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Motivation
• Non-perturbative effects play a decisive role in string phenomenology. 

Since the 80s, they have been used to stabilize moduli. 


• This role continues in recent times, e.g. gaugino condensation on branes is 
a key element in many proposed dS constructions e.g., KKLT/LVS.


• Non-perturbative effects localized on branes introduce subtleties:
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The relevant terms of the action that involve the 4-form flux are the bulk kinetic
term and the localized coupling to the source jABC ∼ 〈χ̄aΓABCχa〉. We assume that the
source is constant in 10d, and use A,B, . . . for 10-dimensional indices tangent to the
boundary, and I, J, . . . for 11-dimensional ones. Schematically, the action contains:

SG ∼ −
∫

M11

d11x
√
−g

(

GIJKLG
IJKL − δ(x11)GABC11j

ABC
)

. (3)

Here we have placed the boundary where gaugino condensation occurs at x11 = 0. At
this point we only want to describe the structure of the action, and hence are not keeping
track of overall coefficients, or even relative ones (the precise action can be found in [37]).

It is immediate from (3) that the solutions to the equations of motion involve fluxes
that diverge at the boundary GABC11 ∼ δ(x11)jABC . The δ-function should be interpreted
as a UV-divergence that would be regularized in a full microscopic treatment where the
boundary has a finite thickness. What is worrisome, however, is that the action (3) is
UV divergent on-shell, SG ∼ δ(0), and hence sensitive to the regularization procedure.

The fate of this infinite contribution was clarified in [37,38,43]. It was shown that su-
persymmetry requires the presence of a quartic gaugino term in the action that precisely
cancels the divergence. In fact, adding this term to (3), the action involving GABC11 takes
a simple quadratic form
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∫

M11

d11x
√
−g

(

GABC11 −
1

2
δ(x11)jABC

)2

. (4)

The quadratic form of the action is reminiscent of the one that arises in weakly coupled
heterotic theory [35] and can be expected from duality considerations to hold rather
generally. The difference with the heterotic case is that the gaugino source is localized to
a boundary while the flux propagates in the bulk, leading to the mentioned divergences.

It is clear, nevertheless, that the on-shell action (4) will be finite and will in fact
vanish. That is, unless there is a topological obstruction that prevents the G-flux to
exactly compensate for the gaugino contribution.

In order to see how this works in more detail, we discuss now a greatly simplified
toy model. We consider a five dimensional field theory of a zero-form gauge field φ. This
field couples to a constant source j that is localized in the fifth dimension, at y = 0. In
analogy to (4), we take the action to be

S = −
∫

M5

(dφ− jδ(y)dy)∧ ∗ (dφ− jδ(y)dy) . (5)

A supersymmetric version of this model was considered in [43], where the quadratic
structure of the action was shown to be required by supersymmetry.

The equation of motion for φ reads

d ∗ (dφ− jδ(y)dy) = 0 =⇒ dφ = jδ(y)dy + αIdx
I . (6)
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Supersymmetry suggests how to regularize the action

Only if this UV divergence is properly regularized can we extract physically meaningful results.



Motivation
• Our work is a continuation of this quest. Codimension ≥ 2 branes introduce 

new subtleties, but a properly regularized, local action is finally obtained. 


• FAQ: Gaugino condensation is an IR phenomenon, what is the point of this 
microscopic (10d) treatment?


• What this 10d treatment teaches us is how the brane gauginos interact with 
the bulk fields regardless of whether the gauginos condense or not.


• 4d EFT arguments alone do not tell us anything about small couplings, e.g.,

Figure from Sundrum



Motivation
• An accurate description of brane-bulk interactions is particularly crucial in 

string theory because of the Dine-Seiberg problem:


• Weak coupling vacua necessitate small numbers in the EFT, e.g., in KKLT:
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A microscopic treatment is necessary

for substantiating these constructions


as well as quantifying corrections.



Motivation
• It has been argued that an  fraction of the compactification is singular 

[Gao-Hebecker-Junghans, ’20]. Resolution of such singularity would necessarily 
modify the compactification geometry [Carta-Moritz, ‘21]. 


• A regularized, local brane action is needed to capture the interactions 
among the brane and bulk fields which are smeared in the 4d EFT.


