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Symmetric Mass Generation

Giving masses to fermions preserving symmetries 
that you might naively think should be broken.
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Figure 41: The dispersion relation for a

right-handed fermion in the continuum

Figure 42: A possible deformation to

keep the dispersion periodic in the Bril-

louin zone (with a = 1).

|k| = ⇡/a. We then identify the states at k = ±⇡/a. Although this seems rather mild,

it’s done something drastic to the chiral symmetry. If we take, say, a right-moving

excitation with k > 0 and accelerate it, it will eventually circle the Brillouin zone and

come back as a left-moving excitation. This is shown graphically by the fact that the

blue line connects to the orange line at the edge of the Brillouin zone. (This is similar

to the phenomenon of Bloch oscillations observed in cold atom systems; see the lectures

on Applications of Quantum Mechanics.) Said another way, to get such a dispersion

relation we must include an interaction term between  + and  �. This means that,

even without introducing gauge fields, there is no separate conservation of left and

right-moving particles: we have destroyed the chiral symmetry. Note, however, that

we have to excite particles to the maximum energy to see violation of chiral symmetry,

so it presumably survives at low energies.

Suppose that we insist that we wish to preserve chiral symmetry. In fact, suppose

that we try to be bolder and put just a single right-moving fermion  + on a lattice.

We know that the dispersion relation E(k) crosses the E = 0 axis at k = 0, with

dE/dk > 0. But now there’s no other line that it can join. The only option is that

the dispersion relation also crosses the E = 0 at some other point k 6= 0, now with

dE/dk < 0. An example is shown in right hand figure above. Now the lattice has

an even more dramatic e↵ect: it generates another low energy excitation, this time a

left-mover. We learn that we don’t have a theory of a chiral fermion at all: instead

we have a theory of two Weyl fermions of opposite chirality. Moreover, once again

a right-moving excitation can evolve continuously into a left-moving excitation. This

phenomenon is known as fermion doubling.

You might think that you can simply ignore the high momentum fermion. And, of
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• Nielsen-Ninomiya theorem

• Interacting topological insulators

Motivation
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‘t Hooft anomaly = obstruction to gauging

The ‘t Hooft anomaly characterises the symmetry and does not change under deformations or RG.

The Obstacle: the 't Hooft Anomaly

Consider a global symmetry G



The Obstacle: the 't Hooft Anomaly

• If the the ‘t Hooft anomaly for a continuous global symmetry is non-vanishing 
then the theory must be gapless.

• In a chiral gauge theory, the ‘t Hooft anomaly necessarily vanishes!
So there is no obstacle to gapping fermions.
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How to Gap Chiral Fermions

Razamat and Tong ‘20

i.e. chiral + vector-like = vector-like

We must typically add new degrees of freedom.

Energy
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dial parameters to deform theory
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Basic idea

Now introduce a new additional confining force that acts on some subset of the fermions, say 
just the left-handed ones above.

In certain, very special circumstances, these fermions can bind together into a new massless 
composite fermion. 
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Take a collection of chiral fermions transforming under some symmetry, let’s call it G
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where, if you’re lucky,          transforms under G in the same way as       . Then

Simportant =

Z
d4x kinetic terms + y

✓
1

a
�†
?
⌦�?�1 � �†

?�1⌦
†�?

◆

 L

 R

h †
L
 R

hhi 6= 0

L4�fermi ⇠  †
L
 †
L
 R R

 L , �L , �L

�L

⇢L

 new =  L�L⇢L

23

Simportant =

Z
d4x kinetic terms + y

✓
1

a
�†
?
⌦�?�1 � �†

?�1⌦
†�?

◆

 L

 R

23

Simportant =

Z
d4x kinetic terms + y

✓
1

a
�†
?
⌦�?�1 � �†

?�1⌦
†�?

◆

 L

 R

h †
L
 R

hhi 6= 0

L4�fermi ⇠  †
L
 †
L
 R R

 L , �L , �L

�L

⇢L

 new =  L�L⇢L

L4�fermi ⇠  L�L⇢L 
†
R

�!  new 
†
R

23

And this is a mass term!



The Catch

• Usually confinement comes along with chiral symmetry breaking. 

• In the present context, this typically means G is spontaneously broken, ruining our hard work.

Symmetric mass generation                Confinement without chiral symmetry breaking 

Upshot



fermions that sit in vector-like representations of G. We write the original fermions in black
(omitting their names), with three additional pairs of fermions in red,

(1,2)�3 (3̄,2)+1 (1,1)+6 (3,1)�4 (3,1)+2 (1,1)0

(1,2)�3 (3,1)+2 (1,1)0

(1,2)+3 (3̄,1)�2

Crucially, the additional fermions sit in vector-like representations of G; it is trivial to give
masses to each of the pairs without breaking G. Note that we have added two fermions that
are singlets under G; one of these can play the role of the right-handed neutrino.

