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• Our objective is to obtain the real world from a string compactification

• We would happily start with a modestly unreal world

        supersymmetry in 4 dimensionsN = 1

The Unreal World

Because it is Ricci flat, the 
Calabi–Yau geometry ensures 
4d supersymmetry

Use topological and geometric 
features of  the Calabi–Yau to 
recover aspects of  the real world

Candelas, Horowitz, Strominger, Witten (1985)



Calabi–Yau

There is a nowhere vanishing holomorphic    -formn

The canonical bundle is trivial

There is a Kähler metric with holonomy in SU(n)

Mee (2012)Mee (2012)
<latexit sha1_base64="pcNRIeGehxsoiN3gvafEJe2ib88="></latexit>

z51 + z52 + z53 + z54 + z55 = 0 ⇢ P4



Why a Metric?

• Quantities relevant for phenomenology rely on knowing the metric

– Yukawa couplings in heterotic compactifications

– Kinetic terms from Kähler potential for matter

– Moduli stabilization

• To date, the best we can do is proceed with numerical approximations on 
Calabi–Yau threefolds

• Is it good enough to calculate, e.g., the mass of  the electron?

• Numerous constructions of  Standard Model — i.e., correct matter spectrum 
and interactions — from knowing only topology Braun, He, Ovrut, Pantev (2005) 

Bouchard, Donagi (2005)



Machine Learning in hep-th

Topological Invariants 
of  CICYs

Bull, He, VJ, Mishra (2018, 2019) 
Erbin, Finotello (2020)

<latexit sha1_base64="vgXr/yu4NEZhMZmFGZj6cHIEAXQ=">AAAB/XicdZDLSgMxFIYz9VbrrV52boKl4GrIFK3trujGZQWrQqeUTHpag5kLyRmxDsVXceNCEbe+hzvfxrRWUNEfAj/fOYdz8geJkgYZe3dyM7Nz8wv5xcLS8srqWnF948zEqRbQErGK9UXADSgZQQslKrhINPAwUHAeXB2N6+fXoI2Mo1McJtAJ+SCSfSk4WtQtblXcWtUv+9RHuMEMtI71qFssMXefefVqlTKXMW+v5llTr9cspJ4lY5XIVM1u8c3vxSINIUKhuDFtjyXYybhGKRSMCn5qIOHiig+gbW3EQzCdbHL9iJYt6dF+rO2LkE7o94mMh8YMw8B2hhwvze/aGP5Va6fYr3UyGSUpQiQ+F/VTRTGm4yhoT2oQqIbWcKGlvZWKS665QBtYwYbw9VP6vzmruN6+y072So3DaRx5sk12yC7xyAFpkGPSJC0iyC25J4/kyblzHpxn5+WzNedMZzbJDzmvH7uilM4=</latexit>

2.86% error

Knot Theory

Hughes (2016) 
VJ, Kar, Parrikar (2019) 

Levitt, Hajij, Sazdanovic (2019) 
Gukov, Halverson, Ruehle, Sulkowski (2020) 

Craven, VJ, Kar (2020)
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QCD

Hashimoto, Sugishita, Tanaka, Tomiya (2018) 
Hashimoto (2019) 

Akutagawa, Hashimoto, Sugimoto (2020) 
Gal, VJ, Mayorga Peña, Mishra (2020)

<latexit sha1_base64="XRfBeNAZTf5GzhJdxgiJFJlCmrA=">AAAB/HicdZDLSsNAFIYn9V5vUZduBovgKiRae9kV3bhUsLbQhDKZnurg5MLMiRhCfRU3LhRx64O4822c2goq+sPAz3fO4Zz5w1QKja77bpVmZufmFxaXyssrq2vr9sbmhU4yxaHNE5mobsg0SBFDGwVK6KYKWBRK6ITXx+N65waUFkl8jnkKQcQuYzEUnKFBfXur6dT9XZ/6CLdYgFKJGvXtiuscul6zVqOu47peteEZ02w2DKSeIWNVyFSnffvNHyQ8iyBGLpnWPc9NMSiYQsEljMp+piFl/JpdQs/YmEWgg+Lz+BHdNWRAh4kyL0b6Sb9PFCzSOo9C0xkxvNK/a2P4V62X4bARFCJOM4SYTxYNM0kxoeMk6EAo4ChzYxhXwtxK+RVTjKPJq2xC+Pop/d9c7DtezTk4q1ZaR9M4Fsk22SF7xCN10iIn5JS0CSc5uSeP5Mm6sx6sZ+tl0lqypjNb5Ies1w9Le5SY</latexit>

9.7% error

• Many other hep-th and math results in this direction in recent years
He(2017) 
Krefl, Seong (2017) 
Ruehle(2017) 
Carifio, Halverson, Krioukov, Nelson (2017)

,
.
.
 



Feedforward Neural Networks
Input vector

Neuron

Schematic representation of  feedforward neural network. The top figure denotes the perceptron (a single neuron), 
the bottom, the multiple neurons and multiple layers of  the neural network.

Mathematica 10+

Rosenblatt (1957)



Collaborators 

Damián Kaloni Mayorga Peña Challenger Mishra

arXiv:2012.15821, 21mm.nnnnn



Other Work
• Efforts in finding/using numerical metrics

• Parallel Machine Learning successes in finding Calabi–Yau metrics

Ashmore, He, Ovrut (2019) 
Anderson, Gerdes, Gray, Krippendorf, Raghuram, Ruehle (2020) 
Douglas, Lakshminarasimhan, Qi (2020)

Headrick, Wiseman (2005) 
Donaldson (2005) 
Douglas, Karp, Lukic, Reinbacher (2006) 
Braun, Brelidze, Douglas, Ovrut (2007, 2008) 
Headrick, Nasser (2009) 
Anderson, Braun, Karp, Ovrut (2010) 
Anderson, Braun, Ovrut (2011) 
Cui, Gray (2019) 
Ashmore (2020) 
Ashmore, Ruehle (2021)

• Analytic K3 metrics
Kachru, Tripathy, Zimet (2018, 2020)