• Our results are general for flux compactifcation with branes, but for the 
sake of presentation, KKLT will be used as a proxy.
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[See Hebecker’s talk on

the “singular bulk” problem]



Brane Gauginos in 10d



10d no-go theorems

• Consider Einstein equation in 10d and its trace over 4d indices:


• For a warped ansatz:     


Useful for no-go theorems: most sources have Δ>0!
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10d no-go theorems

• KKLT:  uplift from gaugino condensate and anti D3-branes


 : easily computed from the D3-brane world-volume action


 : inferred from the D7-brane action with 

Claim:  both  and  are strictly positive!? “Flattening”??


Problem: calculations of  were UV divergent and regularization dependent!!
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Brane Gaugino Action

• A goal of our work [Hamada, Hebecker, GS, Soler, ’18, ’19, ’21] is to properly 
regularize the brane action such that physically meaningful finite 
quantities e.g.   from the D7-action can be computed 
and compared with 4d SUGRA expectation:


The action was known up to order  in gauginos


Problem: this action diverges if used to order   
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Brane Gaugino Action

• Unlike the codimension 1 case (c.f. Horava-Witten), the “perfect square 
structure” leaves us with a non-local tail [Hamada, Hebecker, GS, Soler, ’18]:


• Similar non-locality appears in [Kachru, Kim, McAllister, Zimet, '19] where the brane-
localized quartic gaugino term depends on the brane transverse volume.


• These actions are at best approximations where effects that should be 
localized to D7-branes have been smeared over the internal space. 


• For reasons discussed above, we need a microscopic description to 
accurately capture the interactions among localized sources and bulk fields.

As already mentioned, our axio-dilaton is constant. We also setC0 = 0, such that
G = F3 ! ! H3 = F3 ! ie! ! H3. The delta function " (0)

i is a zero-form that localizes the
integral to the surface! i wrapped by the i -th D7-brane. We have furthermore avoided
introducing a numerical constant governing the strength of the gaugino-ßux coupling by
absorbing this constant into the gauginos. This a" ects the normalization of the gaugino
kinetic term, but is not relevant for the terms that we are interested in at this point (the
gaugino normalization will play a role in section 4.3). The last term in (3) istopological
and characterizes the contribution of the O3-planes and curved O7s/D7s to the energy
density. It can be written as an integral overG " G by D3 tadpole cancellation and the
BPS condition (see e.g. [54], App. A.2).
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It is easy to see from (3) how the 3-form ßux is sourced by the gaugino bilinears.
The equations of motion and Bianchi identity forG read

d $ G = 2 d $ j = 2 e! ! / 2
#
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$2
i d

&
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, d G = 0 . (6)

The solution is simply

G = G(0) + 2Pe(j ) = G(0) + 2 e! ! / 2
#

i

$2
i Pe("

(0)
i # ) (7)

where G(0) is a harmonic form independent of$2 and Pe(#) refers to the exact part in
the Hodge decomposition of#. We take G(0) to be the quantized 3-form ßux underlying
our type-IIB ßux compactiÞcation.

A problem arises if one attempts to use (3) to reproduce the 4d e" ective action (1),
including the quartic gaugino terms. Upon inserting the solution (7) into (3) one obtains
a badly divergent on-shell action. InÞnities arise from the term|j |2 % |$2|2(" (0) )2 and
from the term |G ! 2j |2 % |2Pc(j )|2, where Pc(j ) is the co-exact part of the sourcej .
Here we have neglected Þnite, harmonic pieces ofG and of the Hodge decomposition
of j . We also recall from [11] thatPc(j ) diverges as 1/z 2 when approaching the brane
locus in the transverse plane parameterized byz & . Moreover, this divergence has an
obvious fundamental origin in the impossibility to compensate the co-exact part of 2j
by a Þeld strengthG (which is closed by the Bianchi identity).

This is not too unexpected nor, in principle, too problematic, since the action (3) is an
expansion to Þrst order in$2, while the divergences arise at quartic gaugino order|$2|2.
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• Regularizing the D7 action while respecting locality turns out to be 
very challenging and has been completed only recently


• Only the last term diverges (for i=j), but it also contains crucial 
finite contributions from (self) intersections of D7-stacks


• CY intersection numbers:  𝒦 ij =
!