The additional fermions mean that we have three pairs with the same quantum numbers:
these are the fermions that sit in the first two lines above. The next step is to introduce an
SU(2) gauge symmetry (not to be confused with the SU(2) global symmetry in G) under
which these pairs of fermions transform as a doublet. The upshot is that we have a collection
of fermions transforming as

Fermion SU(2)gauge SU(3) SU(2) U(1)

l 2 1 2 �3
l0 1 1 2 +3
q 1 3̄ 2 +1
e 1 1 1 +6
u 1 3 1 �4
d 2 3 1 +2
d0 1 3̄ 1 �2
⌫ 2 1 1 0

At this stage, we introduce yet more fields to give a supersymmetric extension of this model.
These are scalar superpartners for each fermion listed above, a gaugino in the adjoint of
SU(2)gauge. The end result is a collection of chiral multiplets, transforming as

Field SU(2)gauge SU(3) SU(2) U(1) U(1)A U(1)R
L 2 1 2 �3 0 0
L0 1 1 2 +3 3 2
Q 1 3̄ 2 +1 �1 4/3
E 1 1 1 +6 0 2
U 1 3 1 �4 �2 2/3
D 2 3 1 +2 1 2/3
D0 1 3̄ 1 �2 2 4/3
N 2 1 1 0 �3 0
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Example: The Standard Model
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• Add three further pairs of fermions

• Note: these are all vector-like and can be made heavy

right-handed(left-handed)c

quarksleptons electron up quark down quark neutrino

Example: The Standard Model
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• Add three further pairs of fermions

• Gauge the H = SU(2) symmetry.

• We should also introduce a scalar to ensure that H = SU(2) is initially broken
and the gauge bosons heavy.
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Example: The Standard Model
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• Add three further pairs of fermions

• Gauge the H = SU(2) symmetry. This gauge theory has an SU(6) flavour symmetry

• When SU(2) confines, it will spontaneously break SU(6) and hence, sadly, G.

In this expression, the derivatives with respect to Grassmann coordinates are defined

by

@↵ =
@

@✓↵
with @↵✓

� = ��↵ and @↵✓̄�̇ = 0

@̄↵̇ =
@

@✓̄↵̇
with @̄↵̇✓̄

�̇ = ��̇↵̇ and @̄↵̇✓� = 0

It’s useful to define di↵erential operators associated to the right-hand sides of (3.7),

(3.8) and (3.9). To this end, we write

Pµ = �i@µ

Q↵ = �i@↵ � �µ
↵↵̇✓̄

↵̇@µ

Q̄↵̇ = +i@̄↵̇ + ✓↵�µ
↵↵̇@µ

Be warned: these di↵er from the operators Pµ, Q↵ and Q̄↵̇ only by the use of curly

calligraphic script. You can check that anti-commutation relation of these di↵erential

operators is something familiar

{Q↵, Q̄↵̇} = 2�µ
↵↵̇Pµ

together with {Q↵,Q�} = {Q̄↵̇, Q̄�̇} = 0. This is telling us that P , Q↵ and Q̄↵̇

also furnish a representation of the supersymmetry algebra, now acting on fields on

superspace

[A suggestion: The coset construction is really only needed to get the

transformation law (3.6) which, in turn, gives the extra terms in Q↵ and Q̄↵̇.

We could avoid going over the whole coset construction by simply stating

(3.6) and then justifying it retrospectively by the fact that Q’s obey the

supersymmetry algebra.]

Supersymmetry Transformation of Fields

3.1.3 Constraining Superfields

G ⇢ SU(6)flavour
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• Add three further pairs of fermions

• Gauge the H = SU(2) symmetry

• Supersymmetrize. 
• Add scalar superpartners for all fermions and a H = SU(2) gaugino

quarksleptons electron up quark down quark neutrino

Example: The Standard Model
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which these pairs of fermions transform as a doublet. The upshot is that we have a collection
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• The H = SU(2) gauge theory is coupled to six doublets.

• This confines without breaking the global symmetry. 

• The low-energy physics consists of 15 free mesons:

where the additional fields from supersymmetry mean that the theory enjoys two further
symmetries, U(1)A and U(1)R. The R-symmetry acts on the fermions in L, Q, E, U and D
as the familiar B � L symmetry of the Standard Model.

All the symmetries listed are preserved by the gauge invariant superpotential

WUV = ✏abL
aLbE + ✏ijkD

iDjUk + ✏abL
aDiQb

i + ✏abL
aNL0b +DiND0

i (2.4)

where now a, b = 1, 2 are indices for SU(2) ⇢ G and i, j = 1, 2, 3 and indices for SU(3) ⇢ G.
It is simple to check that each of these terms is invariant under G.