CICYs
• Torus:

<latexit sha1_base64="n3gy8u1AUtaWcXAkpx4Og0F44NM=">AAACF3icbVDLSgMxFM34rPU16tJNsAiCMMy0om6EohuXFewDOtMhSdM2NPMgyQjt0L9w46+4caGIW935N2baWWjrgXAP59xL7j045kwq2/42lpZXVtfWCxvFza3tnV1zb78ho0QQWicRj0QLI0k5C2ldMcVpKxYUBZjTJh7eZH7zgQrJovBejWLqBagfsh4jSGnJN62x73Qq8BSO/XJeK7peQRu6MsGSKugGSA0wTmuTTtk3S7ZlTwEXiZOTEshR880vtxuRJKChIhxJ2XbsWHkpEooRTidFN5E0RmSI+rStaYgCKr10etcEHmulC3uR0C9UcKr+nkhRIOUowLoz21HOe5n4n9dOVO/SS1kYJ4qGZPZRL+FQRTALCXaZoETxkSaICKZ3hWSABCJKR1nUITjzJy+SRtlyzq3K3Vmpep3HUQCH4AicAAdcgCq4BTVQBwQ8gmfwCt6MJ+PFeDc+Zq1LRj5zAP7A+PwB0Zecqg==</latexit>

z31 + z32 + z33 = 0 ⇢ P2

• K3:
<latexit sha1_base64="ln3fxhDyWoC65tCGryPj4L1HBqw="></latexit>

z41 + z42 + z43 + z44 = 0 ⇢ P3

• Fermat quintic:
<latexit sha1_base64="zDsqtmkh7JxWDyXbK1a6F8dBIbU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0UQhJL0oW6UohuXFWwrNGmYTCft0MmDmYnQhv6NG3/FjaAiuvRPnLRZaOuB4RzOvZe597gRo0IaxpeWW1peWV3Lrxc2Nre2d/TdvZYIY45JE4cs5PcuEoTRgDQllYzcR5wg32Wk7Q6v03r7gXBBw+BOjiJi+6gfUI9iJJXl6Jdjx+zW4AkcO+WMKxlXM64pvoAGtETsCiKh5SM5cN2kMelWHb1olIwp4KIwM1EEGRqO/mr1Qhz7JJCYISE6phFJO0FcUszIpGDFgkQID1GfdJQMkE+EnUzvnMAj5fSgF3L1Agmn7u+JBPlCjHxXdaY7ivlaav5X68TSO7cTGkSxJAGefeTFDMoQpqHBHuUESzZSAmFO1a4QDxBHWKpoCyoEc/7kRdEql8zTUuW2WqxfZXHkwQE4BMfABGegDm5AAzQBBo/gGbyBd+1Je9E+tM9Za07LZvbBH2jfP0bioWk=</latexit>

z51 + z52 + z53 + z54 + z55 = 0 ⇢ P4

• Dwork quintic:
<latexit sha1_base64="Sa+wygHWORvS/pgfkkdLnPU/ieM="></latexit>

z51 + z52 + z53 + z54 + z55 � 5 z1z2z3z4z5 = 0 ⇢ P4 ,  6= 1

• Tian–Yau:
<latexit sha1_base64="lE7/KRupMnMECeLK3q75QsRg89E="></latexit>
P3 3 0 1
P3 0 3 1

�14,23

�=�18

<latexit sha1_base64="/R18/7CauwQ5mUjYYFuPO84j3Ms="></latexit>

()

8
<

:

↵ijkzizjzk = 0
�ijkwiwjwk = 0
�ijziwj = 0

Greene, Kirklin, Miron, Ross (1986)

<latexit sha1_base64="ZreIthvXCrUkbldENXqlrFImSEo=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4KkkrfeyKblxWsA/sDCWTZtrQTGZIMkIZ+htuXCji1p9x59+YaSuo6IHA4Zx7uSfHjwXXBqEPJ7e2vrG5ld8u7Ozu7R8UD4+6OkoUZR0aiUj1faKZ4JJ1DDeC9WPFSOgL1vOnV5nfu2dK80jemlnMvJCMJQ84JcZKrhsSM/H99G4+rA6LJVRGCGGMYUZwvYYsaTYbFdyAOLMsSmCF9rD47o4imoRMGiqI1gOMYuOlRBlOBZsX3ESzmNApGbOBpZKETHvpIvMcnlllBINI2ScNXKjfN1ISaj0LfTuZZdS/vUz8yxskJmh4KZdxYpiky0NBIqCJYFYAHHHFqBEzSwhV3GaFdEIUocbWVLAlfP0U/k+6lTKulas3F6XW5aqOPDgBp+AcYFAHLXAN2qADKIjBA3gCz07iPDovzutyNOesdo7BDzhvn0kEkd4=</latexit>Z3

<latexit sha1_base64="XTKCX0LhZrE56PQyMLz50iMfFps=">AAAB8HicdVDLSgMxFM34rPVVdekmWAQ3lqRKHwuh6MZlBfuQdiiZNNOGJpkhyQil9CvcuFDErZ/jzr8x01ZQ0QMXDufcy733BLHgxiL04S0tr6yurWc2sptb2zu7ub39pokSTVmDRiLS7YAYJrhiDcutYO1YMyIDwVrB6Cr1W/dMGx6pWzuOmS/JQPGQU2KddNelQw4v4Gmpl8ujAkIIYwxTgssl5Ei1WiniCsSp5ZAHC9R7ufduP6KJZMpSQYzpYBRbf0K05VSwababGBYTOiID1nFUEcmMP5kdPIXHTunDMNKulIUz9fvEhEhjxjJwnZLYofntpeJfXiexYcWfcBUnlik6XxQmAtoIpt/DPteMWjF2hFDN3a2QDokm1LqMsi6Er0/h/6RZLOBS4ezmPF+7XMSRAYfgCJwADMqgBq5BHTQABRI8gCfw7Gnv0XvxXuetS95i5gD8gPf2CWUEj4I=</latexit>