' i 4 ' j 4 J , [' i] 5 H(1,1)
+

(! G± = ± iG ± )
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• With this insight, we can write a local finite action:


1. Write  in a 10d covariant way: 
2. Check that   reduces to   upon CY compactification


3. Compute  and check that:    

S { %,# 3, J} . 6 8

S S4d,sugra

* ,%%- ' # $
!

* = ' KKLT

* $ (Tm
m " T"

" )

With this regularized action, we have done further to:

A finite local brane gaugino action

Hamada, Hebecker, GS, Soler, ’18, ’19, ’21

c.f. Kallosh ’19; Carta, Moritz, Westphal ’19;


Gautason, Van Hemelryck, Van Riet, Venken ’19; 

Kachru, Kim, McAllister, Zimet ’19; Retolaza, Rogers, Tatar, Tonioni ’21
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• This is not 10d covariant:  are 4d gauginos;  ,  and  are 
defined with respect to the internal CY. We should use


 is a covariantly const. spinor on the holomorphic D7i-cycle 
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• To see how  can be expressed in terms of the internal spinor:


• The covariantly constant internal spinor  satisfies:


• Putting things together:
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As we will demonstrate below, this reproduces the correct 4d supergravity Lagrangian.
But we can do more than that: We will also be able to express the critical last term in
(18) as an integral of a local 8d Lagrangian over the brane! i . Explicitly, we will see that

! 2
i !

2
i K ii ! ! 2

i !
2
i

!

! i

F (Ni ) " J !
!

! i

d4y
#

g("
c
i [$ I , $ J ]#AB #IJ " c

i )(" i #AB " i ) . (19)

Here in the Þrst step, as will be explained in detail below,Kii is rewritten in terms of an
integral of a local geometric quantity. Concretely,F (Ni ) is the curvature two-form of the
normal bundle Ni of ! i . In the second step, this local geometric quantity is expressed
through objects, speciÞcally the 8d gaugino" i and the Riemannian connection$ , which
are suitable ingredients in a standard 8d brane action. Thus, the procedure taking us
from the well-known quadratic action (3) to our Þnal result, the Þnite quartic action
(18), represents a conventional renormalization process: It subtracts a local divergence,
the last term in (10), replacing it with a Þnite local operator, the Þnal expression in (19).

3 The 8d local covariant action

Our goal in this section is to demonstrate that the renormalization procedure explained
above can be implemented consistently with 10d covariance and locality. The non-trivial
point is to show that last term of the Lagrangian (18) withi = j , i.e. ! 2

i !
2
i K ii , can be

given as an integral of a local geometric expression over the brane. Moreover, we will
write this expression in terms of 8d gauginos" i , avoiding the 4d gauginos! i which have
no place in an 8d brane Lagrangian. In short, we will show that (19) holds.

3.1 The geometric formulation of Kii

We want to write Kii =
"

[! i ] " [! i ] " J as an integral of a local geometric expression over
the brane. Focusing on one particular brane, the indexi may be dropped:! i % ! . We
Þrst note that the Poincare dual [! ] & H 2(X, Z) of the D7-brane divisor! is identical to
the Þrst Chern class of the line bundleO(! ) which deÞnes! (see e.g. Proposition 4.4.13
of [56]):

c1(O(! )) = [ ! ] . (20)

From this we obtain

K!! '
!

X
[! ] " [! ] " J =

!

!
c1(O(! )) " J =

!

!
F (N ) " J . (21)

Here N denotes the normal bundle of! , F (N ) is its curvature 2-form, and we used the
identiÞcation O(! )

#
#
!

= N . As a matter of principle, we are now done sinceF (N ) and
J are both quantities which are known as soon as the local geometry near the brane is
given.

For the purpose of writing our result using 8d gauginos, we Þrst express it in terms
of the covariantly constant SO(4) spinor " in the spin bundle on! . Since we assume
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that one supersymmetry is preserved, such a spinor always exists. By our assumption we
have Dm ! = 0, such that the spinor satisÞes3

! c[Dm , Dn]! = 0 . (22)

The covariant derivative Dm is deÞned to include both the Riemannian spin connection
and the U(1) connection, associated with the line bundleN , by which the D7-brane
gauge theory is twisted (see e.g. [59]).4 In the present section, Latin lower-case indices
label the four internal directions of! . Since we are dealing with spinors in curved space,
we Þnd it convenient to use frame (rather than coordinate) indicesthroughout the paper.

