. 2015). As a reference, for the Planck
parameters listed in Table 3, instantaneous reionization at red-
shift z = 7 results in an optical depth of ⌧ = 0.048.

The optical depth ⌧ can also be constrained from observa-
tions of the CMB. The WMAP9 results of Bennett et al. (2013)
give ⌧ = 0.089 ± 0.014, corresponding to an instantaneous red-
shift of reionization zre = 10.6 ± 1.1. The WMAP constraint
comes mainly from the EE spectrum in the multipole range
` = 2–6. It has been argued (e.g., Robertson et al. 2013, and ref-
erences therein) that the high optical depth reported by WMAP
cannot be produced by galaxies seen in deep redshift surveys,
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Setting the scales

vDM ⇠ 10�3c

Local measurements of stars tell us:

Figure 3: Key predictions from dark-matter-only (DMO) cosmological simulations. a) Pro-
jected density contours of the Aquarius Aq-A-1 DMO cosmological simulation of a halo of Milky
Way mass (M200 ⇠ 1012M�), run with 4.2 billion dark matter super-particles (Springel et al.,
2008). The size of the Galactic disc out to the Sun position R0 = 8kpc (not modelled in this
simulation) is marked by the red horizontal line. b) The spherically averaged dark matter den-
sity profile from the GHALO suite of Milky Way mass halo simulations (Stadel et al., 2009).
Four di↵erent resolutions (super-particle numbers) are marked, showing excellent numerical con-
vergence. c) The dark matter density Probability Distribution Function (PDF) in the Aquarius
suite, calculated using a kernel average (64 smoothing neighbours) at each super-particle, nor-
malised to a power law model fit over a thick ellipsoidal shell at 6-12 kpc from the halo centre
(Vogelsberger et al., 2009a). Simulations Aq-A-1 through Aq-A-5 (of decreasing numerical reso-
lution, as marked) are over-plotted; only Aq-A-1 and Aq-A-2 resolve the high density tail due to
subhalos. The black dashed line shows the intrinsic scatter due to Poisson noise in the density
estimator. d) The dark matter velocity PDF averaged over 2 kpc boxes at 7-9 kpc from the halo
centre of Aq-A-1.
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mDMv2DM ⇠ mDM
GM(< R)

R
⇢DM ⇠ 0.3 GeV/cm3

(⇠ v� ⇠ vesc)

GeV-mass DM with weak-interaction cross sections:
<latexit sha1_base64="LDZKF52NxFjWPS0btBRohwyVWrc="></latexit>

nDM�vDM ⇠ 10�26/s need Avogadro’s number of targets to see anything



Is your detector a bag  
of free particles?

Yoni Kahn 3[Goodman & Witten PRD 1985; Drukier, Freese, Spergel PRD 1986; image credit LZ collab.]

“Free” =       and      are the  
largest scales in the system.

Condensed matter physics is mandatory for sub-GeV DM!

<latexit sha1_base64="ZDSXqJ1Y7amAHnEBt/cbP5w1ZDg=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQhJjW3dFNy4r2Ae0oUymk2bozCTMTIQS+gtuXCji1h9y5984aSuo6IELh3Pu5d57wpRRpR3nw1pZXVvf2Cxtlbd3dvf2KweHHZVkEpM2TlgieyFShFFB2ppqRnqpJIiHjHTDyXXhd++JVDQRd3qakoCjsaARxUgX0gDHdFipOvZlo+b5NejYjlN3PbcgXt0/96FrlAJVsERrWHkfjBKccSI0ZkipvuukOsiR1BQzMisPMkVShCdoTPqGCsSJCvL5rTN4apQRjBJpSmg4V79P5IgrNeWh6eRIx+q3V4h/ef1MR40gpyLNNBF4sSjKGNQJLB6HIyoJ1mxqCMKSmlshjpFEWJt4yiaEr0/h/6Tj2e6F7dz61ebVMo4SOAYn4Ay4oA6a4Aa0QBtgEIMH8ASeLW49Wi/W66J1xVrOHIEfsN4+AWEbjng=</latexit>�
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v� ⇠ 10�3 =) p� ' 10�3m�, E� ' 10�6m�
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Response functions
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p = m�v
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Energy deposited by DM:

if your target is not a free particle, it is not a momentum eigenstate!

Require energy conservation, 
but not momentum conservation
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Energy deposited by DM:
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but not momentum conservation
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General framework that works for any many-body system 

Yoni Kahn 4[Trickle, Zhang, Zurek, Inzani, Griffin, JHEP 2020;  
Berggren, Hochberg, YK, Kurinsky, Lehmann, Yu, arXiv:2101.08263]

Response functions



Sub-GeV DM kinematics
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DM scattering 
lives here
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Sub-GeV DM kinematics
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Goal: maximize the response function inside the DM parabola
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Sub-GeV DM kinematics
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How can we see sub-GeV DM with solid-state detectors?



A very simple toy model

� �

A single nucleus in a 
harmonic potential:
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(56 keV for Si)

Yoni Kahn 6[YK, Krnjaic, Mandava, arXiv:2011.09477]
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Poissonian phonons
In a harmonic oscillator model, you can compute everything analytically:
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Poisson tail = more sensitivity
Integrate over DM velocities:

extra events above “elastic” energy velocity-suppressed thermal target  
seems accessible!!

Integrate over all energy deposits:

Yoni Kahn 8[YK, Krnjaic, Mandava, arXiv:2011.09477]

Single-phonon resolution is still several years off: 
can get important physics out of detectors much sooner



Phonon response functions
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Phonon response functions

Bound nuclei still act as sort-of-free particles if you hit them hard enough, 
up to Poisson fluctuations in phonon number

[YK, Krnjaic, Mandava, arXiv:2011.09477; Knapen, Kozaczuk, Lin, arXiv:2011.09496]



What about electrons?
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Atomic/molecular scales set by Bohr radius are just right for sub-GeV DM

[Essig, Mardon, Volansky, PRD 2012; Essig, Manalaysay, Sorensen, Volansky, PRL 2012; 
Essig, Fernandez-Serra, Mardon, Soto, Volansky, Yu, JHEP 2016]
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Daily modulation
rotation

<latexit sha1_base64="jvuxsAu2Js/+XrMYHSqvo+CqKgI=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElJlpfNuGU89m6WyNFVhq+ghYqOkTLn1DwL9gmBSRMNTuzq92dIFbSkut+OkvLK6tr66WN8ubW9s5uZW+/ZaPECGyKSEWmE4BFJTU2SZLCTmwQwkBhOxhf5X77AY2Vkb6lSYx+CCMth1IAZdJd2jMhNxEV1bRfqbo1twBfJN6MVNkMjX7lqzeIRBKiJqHA2q7nxuSnYEgKhdNyL7EYgxjDCLsZ1RCi9dPi6ik/TixQxGM0XCpeiPh7IoXQ2kkYZJ0h0L2d93LxP6+b0PDST6WOE0It8kUkFRaLrDAyiwP5QBokgvxy5FJzAQaI0EgOQmRikiVSzvLw5r9fJK3TmufWvJuzav18lkyJHbIjdsI8dsHq7Jo1WJMJZtgTe2YvzqPz6rw57z+tS85s5oD9gfPxDciLl0I=</latexit><latexit sha1_base64="jvuxsAu2Js/+XrMYHSqvo+CqKgI=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElJlpfNuGU89m6WyNFVhq+ghYqOkTLn1DwL9gmBSRMNTuzq92dIFbSkut+OkvLK6tr66WN8ubW9s5uZW+/ZaPECGyKSEWmE4BFJTU2SZLCTmwQwkBhOxhf5X77AY2Vkb6lSYx+CCMth1IAZdJd2jMhNxEV1bRfqbo1twBfJN6MVNkMjX7lqzeIRBKiJqHA2q7nxuSnYEgKhdNyL7EYgxjDCLsZ1RCi9dPi6ik/TixQxGM0XCpeiPh7IoXQ2kkYZJ0h0L2d93LxP6+b0PDST6WOE0It8kUkFRaLrDAyiwP5QBokgvxy5FJzAQaI0EgOQmRikiVSzvLw5r9fJK3TmufWvJuzav18lkyJHbIjdsI8dsHq7Jo1WJMJZtgTe2YvzqPz6rw57z+tS85s5oD9gfPxDciLl0I=</latexit><latexit sha1_base64="jvuxsAu2Js/+XrMYHSqvo+CqKgI=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElJlpfNuGU89m6WyNFVhq+ghYqOkTLn1DwL9gmBSRMNTuzq92dIFbSkut+OkvLK6tr66WN8ubW9s5uZW+/ZaPECGyKSEWmE4BFJTU2SZLCTmwQwkBhOxhf5X77AY2Vkb6lSYx+CCMth1IAZdJd2jMhNxEV1bRfqbo1twBfJN6MVNkMjX7lqzeIRBKiJqHA2q7nxuSnYEgKhdNyL7EYgxjDCLsZ1RCi9dPi6ik/TixQxGM0XCpeiPh7IoXQ2kkYZJ0h0L2d93LxP6+b0PDST6WOE0It8kUkFRaLrDAyiwP5QBokgvxy5FJzAQaI0EgOQmRikiVSzvLw5r9fJK3TmufWvJuzav18lkyJHbIjdsI8dsHq7Jo1WJMJZtgTe2YvzqPz6rw57z+tS85s5oD9gfPxDciLl0I=</latexit><latexit sha1_base64="jvuxsAu2Js/+XrMYHSqvo+CqKgI=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElJlpfNuGU89m6WyNFVhq+ghYqOkTLn1DwL9gmBSRMNTuzq92dIFbSkut+OkvLK6tr66WN8ubW9s5uZW+/ZaPECGyKSEWmE4BFJTU2SZLCTmwQwkBhOxhf5X77AY2Vkb6lSYx+CCMth1IAZdJd2jMhNxEV1bRfqbo1twBfJN6MVNkMjX7lqzeIRBKiJqHA2q7nxuSnYEgKhdNyL7EYgxjDCLsZ1RCi9dPi6ik/TixQxGM0XCpeiPh7IoXQ2kkYZJ0h0L2d93LxP6+b0PDST6WOE0It8kUkFRaLrDAyiwP5QBokgvxy5FJzAQaI0EgOQmRikiVSzvLw5r9fJK3TmufWvJuzav18lkyJHbIjdsI8dsHq7Jo1WJMJZtgTe2YvzqPz6rw57z+tS85s5oD9gfPxDciLl0I=</latexit>