� = �6a freely acting       quotient gives a Calabi–Yau with

<latexit sha1_base64="7nqu0xl0i7ZzWRCbaaolDj/TU/g="></latexit>⇢
h1,1 = 1
h1,2 = 101



The Metric
• Calabi–Yau manifold       is complex and Kähler

• Metric obtained from Kähler potential

<latexit sha1_base64="d5fjYJlbLGNe1U1cCOygzhTRZxc=">AAAB8nicdVDLSsNAFL2pr1pfVZduBovgKiRWtN0V3bgRKtgHpKFMppN26CQTZiZCCf0MNy4UcevXuPNvnLQVfB4YOJxzL3PuCRLOlHacd6uwtLyyulZcL21sbm3vlHf32kqkktAWEVzIboAV5SymLc00p91EUhwFnHaC8WXud+6oVEzEt3qSUD/Cw5iFjGBtJK8XYT0imGfX03654thOveZU6+g3cW1nhgos0OyX33oDQdKIxppwrJTnOon2Myw1I5xOS71U0QSTMR5Sz9AYR1T52SzyFB0ZZYBCIc2LNZqpXzcyHCk1iQIzmUdUP71c/MvzUh3W/IzFSappTOYfhSlHWqD8fjRgkhLNJ4ZgIpnJisgIS0y0aalkSvi8FP1P2ie2e2ZXb04rjYtFHUU4gEM4BhfOoQFX0IQWEBBwD4/wZGnrwXq2XuajBWuxsw/fYL1+AAMCkcI=</latexit>

M

<latexit sha1_base64="fFLcxvQZsjNo/SrKwN3bpAiqXoU="></latexit>

gab̄ = @a@b̄ logK(z, z̄)

• Metric can be used to construct (1,1) Kähler form

• Ricci tensor is
<latexit sha1_base64="G1Z/+dpTeQFCof0COM3MT/tnhxY="></latexit>

Rab̄ = @a@b̄ log det g

closed:
<latexit sha1_base64="jrU1e5yKQORDM91Pr76oxtj+hrE=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmVPhZC0Y24qmBroR1KJpNpYzOTIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77/FiwbVB6MPJLS2vrK7l1wsbm1vbO8XdvY6WiaKsTaWQqusRzQSPWNtwI1g3VoyEnmC33vgi82/vmdJcRjdmEjM3JMOIB5wSY6WOfwXPIBoUS6iMEMIYw4zgWhVZ0mjUK7gOcWZZlMACrUHxve9LmoQsMlQQrXsYxcZNiTKcCjYt9BPNYkLHZMh6lkYkZNpNZ9dO4ZFVfBhIZSsycKZ+n0hJqPUk9GxnSMxI//Yy8S+vl5ig7qY8ihPDIjpfFCQCGgmz16HPFaNGTCwhVHF7K6Qjogg1NqCCDeHrU/g/6VTKuFo+uT4tNc8XceTBATgExwCDGmiCS9ACbUDBHXgAT+DZkc6j8+K8zltzzmJmH/yA8/YJSqKOTw==</latexit>

dJ = 0
<latexit sha1_base64="5/TYAvrLBU8M6ExCxSttewELlFA="></latexit>

J =
i

2
gab̄ dz

a ^ dz̄b̄
<latexit sha1_base64="LroTrbOsTII7ck8ne/Yp/gjQgO4=">AAAB+3icdVDLSkMxEM2tr1pftS7dBIvgqiRV+lgIRTfixgr2AW0puem0Dc19kOSqpfRX3LhQxK0/4s6/MbetoKIHBg7nzDAzxw2l0IaQDyextLyyupZcT21sbm3vpHczdR1EikONBzJQTZdpkMKHmhFGQjNUwDxXQsMdncd+4xaUFoF/Y8YhdDw28EVfcGas1E1nLtt30BsAbl95MGD4FJNuOktyhBBKKY4JLRaIJeVyKU9LmMaWRRYtUO2m39u9gEce+IZLpnWLktB0JkwZwSVMU+1IQ8j4iA2gZanPPNCdyez2KT60Sg/3A2XLN3imfp+YME/rsefaTo+Zof7txeJfXisy/VJnIvwwMuDz+aJ+JLEJcBwE7gkF3MixJYwrYW/FfMgU48bGlbIhfH2K/yf1fI4WcsfXJ9nK2SKOJNpHB+gIUVREFXSBqqiGOLpHD+gJPTtT59F5cV7nrQlnMbOHfsB5+wRgK5Nh</latexit>

J ^ ⌦ = 0



Yau’s Theorem
• To every closed (1,1)-form                  representing the first Chern class       

of  a Kähler manifold        , there is a unique Kähler metric in the same 
Kähler class whose Ricci tensor (form) is the closed (1,1)-form

<latexit sha1_base64="MTatjtbxEoh2YK2Hjn9c2s2JgWo=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqqMtiN26ECvYBTQiT6aQdOpmEmYlQQpZu/BU3LhRx6ye482+ctFlo64ELh3Pu5d57/JhRqSzr21haXlldWy9tlDe3tnd2zb39jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT9cTP3uw9ESBrxezWJiRuiIacBxUhpyTOPnEAgnNpZWndimsGmZ1edEKkRRiy9zU49s2LVrCngIrELUgEFWp755QwinISEK8yQlH3bipWbIqEoZiQrO4kkMcJjNCR9TTkKiXTT6SMZPNHKAAaR0MUVnKq/J1IUSjkJfd2Z3yjnvVz8z+snKrhyU8rjRBGOZ4uChEEVwTwVOKCCYMUmmiAsqL4V4hHSySidXVmHYM+/vEg69Zp9UTu7O680ros4SuAQHIMqsMElaIAb0AJtgMEjeAav4M14Ml6Md+Nj1rpkFDMH4A+Mzx+6SJko</latexit>

1

2⇡
C1(M)