Since the structure group of the spin bundle of! and the U(1) commute, the curva-
ture 2-form associated with [Dm , Dn] is given by the sum of the Riemannian curvature
and that of the U(1) connection. Thus, (22) implies

! cRmn ! + ! cFmn ! = 0 , (23)

whereFmn are the components of the curvature 2-formF (N ) introduced earlier. Using
the covariant derivative ! m of the Riemannian geometry on the brane, we haveRmn =
[! m , ! n ]. This allows us to write (21) as

K!! = "
i
4

!

!
d4y

#
g ! c [! m , ! n ] ! Jkl "mnkl , (24)

where we also used the normalization! c! = " i !   ! = " i . We may furthermore express
the (pullback of the) Kahler form Jkl in terms of the covariantly constant spinor and
SO(4) #-matrices as

Jkl = ! c #kl ! . (25)

We hence conclude that the quartic gaugino piece$2$
2
K!! of the e" ective La-

grangian (19) is given by

2L eff, ! 4 $ 3!$2$
2

K!! = "
3 i
2

$2$
2

!

!
d4y

#
g (! c [! m , ! n ] ! ) ( ! c #kl ! ) "mnkl . (26)

We have managed to express the 4d e" ective Lagranian in terms of local quantities
deÞned on! , in particular the covariantly constant SO(4) spinor! . The remaining task
is to write down an 8d covariant Lagrangian in terms of 8d gauginos# which reduces to
the above when# = $ %! .

3.2 A covariant local expression for $2
i $

2
i K ii

Rather than working up from (26) and inferring the appropriate 8dcovariant action, we
Þnd it simpler to present the result and show that it indeed reduces to eq. (26). We hence

3We follow the conventions of [57,58] and present the most relevantexpressions in Appendix A.
4We note that ! may be interpreted in a canonical way as living in the spin bundle onX (pulled

back to ! ). In this case the Riemannian spin connection on! and the U(1) connection discussed above
are merged in the spin connection onX .
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the above when# = $ %! .

3.2 A covariant local expression for $2
i $

2
i K ii

Rather than working up from (26) and inferring the appropriate 8dcovariant action, we
Þnd it simpler to present the result and show that it indeed reduces to eq. (26). We hence

3We follow the conventions of [57,58] and present the most relevantexpressions in Appendix A.
4We note that ! may be interpreted in a canonical way as living in the spin bundle onX (pulled

back to ! ). In this case the Riemannian spin connection on! and the U(1) connection discussed above
are merged in the spin connection onX .
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• After some very messy (Fierz) manipulations:


Hamada, Hebecker, GS, Soler, ‘21

S10d = "
1

2 !
10d

e! G+ " e" ! /2
!

i

%%i &D7i
# 3

2

"
1

2 !
10d

e! ! G(0)
" !2 +

!
10d

e! ! G(0)
+ !2 + 3!

ij

(%%)i (%%)j 𝒦 ij

S10d = 2 %2 " 2 div + 2 %4

= "
1

4
e!

!
G 4 *G "

i

4
e!

!
G 4 G "

1

2
e! /2

!
i

( !
D7i

GMNzi
6 i 8MN 6 i + c.c.

)

+
1

2 !
i

!
D7i

&(0)
i ( 6 c

i 8MN 6 c
i ) ( 6 i 8

MN6 i )

+
3 i

16 !
i

!
D7i

d4y g (6 c
i [ 9 M,9 N] 8KL8MN6 c

i ) ( 6 i 8KL6 i) ,

Covariant action



   upon CY compactification
S10d . S4d,sugra

Hamada, Hebecker, GS, Soler, ’18, ’21



• Solving for G, this action can be casted in 4d N=1 SUGRA with:

S10d : S4d,sugra

Hamada, Hebecker, Shiu, PS, ‘21

S10d = "
1

2 !
10d

e! G+ " e" ! /2
!

i

%%i &D7i
# 3

2

"
1

2 !
10d

e! ! G(0)
" !2 +

!
10d

e! ! G(0)
+ !2 + 3!

ij

(%%)i (%%)j 𝒦 ij

K = " 2 log[ 𝒦 (T) , øT*)] " log [" i(+" ø+)] , W =
!