axis
<latexit sha1_base64="TBEgrXT02akkODFkxziL4fWYJF8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRAspINJRBIg+RWNH6sgmnnM/W3RoRWeEraKGiQ7T8CwX/ghNcQMJUo5ld7ewEsZKWXPfTKSwtr6yuFddLG5tb2zvl3b2mjRIjsCEiFZl2ABaV1NggSQrbsUEIA4WtYHQ59Vv3aKyM9A2NY/RDGGo5kAIok27Trgk5PEg76ZUrbtWdgS8SLycVlqPeK391+5FIQtQkFFjb8dyY/BQMSaFwUuomFmMQIxhiJ6MaQrR+Oks84UeJBYp4jIZLxWci/t5IIbR2HAbZZAh0Z+e9qfif10locOGnUscJoRbTQyQVzg5ZYWRWBfK+NEgE0+TIpeYCDBChkRyEyMQk66aU9eHNf79ImidVz61616eV2lneTJEdsEN2zDx2zmrsitVZgwmm2RN7Zi/Oo/PqvDnvP6MFJ9/ZZ3/gfHwDbyWVXw==</latexit><latexit sha1_base64="TBEgrXT02akkODFkxziL4fWYJF8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRAspINJRBIg+RWNH6sgmnnM/W3RoRWeEraKGiQ7T8CwX/ghNcQMJUo5ld7ewEsZKWXPfTKSwtr6yuFddLG5tb2zvl3b2mjRIjsCEiFZl2ABaV1NggSQrbsUEIA4WtYHQ59Vv3aKyM9A2NY/RDGGo5kAIok27Trgk5PEg76ZUrbtWdgS8SLycVlqPeK391+5FIQtQkFFjb8dyY/BQMSaFwUuomFmMQIxhiJ6MaQrR+Oks84UeJBYp4jIZLxWci/t5IIbR2HAbZZAh0Z+e9qfif10locOGnUscJoRbTQyQVzg5ZYWRWBfK+NEgE0+TIpeYCDBChkRyEyMQk66aU9eHNf79ImidVz61616eV2lneTJEdsEN2zDx2zmrsitVZgwmm2RN7Zi/Oo/PqvDnvP6MFJ9/ZZ3/gfHwDbyWVXw==</latexit><latexit sha1_base64="TBEgrXT02akkODFkxziL4fWYJF8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRAspINJRBIg+RWNH6sgmnnM/W3RoRWeEraKGiQ7T8CwX/ghNcQMJUo5ld7ewEsZKWXPfTKSwtr6yuFddLG5tb2zvl3b2mjRIjsCEiFZl2ABaV1NggSQrbsUEIA4WtYHQ59Vv3aKyM9A2NY/RDGGo5kAIok27Trgk5PEg76ZUrbtWdgS8SLycVlqPeK391+5FIQtQkFFjb8dyY/BQMSaFwUuomFmMQIxhiJ6MaQrR+Oks84UeJBYp4jIZLxWci/t5IIbR2HAbZZAh0Z+e9qfif10locOGnUscJoRbTQyQVzg5ZYWRWBfK+NEgE0+TIpeYCDBChkRyEyMQk66aU9eHNf79ImidVz61616eV2lneTJEdsEN2zDx2zmrsitVZgwmm2RN7Zi/Oo/PqvDnvP6MFJ9/ZZ3/gfHwDbyWVXw==</latexit><latexit sha1_base64="TBEgrXT02akkODFkxziL4fWYJF8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIRAspINJRBIg+RWNH6sgmnnM/W3RoRWeEraKGiQ7T8CwX/ghNcQMJUo5ld7ewEsZKWXPfTKSwtr6yuFddLG5tb2zvl3b2mjRIjsCEiFZl2ABaV1NggSQrbsUEIA4WtYHQ59Vv3aKyM9A2NY/RDGGo5kAIok27Trgk5PEg76ZUrbtWdgS8SLycVlqPeK391+5FIQtQkFFjb8dyY/BQMSaFwUuomFmMQIxhiJ6MaQrR+Oks84UeJBYp4jIZLxWci/t5IIbR2HAbZZAh0Z+e9qfif10locOGnUscJoRbTQyQVzg5ZYWRWBfK+NEgE0+TIpeYCDBChkRyEyMQk66aU9eHNf79ImidVz61616eV2lneTJEdsEN2zDx2zmrsitVZgwmm2RN7Zi/Oo/PqvDnvP6MFJ9/ZZ3/gfHwDbyWVXw==</latexit>

�e
<latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit><latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit><latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit><latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit>

crystal
<latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit>

z�axis
<latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit>

t = 0
<latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit>

t = 1/2 day
<latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit>

crystal
<latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit>

z�axis
<latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit> Earth�s

<latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit><latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit><latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit><latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit>

ve
<latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit><latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit><latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit><latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit>

DM wind
<latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit><latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit><latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit><latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit>

FIG. 1. Orientation setup of the experimental apparatus. At t = 0 the z-axis of the crystal is aligned

with the Earth’s velocity (which is approximately in the direction of Cygnus). With this choice for the

crystal orientation, the modulation of the signal is independent of the position of the laboratory.

first is kinematic, where the flux of DM particles in the kinematic configuration that can excite
a response in the target changes on a daily basis. This effect is dominated by the anisotropy
of the Fermi velocity in the material. The second is due to the size of the matrix element,
as shown for example in Eq. (14), where the direction of the momentum transfer (typically
oriented along the DM wind) changes with respect to the anisotropic dielectric tensor ✏. We
will detail these effects separately for both absorption and scattering below.

But before moving to the results we summarize here our conventions for the DM velocity
distribution and the orientation of the DM wind in the crystal rest frame, using a set-up
similar to Ref. [39]. For the velocity distribution in the galactic rest frame, fgal(v), we assume
a Maxwellian form, with velocity dispersion v0 = 220Km/ s, truncated at vesc = 500Km/ s.
The velocity distribution in the laboratory frame is related to the one in the galactic frame by
flab(v, t) = fgal(v + ve(t)):

flab(v, t) =
1

N0
exp


�
(v + ve)2

v20

�
⇥(vesc � |v + ve|) , (15)

where ve(t) is the Earth’s velocity with respect to the DM rest frame due to its revolution
around the Sun and N0 is a normalization constant given by

N0 = ⇡3/2v30


erf(vesc

v0
) �

2
p
⇡

vesc

v0
exp

✓
�(

vesc

v0
)2
◆�

. (16)
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R(t) ⇠
Z

d3v d3q f�(v, t)S(q,!q)
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!q = q · v � q2

2m�

If S is peaked in particular directions of q, R will change 
periodically over 24 hours as        rotates in lab frame
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Organic crystals

Total rate comparable to Si for same target mass, 
but modulation means discovery does not require zero background

quantum-classical approach used for the simulations of the
photoisomerization of polyatomic molecules are described in
Sec. III. The results obtained are presented and discussed in
Sec. IV. In Sec. V we summarize the results obtained.