<latexit sha1_base64="mNQw1UsXy30Ag300iXJDsjebVks=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6rLoxo1QwT6gDWEynbRDJ5MwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb2tldW19Y7O0Vd7e2d3btw8OWypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORne53x5TqVgsnvQkoV6EB4KFjGBtJN+2ie9WexHWQ4J59jA98+2KU3NmQMvELUgFCjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTabmXKppgMsID2jVU4IgqL5sln6JTo/RRGEvzhEYz9fdGhiOlJlFgJvOMatHLxf+8bqrDGy9jIkk1FWR+KEw50jHKa0B9JinRfGIIJpKZrIgMscREm7LKpgR38cvLpHVec69qF4+XlfptUUcJjuEEquDCNdThHhrQBAJjeIZXeLMy68V6tz7moytWsXMEf2B9/gC0+pMS</latexit>

c1(M)
<latexit sha1_base64="271Ob00c4bC+zh2bBKqev0uNsww=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMq6rLoxo1QwT5gOpRMmmlDM8mQ3BHK0M9w40IRt36NO//GTDsLbT0QOJxzLzn3hIngBlz32ymtrK6tb5Q3K1vbO7t71f2DtlGppqxFlVC6GxLDBJesBRwE6yaakTgUrBOOb3O/88S04Uo+wiRhQUyGkkecErCS34sJjCgR2f20X625dXcGvEy8gtRQgWa/+tUbKJrGTAIVxBjfcxMIMqKBU8GmlV5qWELomAyZb6kkMTNBNos8xSdWGeBIafsk4Jn6eyMjsTGTOLSTeUSz6OXif56fQnQdZFwmKTBJ5x9FqcCgcH4/HnDNKIiJJYRqbrNiOiKaULAtVWwJ3uLJy6R9Vvcu6+cPF7XGTVFHGR2hY3SKPHSFGugONVELUaTQM3pFbw44L8678zEfLTnFziH6A+fzB4UmkWs=</latexit>

M
<latexit sha1_base64="R8qbBTgjO5sCAREBt7qI6ojm3VU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyVRUZfFbtwIFewD2hAm02k7dDIJM5NCCf0TNy4UceufuPNvnLRZaOuBgcM593LPnCDmTGnH+bYKa+sbm1vF7dLO7t7+gX141FJRIgltkohHshNgRTkTtKmZ5rQTS4rDgNN2MK5nfntCpWKReNLTmHohHgo2YARrI/m2XffdSi/EekQwTx9m575ddqrOHGiVuDkpQ46Gb3/1+hFJQio04VipruvE2kux1IxwOiv1EkVjTMZ4SLuGChxS5aXz5DN0ZpQ+GkTSPKHRXP29keJQqWkYmMkso1r2MvE/r5vowa2XMhEnmgqyODRIONIRympAfSYp0XxqCCaSmayIjLDERJuySqYEd/nLq6R1UXWvq5ePV+XaXV5HEU7gFCrgwg3U4B4a0AQCE3iGV3izUuvFerc+FqMFK985hj+wPn8AgpqS8g==</latexit>

C1(M)
Calabi (1957) 
Yau (1977)

• Yau’s proof  of  Calabi’s conjecture is not constructive

• Solve classical Monge–Ampère equation for real valued    
<latexit sha1_base64="NXwYcXGiuCx2+S29kshCcKG+iWM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JtlCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rl49XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB95o+u</latexit>'

<latexit sha1_base64="ntmhqeWQigehAbnWLH4RfiFaPI0="></latexit>

det
�
gab̄ + @a@b̄'

�
= ef det gab̄

any smooth function of  average 1positive definite

• Then                         , Kähler metric, can attain any Ricci (curvature) form 
in the class referred to in Calabi conjecture

<latexit sha1_base64="TAUquq/yUOeBF8UVnQoMm6BgT0s="></latexit>

J + i@a@b̄'



Donaldson’s Algorithm
• Start from Fubini–Study metric on projective space, which is Kähler

<latexit sha1_base64="PGJwW1i8JHd/jXF/xrz0G+D12Y8="></latexit>

K(z, z̄) =
1

⇡
log |z|2 , |z|2 =

n+1X

a=1

zaz̄ā

<latexit sha1_base64="5DwhsaxnzlEyzd8wg/woKVQ7ji8="></latexit>

gab̄ = @a@b̄K =
|z|2�ab̄ � zaz̄b̄

⇡|z|4

• Pullback of  the Fubini–Study metric onto the embedded CICY 
hypersurface is not Ricci flat

• However, it supplies a starting point for an iterative construction

• A valid Kähler potential is
<latexit sha1_base64="HpJeehAeMypjx6BTOqYkewUVt8A="></latexit>

K(k)(z, z̄) =
1

k⇡
log(hab̄sas̄b̄)

element of  a basis of  degree     holomorphic polynomials over
<latexit sha1_base64="tXsO51q6jAds8k+rglz1COU79h8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4Ct1RstyCXjwmYBZIhtDT6SRteha6e4Qw5Au8eFDEq5/kzb+xJ4mgog8KHu9VUVXPi6TQBuMPJ7O2vrG5ld3O7ezu7R/kD4/aOowV4y0WylB1Paq5FAFvGWEk70aKU9+TvONNr1O/c8+VFmFwa2YRd306DsRIMGqs1JwO8gVcxBgTQlBKSKWMLanVqiVSRSS1LAqwQmOQf+8PQxb7PDBMUq17BEfGTagygkk+z/VjzSPKpnTMe5YG1OfaTRaHztGZVYZoFCpbgUEL9ftEQn2tZ75nO31qJvq3l4p/eb3YjKpuIoIoNjxgy0WjWCITovRrNBSKMyNnllCmhL0VsQlVlBmbTc6G8PUp+p+0S0VSLl40Lwv1q1UcWTiBUzgHAhWoww00oAUMODzAEzw7d86j8+K8LlszzmrmGH7AefsEIiaNLQ==</latexit>

k
<latexit sha1_base64="jcJWZMYnT0nWbYxxWXI73q5PS74=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxo1QwT5gOpRMmrahmWRIMkIZ+hluXCji1q9x59+YaSuo6IHA4Zx7ybknjAU3FqEPb2V1bX1jM7eV397Z3dsvHBy2jUo0ZS2qhNLdkBgmuGQty61g3VgzEoWCdcLJVeZ37pk2XMk7O41ZEJGR5ENOiXWS34uIHVMi0ptZv1BEJYQQxhhmBFcryJF6vVbGNYgzy6EIlmj2C++9gaJJxKSlghjjYxTbICXacirYLN9LDIsJnZAR8x2VJGImSOeRZ/DUKQM4VNo9aeFc/b6RksiYaRS6ySyi+e1l4l+en9hhLUi5jBPLJF18NEwEtApm98MB14xaMXWEUM1dVkjHRBNqXUt5V8LXpfB/0i6XcKV0fntRbFwu68iBY3ACzgAGVdAA16AJWoACBR7AE3j2rPfovXivi9EVb7lzBH7Ae/sE0hyRoQ==</latexit>