From hereon, the story is familiar. The strong coupling dynamics consists of an SU(2)
supersymmetric gauge theory coupled to six doublets. This theory is know to exhibit s-
confinement [12, 13] and, in the infra-red is described by a collection of 15 meson fields,

Ẽ = ✏abL
aLb , Ũk = ✏ijkD

iDj , Q̃i
b = ✏abL

aDi , L̃b = ✏abL
aN , D̃i = DiN

The superpotential (2.4) descends to the infra-red where it becomes,

WUV = ẼE + ŨkU
k + Q̃i

bQ
b
i + L̃bL0b + D̃iD

0
i

This gaps all fields, preserving G.

2.4 Further Generalisations

Connoisseurs of supersymmetric gauge theories will have no problems generalising these re-
sults to many other chiral, anomaly free models. A useful list of s-confining theories, together
with the representations under the global symmetries in both UV and IR, can be found in
[29].

Another simple example arises with the global symmetry group G = SU(N), with a
Weyl fermion �̃ transforming in the symmetric representation and N + 4 Weyl fermions
 , each transforming in the anti-fundamental representation ⇤. The ’t Hooft anomaly again
vanishes, courtesy of

A ( ) = N + 4

In addition to G = SU(N), this collection of fermions admits an H = SU(N + 4) symmetry.
We gauge the SO(N + 4) ⇢ H. After supersymmetrisation, we have the field and symmetry
content

Field SO(N + 4) SU(N) U(1)R
Q N+ 4 ⇤ �2/N
M̃ 1 4/N

We subsequently add the superpotential

WUV = M̃ijQ
iQj

– 12 –

where the additional fields from supersymmetry mean that the theory enjoys two further
symmetries, U(1)A and U(1)R. The R-symmetry acts on the fermions in L, Q, E, U and D
as the familiar B � L symmetry of the Standard Model.

All the symmetries listed are preserved by the gauge invariant superpotential

WUV = ✏abL
aLbE + ✏ijkD

iDjUk + ✏abL
aDiQb

i + ✏abL
aNL0b +DiND0

i (2.4)

where now a, b = 1, 2 are indices for SU(2) ⇢ G and i, j = 1, 2, 3 and indices for SU(3) ⇢ G.
It is simple to check that each of these terms is invariant under G.

From hereon, the story is familiar. The strong coupling dynamics consists of an SU(2)
supersymmetric gauge theory coupled to six doublets. This theory is know to exhibit s-
confinement [12, 13] and, in the infra-red is described by a collection of 15 meson fields,
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Example: The Standard Model



fermions that sit in vector-like representations of G. We write the original fermions in black
(omitting their names), with three additional pairs of fermions in red,

(1,2)�3 (3̄,2)+1 (1,1)+6 (3,1)�4 (3,1)+2 (1,1)0

(1,2)�3 (3,1)+2 (1,1)0

(1,2)+3 (3̄,1)�2

Crucially, the additional fermions sit in vector-like representations of G; it is trivial to give
masses to each of the pairs without breaking G. Note that we have added two fermions that
are singlets under G; one of these can play the role of the right-handed neutrino.

The additional fermions mean that we have three pairs with the same quantum numbers:
these are the fermions that sit in the first two lines above. The next step is to introduce an
SU(2) gauge symmetry (not to be confused with the SU(2) global symmetry in G) under
which these pairs of fermions transform as a doublet. The upshot is that we have a collection
of fermions transforming as

Fermion SU(2)gauge SU(3) SU(2) U(1)

l 2 1 2 �3
l0 1 1 2 +3
q 1 3̄ 2 +1
e 1 1 1 +6
u 1 3 1 �4
d 2 3 1 +2
d0 1 3̄ 1 �2
⌫ 2 1 1 0

At this stage, we introduce yet more fields to give a supersymmetric extension of this model.
These are scalar superpartners for each fermion listed above, a gaugino in the adjoint of
SU(2)gauge. The end result is a collection of chiral multiplets, transforming as

Field SU(2)gauge SU(3) SU(2) U(1) U(1)A U(1)R
L 2 1 2 �3 0 0
L0 1 1 2 +3 3 2
Q 1 3̄ 2 +1 �1 4/3
E 1 1 1 +6 0 2
U 1 3 1 �4 �2 2/3
D 2 3 1 +2 1 2/3
D0 1 3̄ 1 �2 2 4/3
N 2 1 1 0 �3 0

– 11 –
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quarksleptons electron up quark down quark neutrino

If we add the superpotential, invariant under G = SU(3) x SU(2) x U(1)

where the additional fields from supersymmetry mean that the theory enjoys two further
symmetries, U(1)A and U(1)R. The R-symmetry acts on the fermions in L, Q, E, U and D
as the familiar B � L symmetry of the Standard Model.