II. BASIC ASSUMPTIONS

Two models were suggested in the literature to explain
the mechanism of the photoinduced isomerization of trans-
stilbene and similar systems and to simulate the correspond-
ing experimental data.14–19 In an adiabatic model,14,15 see
Fig. 1, one assumes the existence of a small barrier on the
first excited state !S1" and fast intramolecular vibrational en-
ergy redistribution !IVR", so that the Rice–Ramsperger–
Kassel–Marcus !RRKM" model can be used to calculate the
reaction rate.20,21 The adiabatic model was successfully
applied to the description of the molecular beam
experiments18,22 and an effective barrier height was esti-
mated to be about 1200 cm−1. However, the pressure depen-
dence of the reaction rate is not well reproduced and its
description requires the introduction/assumption of a “pres-
sure dependent barrier,” without any physically clear picture.
In particular, at low pressures the theoretical model fits rea-
sonably well to the experimental data,23,24 but at pressures
above 5 bar the experimental rate constant levels off at
20–30 ns−1, while the theoretical high-pressure limit24 is at
76 ns−1. Alternatively, a nonadiabatic model involving the
transition to another excited state was suggested16–19 in order
to explain the photoisomerization mechanism. This model is
supported by the fact that the twisted conformation of stil-
bene, where the radiationless transition to the ground state
takes place, belongs to the distinct electronic state !S2" char-
acterized as the doubly excited or zwitterionic state.16–19

The origin of the small barrier in the adiabatic model for
the twist around the central ethylenic bond, which is also
assumed to be the reaction coordinate, is not clear. A bond
length is typically a good qualitative measure for the electron
density located on it and for the associated barrier height of
the torsional motion around it. The longer the bond length,
the lower the barrier, and vice-versa. A series of accurate
quantum-chemical calculations !done by us with the GAMESS

U.S. software at the MCSCF level" show !see Table I" that in

the ground state the central ethylenic bond !C7uC8 in
Fig. 2" of trans-stilbene has a double bond character with the
length of about 1.36 Å #this is in good agreement with pre-
vious reported values for this bond, of 1.354/1.33 Å !Refs.
25–28"$, whereas the neighboring ones !C2uC7, C8uC9"
have more a single bond character with the length of about
1.47 Å !1.483/1.45 Å according to Refs. 25–28". As a result,
the direct twist around the central bond in the ground state
has a large activation barrier, while the potential energy sur-
face for the twist of the phenyl rings is flat in the range of
about 30º.29,30 The results of the bond lengths for trans-
stilbene molecule are also summarized in the Table I.

On the other hand, in the first exited state the corre-
sponding lengths are estimated to be 1.40 Å !1.432 Å ac-
cording to Refs. 25–28" for the central ethylenic bond
!C7uC8 shown in Table I" and 1.41 Å !1.419 Å according to
Refs. 25–28" for the neighboring ones !C2uC7, C8uC9",
which is in between the single !%1.5 Å" and the double
bond character !%1.35 Å". As a result, the twist around the
central bond is still expected to have a considerable barrier.
In this state the molecule still maintain the planar
configuration.25,31

Finally, our quantum-chemical calculations have shown
that in the doubly excited state the central bond has the
length of 1.45 Å, shown in Table I, which is closer to the
single bond character. Thus, in the double excited state the
twist around the central ethylenic bond could be almost bar-
rierless.

Thus, the nonadiabatic pathway of the photoisomeriza-
tion, involving the preliminary transition from S1 to S2 state
within the planar geometry of trans-stilbene, should be fa-
vored over the direct twist around the central bond in the S1
state. In this case the twist around the central bond is not
considered as the rate limiting step, and the reaction coordi-

FIG. 1. Schematic representation of the adiabatic model for the trans-cis
photoisomerization of stilbene and stilbenelike molecules. It assumes the
existence of a small barrier in the first excited state PES and fast IVR.
Activated barrier crossing is assumed to be the rate limiting step, a radia-
tionless transition into the ground state takes place from the twisted confor-
mation, which nevertheless belongs to the distinct electron PES.

TABLE I. In this table are given the bond lengths for the central ethylenic
bond !C7uC8" and for the neighboring ones !C2uC7, C8uC9" for trans-
stilbene.

Trans-stilbene electronic
structure calculations

Bond lengths

C2uC7 C7uC8 C8uC9

Ground state !S0" 1.47 1.36 1.47
First excited state !S1" 1.41 1.40 1.41
Second excited state !S2" 1.39 1.44 1.39

FIG. 2. Schematic representation of trans-stilbene and its bond lengths for
the ground !S0" state. Carbon atoms are represented through gray balls,
whereas the hydrogen atoms through white balls.

134109-2 D. C. Tranca and A. A. Neufeld J. Chem. Phys. 132, 134109 !2010"

Downloaded 03 Aug 2012 to 134.28.254.18. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

Figure 1: Left: our indexing of the carbons in trans-stilbene, which follows the convention in
Ref. [6]. We place the (x, y) coordinate origin at the center of the 7–8 double bond, with x̂ and ŷ
unit vectors pointing to the right and up, respectively, with ẑ pointing out of the page. The long
axis, defined by r12 � r3, is o↵set by about +7.280� with respect to the x̂ direction. Right: the
bond lengths for the ground state according to Ref. [1].

2 Properties

2.1 Structure

The bond lengths themselves change for the excited states, so that the S1 state has roughly equal
6–7, 7–8 and 8–9 bond lengths of about 1.40Å. We ignore this detail and use the ground state
geometry for our rate calculation, including the excited states. We also neglect the percent-level
deviations in bond lengths within the aromatic rings, setting

Ra = 1.40Å, R6–7 = R8–9 ⌘ Rs = 1.47Å, R7–8 ⌘ Rd = 1.36Å (39)

for the aromatic rings, the o↵-center single bonds, and the central double bond, respectively. In
each molecule there is a 10� or 3� twist between the two phenol rings [5], which is close enough to
zero that we approximate the stilbene molecule as being entirely planar.

In terms of Ra, Rd, and Rs, the locations of the nuclei Ri=1...14 in the (x, y) plane are

R8 = Rd(
1
4 ,

p
3
4 ), Rj=9...14 = Rr +Ra(cos�j, sin�j), Rj=1...7 = �R15�j, (40)

where

�j=9...14 =
⇡(12� j)

3
, Rr = R8 + (Rs +Ra)(1, 0). (41)

Rather than using Angstroms, the numeric code uses units of Bohr radius a0,

a0 = 0.529177 Å. (42)

2.1.1 Crystal Structure

Trans-stilbene forms monoclinic crystals, with the space group P21/c. The crystal axes are typi-
cally labelled by vectors (a, b, c), where a · b = b · c = 0 are orthogonal; a and c are not orthogonal,
with an angle � between them [7]:

a = 12.287(3) Å, b = 5.660(2) Å, c = 15.478(5) Å, � = 112.03(1)�. (43)
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Carbon bonds give eV-scale energy gaps, anisotropic response
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Figure 13: Modulation plots for FDM = 1/q2
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FIG. 4. The capability of a 1 kg · year t-stilbene experiment to detect or exclude DM models with FDM = 1 (left) or FDM =
(↵me/q)

2 couplings to electrons, shown with existing limits from SENSEI [51], XENON 10 [14], and XENON 1T [50]. The
dotted and dashed lines show the 90% CL exclusions that can be set from the total number of events, without considering
modulation e↵ects, for R = 1/60Hz kg�1 (Nevents ⇡ 5.26 ⇥ 105) and for Nevents = 0, respectively. The orange shaded regions
indicate parameter space that leads to a su�ciently large modulation signal that a 1 kg · year experiment could observe a 3�
detection, given a total observed rate of R = 1/60Hz kg�1. The solid black “�N = 0” lines show the improved limit that can
be set from a null result exhibiting no daily modulation but the same total observed rate. Each plot also shows (in blue) a
benchmark model from Ref. [13] as a target for the experimental sensitivity. In the FDM = 1 example the scalar DM abundance
is set by freeze-out mediated by a dark photon of mass mA0 = 3m�, while for FDM / 1/q2 we show freeze-in via light mediator,
mA0 ⌧ 3 keV.

For the same masses and FDM / 1/q
2, the s3 transition

provides a larger 20% correction to the total rate, com-
pared to less than 15% from s4 and less than 10% from
each of the other excited states. This behavior is dis-
tinct from the case of benzene, where the lowest-energy
transition is dipole-forbidden [30].

Fig. 3 shows the modulating rate R(t) over a 24-hour
period (one sidereal day) for two di↵erent alignment an-
gles of the detector crystal, � = 0� and � = 90�, normal-
ized by the average scattering rate,

hRi = (24 h)�1

Z 24 h

0
dt R(t). (16)

We see that the peak-to-trough modulation amplitude
is as large as 60% (10%) for a low-mass (high-mass)
DM particle interacting via a heavy mediator, climbing
to 70% (25%) for a low-mass (high-mass) DM particle
interacting via a light mediator. This is on the same
scale, or larger than, the annual modulation amplitude
for WIMP-nuclear scattering well above threshold [79–
83], as well as for DM-electron scattering in semiconduc-
tors at high masses [4, 34].

Assessing evidence in favor of a signal will be an im-
portant step in making a DM discovery, and the daily
modulation is an important handle for improving our sta-
tistical power. As we discuss in more detail in Appendix

B, the statistical significance that we formally assign to
a modulating signal is

�L = �2
X

k

nk ln
⇥
⌫

m
k (✓m)/⌫

0
k(✓0)

⇤
, (17)

where k labels the data bins, ⌫
m
k is the number of ex-

pected events in bin k assuming a modulating signal,
⌫

0
k is the expected number of events in bin k assuming

a constant rate, and ✓m,0 are parameters describing the
expected rate in the modulating and non-modulating sce-
nario, respectively. The values of �L are distributed as
a �

2 distribution of the number of additional degrees of
freedom needed to characterize the modulating (as op-
posed to the non-modulating) signal; in the case of two
bins, this would be a �

2 with two degrees of freedom. Al-
though we focus on the two-bin case in the remainder of
this analysis, we emphasize that Eq. (17) is appropriate
for any binning of data, including an unbinned analysis.
We provide more general explorations of this test statistic
in Appendix B.