M

• Kodaira embedding



Donaldson’s Algorithm
• Let       be the dimension of  such a basis and define<latexit sha1_base64="B+oL5h8Mb2cwTlJqBady5rRazQo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRiyepaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekSleSwfzDhBP6IDyUPOqLHS/W1v1CtX3Ko7A/lLvJxUIEe9V/7s9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUKOrNInYaxsSUNm6s+JjEZaj6PAdkbUDPWiNxX/8zqpCS/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQvMWX/5LmSdU7r57enVVqV3kcRTiAQzgGDy6gBjdQhwYwGMATvMCrI5xn5815n7cWnHxmH37B+fgGJjiNuA==</latexit>

Nk

<latexit sha1_base64="4+hw09AuGrN9OgyBtF4py7+9W7c="></latexit>

Hab̄ =
Nk

Vol⌦

Z

M
dVol⌦

sasb̄

hcd̄scsd̄

• At level    use,                            and proceed iteratively until achieving a 
“balanced metric”

<latexit sha1_base64="NTwbtT195ZTNEzVlhh/4MEaYtCw=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFZIY2rorunHZgn1AG8pketOOnTyYmQgl9AvcuFDErZ/kzr9x0lZQ0QMXDufcy733+AlnUlnWh1FYW9/Y3Cpul3Z29/YPyodHHRmngkKbxjwWPZ9I4CyCtmKKQy8RQEKfQ9efXud+9x6EZHF0q2YJeCEZRyxglCgttabDcsUyL+tVx61iy7Ssmu3YOXFq7oWLba3kqKAVmsPy+2AU0zSESFFOpOzbVqK8jAjFKId5aZBKSAidkjH0NY1ICNLLFofO8ZlWRjiIha5I4YX6fSIjoZSz0NedIVET+dvLxb+8fqqCupexKEkVRHS5KEg5VjHOv8YjJoAqPtOEUMH0rZhOiCBU6WxKOoSvT/H/pOOYdtW8aLmVxtUqjiI6QafoHNmohhroBjVRG1EE6AE9oWfjzng0XozXZWvBWM0cox8w3j4BNT+NOQ==</latexit>

k
<latexit sha1_base64="3HnhhFSsWXcXo2iuzbBLchKvD3I="></latexit>

h
ab̄ = (Hab̄)

�1

<latexit sha1_base64="NkaIM0uBH6Z4UzeziyoPppsVYkM=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZI0tHVXdNNlBfuAJpTJdNIOnUzCzEQoIb/hxoUibv0Zd/6Nk7aCih64cDjnXu69J0gYlcqyPozSxubW9k55t7K3f3B4VD0+6cs4FZj0cMxiMQyQJIxy0lNUMTJMBEFRwMggmN8U/uCeCEljfqcWCfEjNOU0pBgpLXmdcYa8AIksyPNxtWaZV62G4zagZVpW03bsgjhNt+5CWysFamCN7rj67k1inEaEK8yQlCPbSpSfIaEoZiSveKkkCcJzNCUjTTmKiPSz5c05vNDKBIax0MUVXKrfJzIUSbmIAt0ZITWTv71C/MsbpSps+RnlSaoIx6tFYcqgimERAJxQQbBiC00QFlTfCvEMCYSVjqmiQ/j6FP5P+o5pN8z6rVtrX6/jKIMzcA4ugQ2aoA06oAt6AIMEPIAn8GykxqPxYryuWkvGeuYU/IDx9gm3SZIn</latexit>

Hab̄

• As      increases, the balanced metric approaches the Ricci flat metric
<latexit sha1_base64="JmsXqpd/lgdAhBerFa9Qstr6an8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJRvyxXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH1SGM9w==</latexit>

k
Tian (1990) 
Donaldson (2005)

• Baseline for comparison 

• Numerical implementations of  this are computationally expensive
Douglas, Karp, Lukic, Reinbacher (2006) 
Braun, Brelidze, Douglas, Ovrut (2007) 
Ashmore, He, Ovrut (2019)



Flatness Measure
• We use    -measure

• Two expressions for volume

<latexit sha1_base64="j7asUJHJvH9blqDxfPpqpng4IAY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXcMGAvfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fnvuPKw==</latexit>�
<latexit sha1_base64="5P81AO/u6GzspH1rOQq7tyntZwE="></latexit>