All the symmetries listed are preserved by the gauge invariant superpotential

WUV = ✏abL
aLbE + ✏ijkD

iDjUk + ✏abL
aDiQb

i + ✏abL
aNL0b +DiND0

i (2.4)

where now a, b = 1, 2 are indices for SU(2) ⇢ G and i, j = 1, 2, 3 and indices for SU(3) ⇢ G.
It is simple to check that each of these terms is invariant under G.

From hereon, the story is familiar. The strong coupling dynamics consists of an SU(2)
supersymmetric gauge theory coupled to six doublets. This theory is know to exhibit s-
confinement [12, 13] and, in the infra-red is described by a collection of 15 meson fields,

Ẽ = ✏abL
aLb , Ũk = ✏ijkD

iDj , Q̃i
b = ✏abL

aDi , L̃b = ✏abL
aN , D̃i = DiN

The superpotential (2.4) descends to the infra-red where it becomes,

WUV = ẼE + ŨkU
k + Q̃i

bQ
b
i + L̃bL0b + D̃iD

0
i

This gaps all fields, preserving G.

2.4 Further Generalisations

Connoisseurs of supersymmetric gauge theories will have no problems generalising these re-
sults to many other chiral, anomaly free models. A useful list of s-confining theories, together
with the representations under the global symmetries in both UV and IR, can be found in
[29].

Another simple example arises with the global symmetry group G = SU(N), with a
Weyl fermion �̃ transforming in the symmetric representation and N + 4 Weyl fermions
 , each transforming in the anti-fundamental representation ⇤. The ’t Hooft anomaly again
vanishes, courtesy of

A ( ) = N + 4

In addition to G = SU(N), this collection of fermions admits an H = SU(N + 4) symmetry.
We gauge the SO(N + 4) ⇢ H. After supersymmetrisation, we have the field and symmetry
content

Field SO(N + 4) SU(N) U(1)R
Q N+ 4 ⇤ �2/N
M̃ 1 4/N

We subsequently add the superpotential

WUV = M̃ijQ
iQj
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But, in the infra-red, this becomes

15 meson fields,

eE = ✏abL
aLb , eUk = ✏ijkD

iDj , eQi
b = ✏abL

aDi , eLb = ✏abL
aN , eDi = DiN

The superpotential (2.5) descends to the infra-red where it becomes a collection of mass terms.

WIR = eEE + eUkU
k + eQi

bQ
b
i + eLbL0b + eDiD

0
i

All fields are gapped, preserving G.

2.4 Further Generalisations

Connoisseurs of supersymmetric gauge theories will have no trouble generalising these results
to other chiral, anomaly free models using the many known s-confining theories [26–31]. Here
we briefly describe a few examples.

At heart, the example of the Standard Model described above was constructed by em-
bedding chiral representations of SU(3)⇥ SU(2)⇥ U(1)Y into

G = SU(6) with and 2 ⇤

through the more familiar grand unified embedding into SU(5) ⇢ SU(6). Symmetric mass
generation was then realised by viewing G as the global symmetry of an SU(2) gauge theory
with six fundamental chirals and its (conjugate) singlet mesons. A slightly more complicated
route realises G through an Sp(n) gauge theory, with six fundamentals and a traceless anti-
symmetric, again accompanied by its mesons. This theory is known to s-confine and, for
n � 2, preserves an G = SU(6)⇥ U(1) symmetry [27, 28].

Another interesting, anomaly free chiral representation is given by

G = SU(N) with and and 8 ⇤

In addition toG, the fermions have anH = SU(8) symmetry that acts on the anti-fundamentals.
For N = 5, we may gauge a G2 ⇢ SO(7) ⇢ H symmetry. that acts on 7 of the 8 anti-
fundamentals After suitable supersymmetrisation, the theory s-confines, yields a meson spec-
trum consisting of a , a , and a ⇤, which can then be paired with the gauge singlet
fermions to gap the system [29].

Relatedly, forN = 6 we may gauge a Spin(7) ⇢ H symmetry, with the 8 anti-fundamentals
transforming in the spinor representation. This results in a meson spectrum consisting of

and , which again can be paired with the gauge singlets [29].
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This gaps all fermions without breaking G = SU(3) x SU(2) x U(1)

Example: The Standard Model
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with G = SU(3) x SU(2) x U(1) unbroken

Note: Supersymmetry just a crutch. The mechanism survives supersymmetry breaking.
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