A particularly simple limit of Eq. (17) is one for which
we take two bins per day and describe the modulation
simply by a single parameter, the integrated modulation
fraction f2, defined as the fractional di↵erence in inte-
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Figure 18: Exclusion/Discovery potential for F = 1 and F = 1/q
2, Nevents = 1min�1

/kg, at various Mdet for one
year, out to 1 GeV.
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FIG. 5. As a demonstration of the utility of daily modulation, we show the 3� discovery and 90% CL exclusion potential for
a trans-stilbene experiment with a background rate of 1/60Hz kg�1, for exposures of 0.01 kg · year, 1 kg · year, and 100 kg · year.
The dashed lines, labelled “90% CL 1/60Hz kg�1,” show the 90% CL exclusion from an analysis that does not consider the
daily modulation e↵ects. The inclusion of daily modulation in the statistical analysis allows even the 0.01 kg · year exposure to
set a significantly stronger limit on �̄e. For the FDM = 1 and FDM = (↵me/q)

2 form factors we show the benchmark freeze-out
and freeze-in models, respectively, from Ref. [13].

grated rate between the two bins, averaged over a day:

f2 =
1

(24 h)hRi

 Z t0+12h

t0

dt R(t) �
Z t0+24h

t0+12h
dt R(t)

!
.

(18)
For a perfectly sinusoidal signal, f2 equals the peak-to-
trough amplitude divided by ⇡. Our choice in Eq. (14)
to align the crystalline symmetry axis, b̂, with the lab
frame DM wind at t = 0 ensures that the dominant part
of the modulation signal has a 24-hour period, with only
small contributions from higher harmonics. In this orien-
tation, the integrated modulation amplitude Eq. (18) is
maximized by t0 ⇡ 18 hours, based on the results shown
in Fig. 3. This observable is particularly well suited for
describing the daily modulation, because it is una↵ected
by the non-modulating background rate and thus does
not require any knowledge of the background.

As explored in detail in Appendix B, this simple bin-
ning is amenable to analytic results in the large-N limit
of the Skellam distribution or in the small-modulation
limit of the Poisson distribution. In each case, we find
that the statistical significance we may assign to either
the modulating or non-modulating hypothesis based on
an experiment in which Ntot events are observed is

N� =
f2 TexphRip

Ntot
, (19)

where hRi is the time average of the signal event rate R(t)
defined in Eq. (16), and where Texp is the total exposure

time for the experiment. Since the number of signal and
background events both grow linearly with exposure, the
significance of a modulating signal improves with expo-
sure as long as the integrated modulation fraction f2 is
nonzero. Our Eq. (19) matches the �

2
sb statistic suggested

by Ref. [28].

In Fig. 4 we show the expected results of a 1 kg · year
t-stilbene experiment operated under a number of di↵er-
ent assumptions. As a benchmark to facilitate compari-
son with other experiments, we demonstrate the reach
with an entirely background-free experiment using no
modulation information. The potential for parameter
space exclusion in this scenario is �̄e ' 10�41 cm2 (few ⇥
10�41 cm2) for DM interacting with a form factor FDM =
1 (FDM / 1/q

2) and with a mass in the range 5MeV .
m� . 10 MeV. This is within a factor of 2 or 3 from the
expected reach of a silicon CCD experiment like SENSEI
or Oscura for an equivalent target mass [3, 84]. Tak-
ing the more realistic scenario that the observed rate
for a 1 kg detector is R = 1 min�1 = 1/60 Hz (includ-
ing both signal and background components), the future
reach depends on analysis strategy. Without leveraging
modulation information, the limit we obtain is slightly
stronger than the current exclusion from SENSEI [51] at
low masses below ⇠ 5 MeV, and comparable at higher
masses. We also comment in passing on the prospects
for the detectability of the (non-modulating) absorption
of DM: since ⇢T ' 1 g/cm3, we anticipate a rate of
⇠ O(1)/kg/min for a dark photon kinetic mixing pa-

Freeze-in 
discoverable 

with 1/min 
background, 

but only  
in modulation 

analysis!

Reach keeps 
improving 

with exposure, 
even with 

large (constant) 
background
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Figure 6: �E = 4.2 eV and m� = 100MeV, for FDM = 1
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2, in the plane, with m� at 2 MeVand 100 MeV

3

FIG. 7. Same as Fig. 6 for large DM masses, m� = 100 MeV. Only the nearly-spherical region near q ⇠ 0 with inner boundary
qmin ' 1.6 keV is kinematically forbidden. As a result, the daily modulation amplitude is smaller, driven by the anisotropy of
the inner secondary peaks and the tails of the primary peaks.

of a few too small to lead to the maximal rate, whereas
the secondary inner peaks have v

⇤ ' 1200 km/s, and
these peaks are always kinematically forbidden.

An ideal target for daily modulation would have ei-
ther larger �E or a larger spatial extent (smaller q

⇤),
so as to match v

⇤ . vmax for the primary peaks. To
illustrate this, Fig. 9 shows the molecular form factor
for the g ! s1 transition in t-stilbene but with the
kinematically-allowed region defined by a transition en-
ergy �E = 8 eV, rather than the 4.2 eV in t-stilbene.
Here, we have chosen a form factor FDM / 1/q

2, which
weights the kinematically-forbidden inner peaks more,
but the modulation is still driven by the forbidden re-
gion in q which has comparable radius to the outer peaks.
As the forbidden region moves in q-space, the peak-to-
trough modulation amplitude can be as large as 20% for
all m� & 20 MeV for the g ! s1 transition alone in this
hypothetical material, almost a factor of 2 larger than
the modulation amplitude for the equivalent transition
in t-stilbene.

Taking a broader perspective, the anisotropic response
of a condensed matter target to DM-electron scattering
arises from an interplay of preferred scales q

⇤ set by the
molecular size and a coincidence between the e↵ective
transition velocity v

⇤ and the maximum DM velocity in
the lab frame. In the case of organic molecular solids, the
conjugated ⇡-electron system provides two length (mo-
mentum) scales given by the extent of the molecule along
the molecular plane (q⇤ ' 1.2 keV for t-stilbene), and
the extent of a single 2p orbital (q⇤ ' 6 keV), which
sets both the carbon-carbon bond length and the extent
of the out-of-plane ⇡ orbitals. The large hierarchy be-
tween these scales in large organic molecules means that
the excitation dynamics in the plane are largely sepa-
rated from excitations along the normal to this plane.
Transitions along the normal direction will typically re-
quire larger imparted momenta than in the extended di-
rections, and thus the form factor for the lowest transi-
tion will be peaked at qz = 0, with peaks in the x � y

plane corresponding to the characteristic scales of the

10

Figure 4: Form factors s3 and s4
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Figure 5: �E = 4.2 eV, m� = 2MeV, for FDM = 1

2

FIG. 6. Molecular form factors and modulating rates for DM masses near threshold, m� = 2 MeV. In the contour plots,
the gridded shaded regions indicate the kinematically accessible momentum transfers q for the four molecules M1,2,�1,�2 that
comprise the unit cell of the crystal, shown at t = 0 and t = 10h. Here, q is given in the molecular basis, qx = q · L̂,
qy = q · M̂, and the kinematically accessible region is defined by v�(q) < vesc, following Eq. (13). Top left: Contour plot of
the molecular form factor |f(q)|2 for the g ! s1 transition in the (qx, qy) plane, with qz = 0. Bottom left: Contour plot for
fixed � ⌘ arctan(qy/qx) = 55�, showing the strong anisotropy in qz with maxima at qz = 0. Top right: The scattering rate
(summed over all g ! si transitions) as a function of time, R(t), normalized by the average daily rate Ravg. The modulation is
dominated by the s1 transition (dashed). Bottom right: A closer look at the form factor near the peak at � ' 55�, plotting
|fs1 |

2 as a function of |q| for fixed ✓ = 90� and various �.

rameter of ✏ ' 10�13, assuming a dielectric loss of order
⇠ O(10�2), similar to that in benzene [85] and compara-
ble to those in semiconductors [86]. This setup would
set leading limits on dark photons in the mass range
4.2 eV < mA0 . 10 eV.

For DM scattering, our sensitivity to exclusion and
discovery can be dramatically extended by utilizing the
information in the rate via the simple two-bin analy-
sis. Using the significance from Eq. (19), a 1 kg, 1 year
t-stilbene experiment that observes a constant R =
1 min�1 = 1/60 Hz event rate can exclude at 90% CL
a DM particle with a scattering cross section as small
as �̄e ' 10�37 cm2. This cross section lies below the
well-motivated line from freeze-out production of scalar

DM for 2 MeV . m� . 7 MeV with a heavy dark pho-
ton mediator mediator, and also probes a wide range of
masses 2MeV . m� . 200 MeV for freeze-in produc-
tion through a light mediator [13]. The 3� discovery
reach for a modulating signal for a total R = 1/60 Hz/kg
background event rate is nearly as strong, reaching just
below (above) the cross section �̄e ' 10�37 cm2 for
FDM = 1 (FDM / 1/q

2).

Very meaningfully, as shown in Eq. (19), the discov-
ery or exclusion significance grows with cumulative ex-
posure, even without background mitigation: this im-
provement in significance is absent in a non-modulating
signal. We demonstrate this explicitly in Fig. 5, display-
ing the 90% CL exclusion and the 3� discovery reach

Low masses: 
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“beans” traverse 
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function

High masses: 
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accessible, residual 
modulation driven by 

secondary peaks
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✏(q,!)