� =
1

Vol⌦

Z

M
dVol⌦

����1�
Vol⌦
VolJ

· J ^ · · · ^ J

⌦ ^ ⌦̄

����

<latexit sha1_base64="HFb27gQiFhMSFllVaLXOZevcEwA="></latexit>

Vol⌦ =

Z

M
⌦ ^ ⌦̄

<latexit sha1_base64="sbTH0GcULnPagHyvHn3a9Wm8yEk="></latexit>

VolJ =

Z

M
J ^ · · · ^ J

• Upon rescaling, this measure becomes zero when
<latexit sha1_base64="/7xgfAfwM2SMJhfMgJv05g0A1HM=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjMq1mXRjXRjBfuAzlAymds2NDMZkoxShn6KG3/FjQtFdKdfY/oCbT0QOJxzLzfn+DFnStv2l5VZWl5ZXcuu5zY2t7Z38rt7dSUSSaFGBRey6RMFnEVQ00xzaMYSSOhzaPj9q5HfuAepmIju9CAGLyTdiHUYJdpI7XzJvQmhS7D7AEEXsOsTOVNiKWItcGViuTQQWs3mKu18wS7aY+BF4kxJAU1Rbec/3UDQJIRIU06Uajl2rL2USM0oh2HOTRTEhPZJF1qGRiQE5aXjgEN8ZJQAd4Q0L9J4rP7eSEmo1CD0zWRIdE/NeyPxP6+V6M6Fl7IoTjREdHKok3Bsco/awgGTQDUfGEKoZOavmPaIJFSbTnOmBGc+8iKpnxSd8+Lp7VmhfDmtI4sO0CE6Rg4qoTK6RlVUQxQ9omf0it6sJ+vFerc+JqMZa7qzj/7A+v4BJSGi+Q==</latexit>

⌦ ^ ⌦̄ / J ^ · · · ^ J

in terms of  top holomorphic  
and antiholomorphic forms

in terms of  (1,1) Kähler form



Other Measures
• Kähler measure

• Compatibility measure

<latexit sha1_base64="prEH9TOdrNCdCQJ2NszdM7IBO7M="></latexit>

 =
Vol1/nJ

Vol⌦

Z

M
dVolJ |k|2 closed:

<latexit sha1_base64="jrU1e5yKQORDM91Pr76oxtj+hrE=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4KkmVPhZC0Y24qmBroR1KJpNpYzOTIckIZeg/uHGhiFv/x51/Y6atoKIHLhzOuZd77/FiwbVB6MPJLS2vrK7l1wsbm1vbO8XdvY6WiaKsTaWQqusRzQSPWNtwI1g3VoyEnmC33vgi82/vmdJcRjdmEjM3JMOIB5wSY6WOfwXPIBoUS6iMEMIYw4zgWhVZ0mjUK7gOcWZZlMACrUHxve9LmoQsMlQQrXsYxcZNiTKcCjYt9BPNYkLHZMh6lkYkZNpNZ9dO4ZFVfBhIZSsycKZ+n0hJqPUk9GxnSMxI//Yy8S+vl5ig7qY8ihPDIjpfFCQCGgmz16HPFaNGTCwhVHF7K6Qjogg1NqCCDeHrU/g/6VTKuFo+uT4tNc8XceTBATgExwCDGmiCS9ACbUDBHXgAT+DZkc6j8+K8zltzzmJmH/yA8/YJSqKOTw==</latexit>

dJ = 0

measures disagreement of  numerical metric 
on different coordinate patches of  manifold

<latexit sha1_base64="KgKlXvXJdKt6C7SmmgaLyvEsniM="></latexit>

µ =
1

Np!

X

m,n

X

m0,n0

1

Vol⌦

Z

M
dVolJ |M(m,n;m0n0)|

number of  patches

<latexit sha1_base64="fr28EnR2gU5nGJbQ65nM+/+WP5k="></latexit>

M = g(m,n) � Jac · g(m
0,n0) · Jac

label patches
<latexit sha1_base64="IoJWJP4Ke75OEbZV+Yc4lt1O/to=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4KkmVPnZFNy4r2Ae0Q8mkmTY0yYxJRqilP+HGhSJu/R13/o2ZtoKKHrhwOOde7r0niAU3FqEPL7Oyura+kd3MbW3v7O7l9w9aJko0ZU0aiUh3AmKY4Io1LbeCdWLNiAwEawfjy9Rv3zFteKRu7CRmviRDxUNOiXVS574ve4pB1M8XUBEhhDGGKcGVMnKkVquWcBXi1HIogCUa/fx7bxDRRDJlqSDGdDGKrT8l2nIq2CzXSwyLCR2TIes6qohkxp/O753BE6cMYBhpV8rCufp9YkqkMRMZuE5J7Mj89lLxL6+b2LDqT7mKE8sUXSwKEwFtBNPn4YBrRq2YOEKo5u5WSEdEE2pdRDkXwten8H/SKhVxuXh2fV6oXyzjyIIjcAxOAQYVUAdXoAGagAIBHsATePZuvUfvxXtdtGa85cwh+AHv7RPAhY/N</latexit>

zm 6= 0
<latexit sha1_base64="7f8BUura8/TN/xVAcmBRI3lb7wk=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexEyeMW9OIxonlAsoTZyWwyZHZ2mZkVYsgnePGgiFe/yJt/42wSQUULGoqqbrq7/FhwbVz3w8msrK6tb2Q3c1vbO7t7+f2Dlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98WXqt++Y0jySt2YSMy8kQ8kDTomx0s19X/bzBbfoui7GGKUEV8quJbVatYSrCKeWRQGWaPTz771BRJOQSUMF0bqL3dh4U6IMp4LNcr1Es5jQMRmyrqWShEx70/mpM3RilQEKImVLGjRXv09MSaj1JPRtZ0jMSP/2UvEvr5uYoOpNuYwTwyRdLAoSgUyE0r/RgCtGjZhYQqji9lZER0QRamw6ORvC16fof9IqFXG5eHZ9XqhfLOPIwhEcwylgqEAdrqABTaAwhAd4gmdHOI/Oi/O6aM04y5lD+AHn7RO6wo4d</latexit>zn dependent coordinate

<latexit sha1_base64="pkgmzkmxymFx1RDuhtQeKLZjJLQ="></latexit>

|k|2 =
X

a,b,c̄

|kabc̄|2 , kabc̄ = @agbc̄ � @bgac̄



Strategy
• Decompose metric as

diagonal matrix

lower triangular 
1s along diagonal

• Initialize metric at random

• Give the neural network the metric at points on manifold and query the 
trained neural network for the metric at new points