G 4 # , fi(T) = Ti $ 𝒦 i

where 𝒦 , 𝒦 ) , 𝒦 ) * , 𝒦 ) * , are 6-, 4-, 2-, 0-volumes (intersection numbers) of the CY

S10d . " e" K e" K/2

4 ( ; T)
fi) %%i + DT)

W

2

+ ! D+W!2 " 3! W!2 = S4d,sugra



Compute  (and ) from 10d
* ,%%- * D3

Hamada, Hebecker, GS, Soler, ’19



• Given our finite action, one can revisit the 10d analysis of KKLT


10d KKLT step 0:   * = * GKP = 0

 𝒱 6 ' (#) = "
!

d6y g # 10(y) *

= scaling w/ 

  volume T

(No-scale) Minkowski vacua

* $ (Tm
m " T"

" )

* =
1

2 ( " T"
" + Tm

m) =
(

2 " gmn ; 2

; gmn)

' # = 0



• Given our finite action, one can revisit the 10d analysis of KKLT


10d KKLT step 1:     computed from      
* = * ,%%- S,%%-. e" T

 𝒱 6 ' (#) = "
!

d6y g # 10(y) *

= scaling w/ 

  volume T

Same as KKLT  AdS result on-shell

* $ (Tm
m " T"

" )

* =
1

2 ( " T"
" + Tm

m) =
(

2 " gmn ; 2

; gmn)

' # $ "
(

e" 2T "
1

T
W0 e" T

)
+

1

2T
e" 2T

' # $
1

2
T

; V,%%-

; T
+ V,%%- :

T. T0

V,%%-
T0



• Given our finite action, one can revisit the 10d analysis of KKLT


10d KKLT step 1:     computed from      
* = * ,%%- S,%%-. e" T

 𝒱 6 ' (#) = "
!

d6y g # 10(y) *

= scaling w/ 

  volume T

Same as KKLT  AdS result on-shell

* $ (Tm
m " T"

" )

* =
1

2 ( " T"
" + Tm

m) =
(

2 " gmn ; 2

; gmn)

' # $ "
(

e" 2T "
1

T
W0 e" T

)
+

1

2T
e" 2T

' # $
1

2
T

; V,%%-

; T
+ V,%%- :

T. T0

V,%%-
T0

Subleading in 1/T terms 

come from renormalization 


of gauge couplings

[Kaplunovsky, Louis, ‘91]



• Given our finite action, one can revisit the 10d analysis of KKLT


10d KKLT step 2:      


Contribution from  is negligible:    

* = * ,%%- + * D3

* D3 # 8(yD3) * D3 / 0

 𝒱 6 ' (#) = "
!

d6y g # 10(y) *

= scaling w/ 

  volume T

 Same off-shell formula as in step 1, different on-shell result

* $ (Tm
m " T"

" )

* =
1

2 ( " T"
" + Tm

m) =
(

2 " gmn ; 2

; gmn)

' # $
1

2
T

; V,%%-

; T
+ V,%%- =

[V=V%%+VD3]
"

1

2
T

; VD3

; T
+ V,%%- :

VD3$T" 2

VD3 + V,%%- ÷T0



Summary



Summary
• We have discussed several motivations that necessitate a microscopic 

description of brane-localized non-perturbative effects.


• We have completed the D7-brane action for gauginos and their coupling to 
3-form flux up to the quartic order. 


• The properly regularized action is free of divergences & local: a necessary 
first step for quantitative studies of flux compactification with branes.


• This microscopic action 1) reduces upon Calabi-Yau compactification to:

and 2) the 10d computation of  matches with 4d results of KKLT.

• It would be interesting to confirm our results with a 10d Noether procedure 
[Horava, Witten, ’96] or by completing the -symmetric D7-brane action [Grana, 
Kovensky, Retolaza, ’20];[Retolaza, Rogers, Tatar, Tonioni, ’21] to quartic order.

' 4

-

 2 4d = eK
( ! DTW0 + e" K/2 %%!2 " 3! W0!2

)