DM-electron interaction 
(assumed spin-independent)

Response function 
(dielectric, for electrons)

[Berggren, Hochberg, YK, Kurinsky, Lehmann, Yu, arXiv:2101.08263; 
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Plasmons
56 Theory and Analysis of Plasmon-Regime EELS Spectra 
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Figure 3.5 - Kinematics of an EELS scattering event. 

Semi-relativistic electron scattering 
dominated by a collective long-
range charge wave (plasmon). 

Electron preferentially deposits ~15 
eV of energy, regardless of initial KE

Study ofPlasmon Line Shapes of Various Semiconductors 

Energy Loss (eV) 
XBL 8811-3987 

Figure 5.10 - Top, sample plasmon-regime EELS spectrum from crystalline Gc 
sample with some sputtering-induced damage of near-surface layers, specimen 
thickness as shown. Bottom, extracted SSD. 
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Newton vs. Fermi
vDM ⇠ 10�3c

Peaks of loss function are kinematically inaccessible. 
Unfortunate coincidence for DM direct detection!
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Peaks and long tails
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S fails causality 
checks

electrons don’t  
screen (unphysical)

plasmon tail buys you 2-3 orders of magnitude! 
Invisible in single-particle formalism

What happens in a real-life superconductor? Need measurements!

[Gibbons, Schnatterly, Ritsko, Fields, PRB 1975; Sun et al., Chinese J. Chem. Phys. 2016, 
Berggren, Hochberg, YK, Kurinsky, Lehmann, Yu, arXiv:2101.08263]Yoni Kahn 18
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FIG. S4. Left: loss function for each of several models for Al, for q = 10 eV. The curve labeled ‘Acausal’ shows the loss
function used in [6], which involves an unphysical choice of branch cut in the complex logarithm. The Fröhlich model fit is the
same as that shown in Fig. S1, for which measured data are only available within the red band. The Lindhard model is the
RPA dielectric function Eq. (S.13) with �p = 0, and the GSRF models use fit parameters for Eq. (S.19) from Ref. [60], with
‘undamped’ corresponding to ImG = 0 and ‘damped’ corresponding to ImG 6= 0. The damped curve becomes negative at
small !, which is an unphysical consequence of the GSRF model. The curve labeled ‘Data’ shows the fit to q = 0 measurements
provided by Ref. [66]. We use dashes to indicate the continuation of the fit beyond the range of measured data. The gray
band shows the reference range of 1meV–1 eV deposits. Right: recoil spectra corresponding to each of these loss functions,
assuming (m�, m�,V ) = (10 keV, 1 µeV) and �e = 10�39 cm2.

where fFD is the Fermi–Dirac distribution and the Pi denote 4-momenta. We reserve pi for the magnitudes of 3-
momenta. The integration over p0

e is readily performed using the 3-momentum delta function. Writing the pe integral
in spherical coordinates and performing the trivial integral over the azimuthal angle produces
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where ✓ denotes the angle between pe and q. The remaining delta function can be used to evaluate the integral over
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Now the zero-temperature Fermi–Dirac distribution can be inserted and the integral can be performed analytically.
The result is
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where Eq ⌘ q
2
/2me and E± = Eq ± qvF . The conditions in Eq. (S.34) are equivalent to those in Eq. (S.16), i.e., the

imaginary part of the Lindhard dielectric function in the limit that the plasmon is infinitely long-lived. Equation (S.30)
follows by direct comparison.

Given this agreement between the single-particle and dielectric-function formalisms, Eq. (1) can reproduce prior
calculations of the scattering rate in superconductors; essentially, the final-state phase space integral is pre-computed
in Im(✏). However, Eq. (1) is more flexible than the traditional calculation in that we are not limited to the narrow-
plasmon limit of the Lindhard dielectric function. Any model or measurement of the loss function can be inserted

666 Chin. J. Chem. Phys., Vol. 29, No. 6 Ruo-yu Dong et al.

FIG. 1 The fitted bulk energy-loss function (line) and the optical bulk energy-loss function from experimental data (dot)
for (a) Al, (b) Si, (c) Fe, (d) Mo, (e) Ag, and (f) SiO2.

FIG. 2 The f -sum rule Zeff and perfect-screening-sum rule Peff for (a, d) Al, (b, e) Si, and (c, f) SiO2. The dashed lines
show the theoretical expectation value of the sum rules.
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Optimizing direct detection
Best option: move to a heavier galaxy where DM is faster. 

Next best option: find a material with slow electrons

[Berggren, Hochberg, YK, Kurinsky, Lehmann, Yu, arXiv:2101.08263]Yoni Kahn

DM is faster 
than vF: 

get the peak!

19

DM is slower 
than vF: 

miss the peak 
but get the tail



Anisotropic plasmons!

Yoni Kahn 20

heavy-fermion 
plasmons 
(low vF)

Best of both worlds! Peaks of loss functions accessible,  
and possibility of daily modulation — stay tuned
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FIG. S1. Measurements of the loss function W(q,!) = Im(�1/✏(q,!)) in Al, Si, and URu2Si2 along with model fits when
appropriate. Left: loss function for Al at q = 0 in the vicinity of the plasmon peak from Ref. [62], fit with the Fröhlich model
of Eq. (S.17). The best-fit parameters are (!p, �p) = (14.9 eV, 0.863 eV). Error bars indicate the accuracy with which the
data points could be transcribed from Ref. [62]. Center: loss function for Si at large momenta q > 2⇡/a, measured from X-ray
scattering in Ref. [68]. Dashed lines show the Lindhard RPA loss function with �p = 0, kF = mevF , and !p = 16.67 eV [70].
The Fermi velocity is treated as a free parameter and is fixed here to the best-fit value of vF = 2.59⇥ 108 cm/s = 8.6 ⇥ 10�3

in natural units, which is comparable to Fermi velocities of metals with similar densities. Right: loss function in URu2Si2
at q = 0 measured along two di↵erent crystal axes a and c at T = 9K [63] (solid), along with a linear fit to both datasets
(dashed). If interpreted as the tail of a valence electron plasmon, the slope should be �p/!

2
p. The fit gives a slope of

�p/!
2
p ' 14 (9)⇥ 10�3 eV�1 along the a (c) axis which implies �p/!p ' 0.21 (0.13) for !p ' 15 eV, values which are typical for

other metals.

URu2Si2 along the a and c crystal axes, measured with Fourier transform infrared spectrometry [63]. A number of
features are present below 20meV which may be interpreted as heavy-fermion plasmons, as we discuss in the main
text. Based on this interpretation, to perform our rate estimates in the main text, we extrapolate the loss function as
independent of q out to q = qc ' 100 eV. Indeed, this is the standard approximation made in scattering experiments
near the plasmon pole [70]. Then, we see from Eq. (5) that the spectrum is largely determined by the shape of the
zero-momentum loss function W(!), with the inverse mean speed ⌘ only serving to enforce the kinematic condition
q > !/v�. All of the approximations we have made may easily be dropped once momentum-resolved data on W(q, !)
within the DM regions shown in Fig. 2 is available.

It is also interesting to note that at larger !, the loss function is linear to an excellent approximation, in the c

direction above 20 meV and in the a direction above 50 meV. In Fig. S1 we show a linear fit to both loss functions
with zero o↵set. In the Fröhlich model Eq. (S.17), the plasmon tail gives a loss function WF (q = 0, !) ⇡ ! ⇥ (�p/!

2
p)

at small !. The slope of the linear fit is consistent with �p/!p ' 0.1�0.2 and !p ' 15 eV, which would be reasonable
parameters for the ordinary valence electron plasmon in a generic metal. This data therefore provides some preliminary
indication that the linear tail of the plasmon in ordinary superconductors like Al may extend down to the meV scale.
We emphasize again that dedicated measurements are needed to confirm this.

E. Semiconductor spectrum in the free-electron gas approximation

In order to relate the energy loss function to the crystal form factor [3, 25], we compare

�(v�) =

Z
d3q

(2⇡)3
|V (q)|2 S(q, !) (S.22)

large anisotropy in 
tails of bulk plasmons

[Berggren, Hochberg, YK, Kurinsky, Lehmann, Yu, arXiv:2101.08263]



The future for sub-GeV DM

Yoni Kahn 21

Detectors are uncovering new parameter space every day, 
and more on the horizon. CM tools help determine the true sensitivity!

[DOE BRN report]

18 

 
Figure 2-6: Mass range probed for dark matter particles that scatter off nuclei, electrons, or collective excitations (1 

keV to 1 GeV) and that are absorbed by nuclei, electrons, or collective excitations (1 meV to 1 keV).  These masses 

are below those typically expected for WIMPs.  Near-term experiments using existing advanced technologies can 

probe the mass range in green, while R&D on promising technologies can lead to experiments that can probe the 

extended mass range in blue. 

 
 

  
Figure 2-7: Left: Parameter space for galactic dark matter (DM) scattering off nuclei that can be probed with 

advanced detectors with demonstrated technologies (green region) and additional R&D (blue region).  The G2 

direct detection program probes a complementary higher mass region (dashed line) that extends below the 

constraints of existing direct detection experiments (peach region).  Neutrinos begin to dominate the rate below the 

solid black line.  A modest exposure of 100 g per year can probe extremely low cross sections as long as the 

detector has the requisite energy sensitivity and sufficiently low backgrounds (dotted line).  The orange region 

(labelled “Model Milestones”) presents an example in which dark matter attains the observed relic abundance from 

its thermal contact with the Standard Model particles.  Right: Parameter space for galactic dark-photon dark 

matter being absorbed by electrons or other excitations that can be probed with advanced detectors with 

demonstrated technologies (green region) and additional R&D (blue region).  Existing constraints from past direct 

detection experiments are shown in peach.  
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Direct detection also provides a unique opportunity, relative to higher energy probes, to explore dark 
matter candidates when the mass of the particle mediating the interaction is relatively light (lighter than 
the momentum transfer from the dark matter to the target particle).  In this case, the scattering rate 
scales inversely as the fourth power of the momentum transfer, allowing for an enormous enhancement 
in the scattering rate for low-threshold probes like direct detection experiments.  
 