<latexit sha1_base64="iAZIAXUCCh7qS3JIW+IxgkRHPt0=">AAACL3icbVDLSsNAFJ34rPUVdelmsAgupCQq6kYoKuKiiwr2AUksk8k0HTp5MDMRSsgfufFXuhFRxK1/4TSNoK0Hhjmcc++dO8eNGRXSMF61ufmFxaXl0kp5dW19Y1Pf2m6JKOGYNHHEIt5xkSCMhqQpqWSkE3OCApeRtju4GvvtR8IFjcJ7OYyJEyA/pD2KkVRSV79J7XyIxX3XSY2qkeNwhmQ+vIB1aGMvkvC6uOsPtod8n/Csq1d+KuEsMQtSAQUaXX1kexFOAhJKzJAQlmnE0kkRlxQzkpXtRJAY4QHyiaVoiAIinDRfNYP7SvFgL+LqhBLm6u+OFAVCDANXVQZI9sW0Nxb/86xE9s6dlIZxIkmIJw/1EgZlBMfhQY9ygiUbKoIwp2pXiPuIIyxVxGUVgjn95VnSOqqap9Xju5NK7bKIowR2wR44ACY4AzVwCxqgCTB4AiPwBt61Z+1F+9A+J6VzWtGzA/5A+/oGsDikDw==</latexit>

g = L ·D · L†

• Use gradient descent to minimize loss function

<latexit sha1_base64="dKL8ZW0VLhw0LiQU+c+yAfikHI8="></latexit>

Loss = ↵�� + ↵+ ↵µµ



Neural Network

• Neural network architecture

• Implemented using pytorch

6.2 Neural network architecture

Our goal is to approximate the Hermitian Calabi–Yau metric from the output of a neural

network. As an n ⇥ n Hermitian matrix, the metric g can be parameterized in terms of the

following product

g = L ·D · L†
, (6.10)

where L is a lower triangular matrix with ones along the diagonal and D is a diagonal matrix

with real entries. L contains n(n � 1) real parameters, and D must consist of n real and

positive numbers. This is a variant of the classical Cholesky decomposition. Since we want

the metric to be generated from neural network outputs, we employ two neural networks for

this process. The first artificial neural network (ANN1) produces n outputs o(1)1 , . . . , o
(1)
n that

will serve to construct the matrix D. A priori these outputs need not to be positive, and for

this reason we construct D with the output exponentials or squares

D = diag(eo
(1)
1 , . . . , e

o
(1)
n ), or, D = diag((o(1)1 )2, . . . , (o(1)n )2) . (6.11)

The second artificial neural network (ANN2) outputs o(2)i are combined into the entries of the

matrix L. Figure 2 displays the architecture of the neural network. For example, in the K3

case the metric L takes the form

L =

 
1 0

o
(2)
1 + io(2)2 1

!
(6.12)

ANN1
x1

x2

...

xn�1

ANN2

Eigenvalues

L entries

g

Figure 2. Flow chart of the algorithm. Two separate neural networks provide the eigenvalues as well

as the entries of the diagonal matrix L. They get combined into the metric g that is used to minimize

the combined loss function for both networks simultaneously.

The best architecture found for our purposes is to take ANN1 and ANN2 to be be

multi–layer perceptron (MLP) neural networks with three hidden layers. Each hidden layer

– 13 –

<latexit sha1_base64="jYFcOkfCq0JHfYo1aGcpL30f/kE=">AAACBnicdVDLSgMxFM3UV62vUZciBIvgqkyq9LEQirpw0UUF+4DOWDKZdBqaeZBkhFK6cuOvuHGhiFu/wZ1/Y6atoKIHLvdwzr0k97gxZ1JZ1oeRWVhcWl7JrubW1jc2t8ztnZaMEkFok0Q8Eh0XS8pZSJuKKU47saA4cDltu8Pz1G/fUiFZFF6rUUydAPsh6zOClZZ65r4PT2Ed2sSLFLyY9/qN7WHfp6Jn5q2CZVkIIZgSVC5ZmlSrlSKqQJRaGnkwR6NnvtteRJKAhopwLGUXWbFyxlgoRjid5OxE0hiTIfZpV9MQB1Q64+kZE3ioFQ/2I6ErVHCqft8Y40DKUeDqyQCrgfztpeJfXjdR/YozZmGcKBqS2UP9hEMVwTQT6DFBieIjTTARTP8VkgEWmCidXE6H8HUp/J+0igVUKhxfneRrZ/M4smAPHIAjgEAZ1MAlaIAmIOAOPIAn8GzcG4/Gi/E6G80Y851d8APG2yfMq5d7</latexit>

g = L ·D · L†

metric at 
points <latexit sha1_base64="LtSCt8ydjGJT4EdBZkEyY75vRzE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexEyeMW9OIxonlAsoTZyWwyZHZ2mZkVQ8gnePGgiFe/yJt/42wSQUULGoqqbrq7/FhwbVz3w8msrK6tb2Q3c1vbO7t7+f2Dlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98WXqt++Y0jySt2YSMy8kQ8kDTomx0s19n/fzBbfoui7GGKUEV8quJbVatYSrCKeWRQGWaPTz771BRJOQSUMF0bqL3dh4U6IMp4LNcr1Es5jQMRmyrqWShEx70/mpM3RilQEKImVLGjRXv09MSaj1JPRtZ0jMSP/2UvEvr5uYoOpNuYwTwyRdLAoSgUyE0r/RgCtGjZhYQqji9lZER0QRamw6ORvC16fof9IqFXG5eHZ9XqhfLOPIwhEcwylgqEAdrqABTaAwhAd4gmdHOI/Oi/O6aM04y5lD+AHn7ROwIo4W</latexit>xi



Point Selection
• CICY hypersurfaces (torus, K3, quintics)