With the realization that the dark matter sector may be disconnected from the visible one, 
communicating only through new forces, the dark matter theory landscape has evolved in new 
directions in the last decade, emphasizing the need to probe non-WIMP dark matter candidates with a 
mass below about 1 GeV (��� eV).  Several concrete benchmark models, created in the new theory 
panorama and shown in Figures 2-7 and 2-8, exist in which the dark matter abundance is related to its 
coupling to ordinary matter via this dark force.  These models provide guidance and sharp targets in 
parameter space for direct detection experiments, which in some cases, can be probed by first-
generation, low-cost experiments with target exposures of as little as 1 gram per day. 
 
 
 
                                    HEAVY MEDIATOR                                                        ULTRALIGHT MEDIATOR 

 
Figure 2-8: Parameter space for galactic dark matter scattering off electrons, which can be probed by advanced 
detectors with demonstrated technologies (green region) and additional R&D (blue region), for a mediator with a 
mass that is heavy (left plot) or ultralight (right plot).  Constraints of existing direct detection experiments are 
shown in peach.  The orange regions (labelled “Model Milestones”) present a range of model examples in which 
dark matter attains the observed relic abundance from its thermal contact with Standard Model particles (regions 
are as in the “US Cosmic Visions” report).  In the right plot, the upper green region is currently unconstrained, 
assuming the dark matter is a subdominant component.  
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Avatars of the dielectric

Many-body density operator: 
generalizes single-particle picture

Real-time correlator for electron density

Can compute with random phase approximation (RPA):

Exact dielectric function contains all screening and many-body effects: 
required to move beyond single-particle formalism

Polarizability: measures linear response to E-fields

Yoni Kahn backup
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An allegory
What is the e+e- annihilation cross section as a function of energy?
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Looks pretty smooth as a function of E…

OK, my Lagrangian has quarks in it… 
let me calculate                    .
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5 52. Plots of Cross Sections and Related Quantities

52.3 ‡ and R in e+e≠
Collisions

‡ and R in e+e≠ Collisions
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Figure 52.2: World data on the total cross section of e+e≠ æ hadrons and the ratio R(s) = ‡(e+e≠ æ
hadrons, s)/‡(e+e≠ æ µ+µ≠, s). ‡(e+e≠ æ hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, ‡(e+e≠ æ µ+µ≠, s) = 4fi–2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/Â, Â(2S), and Ã (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2019. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))
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hey, why is it rising instead of falling? 
and what the heck are those?

Guess I have to include resonances. 
But how to fit them? What about 

final states with more than 2 particles?
<latexit sha1_base64="QpvF/ikcOoWVgdHg77BULiNBF7w="></latexit>
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An allegory
What is the e+e- annihilation cross section as a function of energy?

<latexit sha1_base64="EqYwpQFv83P3bAUlncq5s4U0GDY="></latexit>

ImOptical theorem:
<latexit sha1_base64="7RZ9xaz7NpQd3iYZYrTsAzwLQVE="></latexit>

=
X

f

If someone gave you the exact photon propagator, you could not only 
compute the cross section, you could look for poles to find resonances, 

even if they weren’t in your Lagrangian.

<latexit sha1_base64="IZpjMl0rWe6OnGxI/P3g6NHR2qY="></latexit>...

<latexit sha1_base64="RO9cMLgiGA2rkjtmSToyuLkMnxc="></latexit>
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Im(⇧)

<latexit sha1_base64="EfJCINzP8I6EAf2ASkii7SXRx0w="></latexit>

(g � 2)µ

Even better: measure            by doing a 
scattering experiment, then use that as 
input to another experiment, e.g.

In condensed matter, this is often a better starting point. 
“what is the response function?” vs. “what are the wavefunctions?

Yoni Kahn backup



Some possibly useful analogies
The plasmon is like the      meson

Study ofPlasmon Line Shapes of Various Semiconductors 

Energy Loss (eV) 
XBL 8811-3987 

Figure 5.10 - Top, sample plasmon-regime EELS spectrum from crystalline Gc 
sample with some sputtering-induced damage of near-surface layers, specimen 
thickness as shown. Bottom, extracted SSD. 

Figure 4 depicts all diagrams contributing to the free energy at 1 loop (diagram 1), 2
loops (2-6, 37-38), and 3 loops (7-36, 39-62). Solid (curly, dashed) lines represent fermions
(gluons, ghosts), and the filled square is the contribution from the measure part of the action.
The filled circle, corresponding to the non-fermionic part of the 1-loop gluon self-energy, is
given in Figure 5.

Fig. 5. Non-fermionic diagrams renormalizing the gluon propagator at 1 loop.

APPENDIX B

Tables I-IV provide a per diagram breakdown of our results, at a given value of m
(m = 0.038), in order to allow for potential comparisons and cross checks. The total results

for the coefficients h(j)
2 , h(j)

30 , h(j)
31 , h(j)

32 are listed in Tables V-VIII, respectively, for a wide
selection of m values which are used in the literature. Given the smooth dependence of all
these coefficients on m, interpolations to other intermediate values of m can be performed
with great accuracy.

TABLE I. Per-diagram contributions to h
(j)
2 . m = 0.038 .

diagram h
(0)
2 · 104 h

(1)
2 · 104 h

(2)
2 · 104

37 0.932189(6) 0.14684(1) -5.903340(3)
38 -7.442427121(2) 0 0
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�/E ⇡ 0.2
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Substituting into Eq. (C5), we find

dP

dtd!
=

e2

2⇡2v

�E2
p! ln(2E0/!)

✏2c(E
2
g + E2

p/✏2c � !2)2 + �2!2
. (C8)

This model is an excellent fit to the observed plas-
mon in silicon, but the germanium plasmon has a longer
high-energy tail due to contributions from the core 3d
electrons. However, the region around the peak is well-
modeled by a single Lorentzian, so following [30] we
take ✏c = 1 and use Eq. (C8) to normalize the ger-
manium plasmon, taking the best-fit values in the two-
parameter model of [30] with an e↵ective plasmon energy
E02

p ⌘ E2
g + E2

p/✏2c . Integrating over ! (or equivalently
E) for millicharged DM gives Eq. (17). On the other
hand, to obtain the spectrum for a general velocity dis-
tribution f(v), we weight Eq. (C1) by f(v) and integrate
over v. Solving the delta function by performing the ve-

locity integral, as is standard in DM-electron scattering
treatments, and performing the q integral up to qc gives
Eq. (14) in the main text. In that equation, the (dimen-
sionless) plasmon lineshape is

S(!) ⌘ Im

⇢
�1

✏(!)

�
, (C9)

which is

SF (!) ⌘
�E2

p!

✏2c(E
2
g + E2

p/✏2c � !2)2 + �2!2
(C10)

in the Fröhlich model. Integrating Eq. (C10) gives
Z

SF (!) d! ⇡
3

2
✏cEp (C11)

for Eg = 0.
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Narrow width approximation fails miserably! Strong coupling at work



The plasmon is like the Sudakov factor

2

II. COLLINEAR PARTON SPLITTING MODEL

We consider modification of quark and gluon phase-
space distributions implied from collinear splitting and
recombination processes. Effects of medium interaction,
which induce smearing in momentum space, are taken
into account via the drag and the diffusion effects of the
relativistic extension of Fokker-Planck equation.

A. Collinear parton splitting

A parton phase-space distribution f is modified when
a splitting process occurs. Here we consider quarks
and gluons for partons, i.e., f = {fg, fq}. We assume
quarks and antiquarks are equal in number and include
qq̄ degrees of freedom in the quark distribution. Pos-
sible processes are (a) gluon splitting into two gluons
g → g + g, (b) quark/antiquark splitting into a gluon
and a quark/antiquark q/q̄ → q/q̄ + g, and (c) gluon
splitting into a quark-antiquark pair g → q+ q̄. The cor-
responding diagrams are shown in Figs. 1 (a)-(c). One
splitting of a parton with momentum pi into two with
momentum fractions zpi and (1 − z)pi where 0 ≤ z ≤ 1
alters the distribution as

f(pi) → z−df

(

pi
z

)

+ (1− z)−df

(

pi
1− z

)

, (1)

where d is the number of dimensions. This satisfies the
fact that the process should double the number density
and conserve the momentum density:

2

∫

dpd

(2π)d
f(pi) =

∫

dpd

(2π)d

[

z−df

(

pi
z

)

+ (1 − z)−df

(

pi
1− z

)]

, (2)

∫

dpd

(2π)d
pjf(pi) =

∫

dpd

(2π)d
pj

[

z−df

(

pi
z

)

+ (1 − z)−df

(

pi
1− z

)]

. (3)

This implies that the time evolution of the phase space
distribution by collinear splitting is phenomenologically
expressed as

∂fg(pi)

∂t
|sp =

1

2

∫ 1

0

dz rgg(z)[f
z
g (pi) + f1−z

g (pi)− fg(pi)]

+

∫ 1

0

dz rgq(z)f
z
q (pi)−

∫ 1

0

dz rqg(z)fg(pi)

≡ Cg
sp(pi), (4)

∂fq(pi)

∂t
|sp =

∫ 1

0

dz rgq(z)[f
1−z
q (pi)− fq(pi)]

+

∫ 1

0

dz rqg(z)[f
z
g (pi) + f1−z

g (pi)]

≡ Cq
sp(pi), (5)

p

(a)

p

p

(c)

(b)

(d)

(e)

(f)

zp

(1 − z)p

zp

(1 − z)p

zp

(1 − z)p

FIG. 1. Diagrams of (a) splitting of a gluon into two glu-
ons, (b) gluon emission from a quark/antiquark, and (c) pair
production of a quark and an antiquark from a gluon. Their
reverse processes are shown in (d), (e), and (f), respectively.

where the distributions of the split partons are expressed
as fz(pi) ≡ z−df(pi

z ) and f1−z(pi) ≡ (1 − z)−df( pi

1−z ).
The factor 1/2 is for identical particles. rgg(z), rqg(z),
and rgq(z) determine the rates for the initial parton be-
ing split into two with the momentum fractions zpi and
(1 − z)pi, which would be expressed with the splitting
functions Rgg, Rgq, and Rqg [47] as

rgg(z) = Rgg(z)Γ = 2CA
[1− z(1− z)]2

z(1− z)
Γ, (6)

rgq(z) = Rgq(z)Γ = CF
1 + (1− z)2

z
Γ, (7)

rqg(z) = 2NfRqg(z)Γ = 2NfTR[z
2 + (1− z)2]Γ, (8)

where CA = Nc, CF = (N2
c − 1)/Nc, and TR = 1/2. Nf

is the number of flavors and Nc is that of colors. One
has 2CA = 6, CF = 4/3, and 2NfTR = 3 when Nc = 3
and Nf = 3. Γ is the emission rate of a parton. The
splitting functions prefer the emission of soft gluons and
have infrared divergences at z = 0 and 1 for Rgg(z) and
at z = 0 for Rgq(z).

Here we make a rough estimation of the splitting rate
Γ. It should be proportional to the coupling αs as it
is a one-vertex process. The transverse momentum Q
transferred from the medium while a parton travels the
distance L is given as Q2 ∼ q̂L where q̂ is the transport
coefficient for momentum diffusion. The rate should be
dependent on Q as it is the only scale; this implies Γ ∼
αsQ in the rest frame. In the Lorentz boosted frame this
should be modified as Γ ∼ αsQ(Q/p) ∼ αsq̂L/p where
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space distributions implied from collinear splitting and
recombination processes. Effects of medium interaction,
which induce smearing in momentum space, are taken
into account via the drag and the diffusion effects of the
relativistic extension of Fokker-Planck equation.

A. Collinear parton splitting

A parton phase-space distribution f is modified when
a splitting process occurs. Here we consider quarks
and gluons for partons, i.e., f = {fg, fq}. We assume
quarks and antiquarks are equal in number and include
qq̄ degrees of freedom in the quark distribution. Pos-
sible processes are (a) gluon splitting into two gluons
g → g + g, (b) quark/antiquark splitting into a gluon
and a quark/antiquark q/q̄ → q/q̄ + g, and (c) gluon
splitting into a quark-antiquark pair g → q+ q̄. The cor-
responding diagrams are shown in Figs. 1 (a)-(c). One
splitting of a parton with momentum pi into two with
momentum fractions zpi and (1 − z)pi where 0 ≤ z ≤ 1
alters the distribution as
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where d is the number of dimensions. This satisfies the
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This implies that the time evolution of the phase space
distribution by collinear splitting is phenomenologically
expressed as
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FIG. 1. Diagrams of (a) splitting of a gluon into two glu-
ons, (b) gluon emission from a quark/antiquark, and (c) pair
production of a quark and an antiquark from a gluon. Their
reverse processes are shown in (d), (e), and (f), respectively.

where the distributions of the split partons are expressed
as fz(pi) ≡ z−df(pi

z ) and f1−z(pi) ≡ (1 − z)−df( pi

1−z ).
The factor 1/2 is for identical particles. rgg(z), rqg(z),
and rgq(z) determine the rates for the initial parton be-
ing split into two with the momentum fractions zpi and
(1 − z)pi, which would be expressed with the splitting
functions Rgg, Rgq, and Rqg [47] as

rgg(z) = Rgg(z)Γ = 2CA
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rqg(z) = 2NfRqg(z)Γ = 2NfTR[z
2 + (1− z)2]Γ, (8)

where CA = Nc, CF = (N2
c − 1)/Nc, and TR = 1/2. Nf

is the number of flavors and Nc is that of colors. One
has 2CA = 6, CF = 4/3, and 2NfTR = 3 when Nc = 3
and Nf = 3. Γ is the emission rate of a parton. The
splitting functions prefer the emission of soft gluons and
have infrared divergences at z = 0 and 1 for Rgg(z) and
at z = 0 for Rgq(z).

Here we make a rough estimation of the splitting rate
Γ. It should be proportional to the coupling αs as it
is a one-vertex process. The transverse momentum Q
transferred from the medium while a parton travels the
distance L is given as Q2 ∼ q̂L where q̂ is the transport
coefficient for momentum diffusion. The rate should be
dependent on Q as it is the only scale; this implies Γ ∼
αsQ in the rest frame. In the Lorentz boosted frame this
should be modified as Γ ∼ αsQ(Q/p) ∼ αsq̂L/p where
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The factor 1/2 is for identical particles. rgg(z), rqg(z),
and rgq(z) determine the rates for the initial parton be-
ing split into two with the momentum fractions zpi and
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is the number of flavors and Nc is that of colors. One
has 2CA = 6, CF = 4/3, and 2NfTR = 3 when Nc = 3
and Nf = 3. Γ is the emission rate of a parton. The
splitting functions prefer the emission of soft gluons and
have infrared divergences at z = 0 and 1 for Rgg(z) and
at z = 0 for Rgq(z).

Here we make a rough estimation of the splitting rate
Γ. It should be proportional to the coupling αs as it
is a one-vertex process. The transverse momentum Q
transferred from the medium while a parton travels the
distance L is given as Q2 ∼ q̂L where q̂ is the transport
coefficient for momentum diffusion. The rate should be
dependent on Q as it is the only scale; this implies Γ ∼
αsQ in the rest frame. In the Lorentz boosted frame this
should be modified as Γ ∼ αsQ(Q/p) ∼ αsq̂L/p where
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QCD:

Coulomb:

Invisible at finite order in perturbation theory!

Some possibly useful analogies
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<latexit sha1_base64="z/Ld+KR0GmCRgMCBteWNneXhR88=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzWrFMfzhsly7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AeRiRPg==</latexit><latexit sha1_base64="z/Ld+KR0GmCRgMCBteWNneXhR88=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzWrFMfzhsly7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AeRiRPg==</latexit><latexit sha1_base64="z/Ld+KR0GmCRgMCBteWNneXhR88=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzWrFMfzhsly7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AeRiRPg==</latexit><latexit sha1_base64="z/Ld+KR0GmCRgMCBteWNneXhR88=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYTcIWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzWrFMfzhsly7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AeRiRPg==</latexit>

e4⇤4
<latexit sha1_base64="JPLHoJCs3SuGY6avNEps0FFrNv0=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcCWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzcuKY/hDtVy7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AfzyRQg==</latexit><latexit sha1_base64="JPLHoJCs3SuGY6avNEps0FFrNv0=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcCWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzcuKY/hDtVy7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AfzyRQg==</latexit><latexit sha1_base64="JPLHoJCs3SuGY6avNEps0FFrNv0=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcCWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzcuKY/hDtVy7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AfzyRQg==</latexit><latexit sha1_base64="JPLHoJCs3SuGY6avNEps0FFrNv0=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcCWgZtLCwimAckmzA7ezcZMvtwZjYQlnyHjYUitn6MnX/jJNlCEw8MHM45l3vneIngStv2t7W2vrG5tV3YKe7u7R8clo6OmypOJcMGi0Us2x5VKHiEDc21wHYikYaewJY3up35rTFKxePoUU8SdEM6iHjAGdVGcrFXJd17E/dpr9ovle2KPQdZJU5OypCj3i99df2YpSFGmgmqVMexE+1mVGrOBE6L3VRhQtmIDrBjaERDVG42P3pKzo3ikyCW5kWazNXfExkNlZqEnkmGVA/VsjcT//M6qQ6u3YxHSaoxYotFQSqIjsmsAeJziUyLiSGUSW5uJWxIJWXa9FQ0JTjLX14lzcuKY/hDtVy7yesowCmcwQU4cAU1uIM6NIDBEzzDK7xZY+vFerc+FtE1K585gT+wPn8AfzyRQg==</latexit>