• Lines in         are uniformly distributed with respect to
<latexit sha1_base64="SwcuvJviBhG/c27ah6llxKvkLOg=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgqsy0Q1t3RTcuK9gHdMaSSdM2NJMZkoxQhv6GGxeKuPVn3Pk3ZtoKKnogcDjnXu7JCWLOlLbtDyu3tr6xuZXfLuzs7u0fFA+POipKJKFtEvFI9gKsKGeCtjXTnPZiSXEYcNoNpleZ372nUrFI3OpZTP0QjwUbMYK1kTwvxHoSBGlrficGxZJdvmjUKm4N2WXbrjsVJyOVult1kWOUDCVYoTUovnvDiCQhFZpwrFTfsWPtp1hqRjidF7xE0RiTKR7TvqECh1T56SLzHJ0ZZYhGkTRPaLRQv2+kOFRqFgZmMsuofnuZ+JfXT/So4adMxImmgiwPjRKOdISyAtCQSUo0nxmCiWQmKyITLDHRpqaCKeHrp+h/0qmUnVq5euOWmperOvJwAqdwDg7UoQnX0II2EIjhAZ7g2UqsR+vFel2O5qzVzjH8gPX2CaS+kho=</latexit>

Pn <latexit sha1_base64="Lzd1ruMlVHbrD3bIw4s1E1WsTt8=">AAAB7nicdVBNS8NAEN34WetX1aOXxSJUhJCkoa23ohePFU1baEPZbDft0s0m7G6EEvojvHhQxKu/x5v/xk1bQUUfDDzem2FmXpAwKpVlfRgrq2vrG5uFreL2zu7efungsC3jVGDi4ZjFohsgSRjlxFNUMdJNBEFRwEgnmFzlfueeCEljfqemCfEjNOI0pBgpLXVuvQo/t88GpbJlXjRqjluDlmlZdduxc+LU3aoLba3kKIMlWoPSe38Y4zQiXGGGpOzZVqL8DAlFMSOzYj+VJEF4gkakpylHEZF+Nj93Bk+1MoRhLHRxBefq94kMRVJOo0B3RkiN5W8vF//yeqkKG35GeZIqwvFiUZgyqGKY/w6HVBCs2FQThAXVt0I8RgJhpRMq6hC+PoX/k7Zj2jWzeuOWm5fLOArgGJyACrBBHTTBNWgBD2AwAQ/gCTwbifFovBivi9YVYzlzBH7AePsEIk6OzQ==</latexit>

SU(n+ 1)
symmetry of  Fubini–Study metric

• Choose points on manifold from intersection of  each line in the ambient 
space with the hypersurface 

Point Sampling 

Building Lines in   
- Start with selecting random points in                          and use each 

point to build a complex vector                  . Discard those vectors 
with  

- Project      onto the surface of the unitary sphere  

- As points in     ,  the rescaled   ’s are uniformly distributed with 
respect to the                      symmetry of the Fubini-Study metric in       

-  Use any two unitary  ’s to construct a line  

- The sample points in the hypersurface of interest are obtained as

Pn

x

x

x

x

Pn

[�1, 1]2(n+1)

v 2 Cn+1

|v| > 1

S2n+1v

Lij = {vi + �vj |� 2 C}

v
Pn

SU(n+ 1)

Lij \ {p = 0}

Anderson, Braun Karp, Ovrut’10
Braun, Brelidze, Douglas, Ovrut’07

Ashmore, He, Ovrut’19

Braun, Brelidze, Douglas, Ovrut (2007) 
Anderson, Braun, Karp, Ovrut (2010) 
Ashmore, He, Ovrut (2019)



Points on Torus
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zm 6= 0
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Flat Metric



Points on Fermat Quintic
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Points on Dwork Quintic
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Curvature on Fermat Quintic



Fermat Quintic
train test
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Fermat Quintic
train test
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Fermat Quintic
train test
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Fermat Quintic
train test
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Comparison to Donaldson
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Discrete Symmetries
• Fermat quintic invariant under
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5zi , !5 = e2⇡i/5

• Measure using

• Consistency check, but also learning while performing an auxiliary task
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Tian–Yau
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•                ; we don’t have control of  which Kähler class we land in     
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h1,1 = 14

• Can augment by extra condition in loss function

function. It seems that for this example the network produces a broader dispersion of outputs

for the test data than in the previous examples.
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Figure 11. Evolution of �-measures and volume distributions with respect to the Fubini–Study met-

ric, for the Tian–Yau manifold (2.8). Figures in the first column show the evolution of � for both

training and test sets, for three activation functions, namely, ReLU, tanh, and logistic sigmoid, which

correspond to the three rows, while figures in the second column show the volume distribution for the

training points, before and after training. Figures in the third column show the same for the test points.

In contrast to the previous hypersurface cases where one has permutation symmetries

that permit us to infer an identical structure of the metric in all of the patches, for the Tian–

Yau manifold one has four di↵erent classes of patches. This makes it hard to evaluate the

µ-measure. One possibility to follow this approach is to employ a pair of neural networks per

class.
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Ricci Flow
• Every simply connected, closed three manifold is homeomorphic to S3

• Solved using Ricci flow with surgery

In fact, Perelman’s result is more general: it proves geometrization conjecture 
— analogue of  uniformization theorem in 2d

Thurston (1982) 
Hamilton (1982-1999)

• In fact, Perelman considered gradient flow equations associated to entropy 
functional

F =

Z

M
dV e�f (R+ (rf)2)

• Ricci flow is like RG evolution of  non-linear sigma model on string 
worldsheet with target space metric gµ⌫

fixed points are Ricci flat

Poincaré (1904) 
Perelman (2002, 2003)

Friedan (1980)
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Kähler–Ricci Flow
• Equations of  motion
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@

@�
f = ��f �R backward heat equation

modified flow equation
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@

@�
gab̄ = �(Ricab̄ +rarb̄f)

• Flow preserves Kähler class of  metric

• Start with pullback of  Fubini–Study metric and solve Ricci flow equations

• Loss function encodes equations of  motion

• Preliminary results



Ricci Flow on Torus



Work in Progress

• How metric changes as a function of  complex structure parameters in, for 
example, mirror quintic

• Tian–Yau, split bicubic, and other manifolds with 
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h1,1 > 1

• Generalized CICYs Anderson, Apruzzi, Gao, Gray, Lee (2015)

with Berglund, Hübsch

• Top down look at low energy effective action in 4d in realistic string 
compactification

• Toric Calabi–Yau from Kreuzer–Skarke and 
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