e6⇤6
<latexit sha1_base64="EiR8NySGrVATly+ESvEZiod7Kxw=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwg2YTZ2bvJkNmHM7OBEPIdNhaK2Poxdv6Nk2QLTTwwcDjnXO6d4yWCK23b31ZubX1jcyu/XdjZ3ds/KB4eNVScSoZ1FotYtjyqUPAI65prga1EIg09gU1veDvzmyOUisfRox4n6Ia0H/GAM6qN5GK3Qjr3Ju7TbqVXLNllew6ySpyMlCBDrVf86vgxS0OMNBNUqbZjJ9qdUKk5EzgtdFKFCWVD2se2oRENUbmT+dFTcmYUnwSxNC/SZK7+npjQUKlx6JlkSPVALXsz8T+vnerg2p3wKEk1RmyxKEgF0TGZNUB8LpFpMTaEMsnNrYQNqKRMm54KpgRn+curpHFRdgx/uCxVb7I68nACp3AODlxBFe6gBnVg8ATP8Apv1sh6sd6tj0U0Z2Uzx/AH1ucPhWCRRg==</latexit><latexit sha1_base64="EiR8NySGrVATly+ESvEZiod7Kxw=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwg2YTZ2bvJkNmHM7OBEPIdNhaK2Poxdv6Nk2QLTTwwcDjnXO6d4yWCK23b31ZubX1jcyu/XdjZ3ds/KB4eNVScSoZ1FotYtjyqUPAI65prga1EIg09gU1veDvzmyOUisfRox4n6Ia0H/GAM6qN5GK3Qjr3Ju7TbqVXLNllew6ySpyMlCBDrVf86vgxS0OMNBNUqbZjJ9qdUKk5EzgtdFKFCWVD2se2oRENUbmT+dFTcmYUnwSxNC/SZK7+npjQUKlx6JlkSPVALXsz8T+vnerg2p3wKEk1RmyxKEgF0TGZNUB8LpFpMTaEMsnNrYQNqKRMm54KpgRn+curpHFRdgx/uCxVb7I68nACp3AODlxBFe6gBnVg8ATP8Apv1sh6sd6tj0U0Z2Uzx/AH1ucPhWCRRg==</latexit><latexit sha1_base64="EiR8NySGrVATly+ESvEZiod7Kxw=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwg2YTZ2bvJkNmHM7OBEPIdNhaK2Poxdv6Nk2QLTTwwcDjnXO6d4yWCK23b31ZubX1jcyu/XdjZ3ds/KB4eNVScSoZ1FotYtjyqUPAI65prga1EIg09gU1veDvzmyOUisfRox4n6Ia0H/GAM6qN5GK3Qjr3Ju7TbqVXLNllew6ySpyMlCBDrVf86vgxS0OMNBNUqbZjJ9qdUKk5EzgtdFKFCWVD2se2oRENUbmT+dFTcmYUnwSxNC/SZK7+npjQUKlx6JlkSPVALXsz8T+vnerg2p3wKEk1RmyxKEgF0TGZNUB8LpFpMTaEMsnNrYQNqKRMm54KpgRn+curpHFRdgx/uCxVb7I68nACp3AODlxBFe6gBnVg8ATP8Apv1sh6sd6tj0U0Z2Uzx/AH1ucPhWCRRg==</latexit><latexit sha1_base64="EiR8NySGrVATly+ESvEZiod7Kxw=">AAAB9HicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwg2YTZ2bvJkNmHM7OBEPIdNhaK2Poxdv6Nk2QLTTwwcDjnXO6d4yWCK23b31ZubX1jcyu/XdjZ3ds/KB4eNVScSoZ1FotYtjyqUPAI65prga1EIg09gU1veDvzmyOUisfRox4n6Ia0H/GAM6qN5GK3Qjr3Ju7TbqVXLNllew6ySpyMlCBDrVf86vgxS0OMNBNUqbZjJ9qdUKk5EzgtdFKFCWVD2se2oRENUbmT+dFTcmYUnwSxNC/SZK7+npjQUKlx6JlkSPVALXsz8T+vnerg2p3wKEk1RmyxKEgF0TGZNUB8LpFpMTaEMsnNrYQNqKRMm54KpgRn+curpHFRdgx/uCxVb7I68nACp3AODlxBFe6gBnVg8ATP8Apv1sh6sd6tj0U0Z2Uzx/AH1ucPhWCRRg==</latexit>

=) C log e2
<latexit sha1_base64="WfV+ZM99P4I52cf68DjIVrWNRPk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJEXRZ7MZlBXuBJpbJ9KQdOpmEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpR2nG+rtLG5tb1T3q3s7R8cHtnHJ10Vp5JCh8Y8lv2AKOBMQEczzaGfSCBRwKEXTFvzeu8RpGKxuNdZAn5ExoKFjBJtrKFd9Vhk9oDCLezxeIzhoTG0a07dWQivg1tADRVqD+0vbxTTNAKhKSdKDVwn0X5OpGaUw6zipQoSQqdkDAODgkSg/Hxx/AyfG2eEw1iaJzReuL8nchIplUWB6YyInqjV2tz8rzZIdXjt50wkqQZBl4vClGMd43kSeMQkUM0zA4RKZm7FdEIkodrkVTEhuKtfXoduo+4avrusNW+KOMroFJ2hC+SiK9REt6iNOoiiDD2jV/RmPVkv1rv1sWwtWcVMFf2R9fkDYs6T7g==</latexit><latexit sha1_base64="WfV+ZM99P4I52cf68DjIVrWNRPk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJEXRZ7MZlBXuBJpbJ9KQdOpmEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpR2nG+rtLG5tb1T3q3s7R8cHtnHJ10Vp5JCh8Y8lv2AKOBMQEczzaGfSCBRwKEXTFvzeu8RpGKxuNdZAn5ExoKFjBJtrKFd9Vhk9oDCLezxeIzhoTG0a07dWQivg1tADRVqD+0vbxTTNAKhKSdKDVwn0X5OpGaUw6zipQoSQqdkDAODgkSg/Hxx/AyfG2eEw1iaJzReuL8nchIplUWB6YyInqjV2tz8rzZIdXjt50wkqQZBl4vClGMd43kSeMQkUM0zA4RKZm7FdEIkodrkVTEhuKtfXoduo+4avrusNW+KOMroFJ2hC+SiK9REt6iNOoiiDD2jV/RmPVkv1rv1sWwtWcVMFf2R9fkDYs6T7g==</latexit><latexit sha1_base64="WfV+ZM99P4I52cf68DjIVrWNRPk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJEXRZ7MZlBXuBJpbJ9KQdOpmEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpR2nG+rtLG5tb1T3q3s7R8cHtnHJ10Vp5JCh8Y8lv2AKOBMQEczzaGfSCBRwKEXTFvzeu8RpGKxuNdZAn5ExoKFjBJtrKFd9Vhk9oDCLezxeIzhoTG0a07dWQivg1tADRVqD+0vbxTTNAKhKSdKDVwn0X5OpGaUw6zipQoSQqdkDAODgkSg/Hxx/AyfG2eEw1iaJzReuL8nchIplUWB6YyInqjV2tz8rzZIdXjt50wkqQZBl4vClGMd43kSeMQkUM0zA4RKZm7FdEIkodrkVTEhuKtfXoduo+4avrusNW+KOMroFJ2hC+SiK9REt6iNOoiiDD2jV/RmPVkv1rv1sWwtWcVMFf2R9fkDYs6T7g==</latexit><latexit sha1_base64="WfV+ZM99P4I52cf68DjIVrWNRPk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJEXRZ7MZlBXuBJpbJ9KQdOpmEmYkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SzpR2nG+rtLG5tb1T3q3s7R8cHtnHJ10Vp5JCh8Y8lv2AKOBMQEczzaGfSCBRwKEXTFvzeu8RpGKxuNdZAn5ExoKFjBJtrKFd9Vhk9oDCLezxeIzhoTG0a07dWQivg1tADRVqD+0vbxTTNAKhKSdKDVwn0X5OpGaUw6zipQoSQqdkDAODgkSg/Hxx/AyfG2eEw1iaJzReuL8nchIplUWB6YyInqjV2tz8rzZIdXjt50wkqQZBl4vClGMd43kSeMQkUM0zA4RKZm7FdEIkodrkVTEhuKtfXoduo+4avrusNW+KOMroFJ2hC+SiK9REt6iNOoiiDD2jV/RmPVkv1rv1sWwtWcVMFf2R9fkDYs6T7g==</latexit>



A model: free electron gas
Characteristic momentum scale is 

<latexit sha1_base64="SB/dKKqbg90JNzsUyUr/xZ8A9iw="></latexit>

kF ' �TF ' 2⇡/a ' 5 keV

All “ordinary” materials have

In real life, plasmon has finite width…

screening and collective modes single-particle elastic scattering
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<latexit sha1_base64="6aizMNlNEje7sxNijx0VapT458I="></latexit>
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plasmon <latexit sha1_base64="N3fNsPayciv5st7wKiLcc2hZDzk="></latexit>!p

<latexit sha1_base64="jmj3OFDNahUgbLnouS9kFU+g91c="></latexit>

q ⌧ kF
<latexit sha1_base64="5zK9lukfnwIvbOX7Ose9tFGbxcU="></latexit>

q � kF

<latexit sha1_base64="EKzhvafCL1S03XXO4G2JuMbkfvg="></latexit>

vF ' 10�2, !p ' 15 eV

[Berggren, Hochberg, YK, Kurinsky, Lehmann, Yu, arXiv:2101.08263]Yoni Kahn backup


