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Motivations

The existence of gauge-invariant bound states of gluons
implied by confinement
Glueballs are being investigated in current and future
experiments
The recent announcements about the odderon open new
perspectives for understanding glueballs
A calculation from first principles using lattice techniques can
serve as a guidance to theoretical models and experimental
searches
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The Lattice
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Lattice action for full QCD

Path integral

Z =

∫
(DUµ(i)) (det M(Uµ))Nf e−Sg(Uµν(i))

with

Uµ(i) = Pexp

(
ig
∫ i+aµ̂

i
Aµ(x)dx

)

and

Uµν(i) = Uµ(i)Uν(i + µ̂)U†µ(i + ν̂)U†ν(i)

Gauge part

Sg = β
∑

i,µ

(
1− 1

N
Re Tr(Uµν(i))

)
, with β = 2N/g2

0
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Wilson fermions

Take the naive Dirac fermions and add an irrelevant term that
goes like the Laplacian

Mαβ(ij) = (M + 4r)δijδαβ

− 1
2

[
(r − γµ)αβ Uµ(i)δi,j+µ + (r + γµ)αβ U†µ(j)δi,i−µ

]

This formulation breaks explicitly chiral symmetry

Define the hopping parameter

κ =
1

2(m + 4r)

Chiral symmetry recovered in the limit κ→ κc (κc to be
determined numerically)
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Quenched approximation

For an observable O

〈O〉 =

∫
(DUµ(i)) (det M(Uµ))Nf f (M)e−Sg(Uµν(i))
∫

(DUµ(i)) (det M(Uµ))Nf e−Sg(Uµν(i))

Assume det M(Uµ) ' 1 i.e. fermions loops are removed from the
action

The approximation is exact in the m→∞ and N →∞ limit (g2N is
fixed)
↪→ the large N spectrum is quenched for m 6= 0

As N increases, unquenching effects are expected for smaller
quark masses
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Masses of states from correlators

Masses of states extracted from two-point functions (correlators)
of operators with the right quantum numbers
Starting from links, we can built those operators via

Blocking

⇒

Fast increase of the size of the operators
Smearing

⇒

Finer resolution
More modern approach: Wilson flow
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Correlation matrix

Numerical signal improves considerably using the full correlation
matrix

Cij(t) = 〈0| (Φi(0))
†

Φj(t)|0〉 = 〈0| (Φi(0))
† e−HtΦj(0)eHt|0〉

=
∑

n

〈0| (Φi(0))
† |n〉〈n|e−HtΦj(0)eHt|0〉

=
∑

n

e−∆Ent〈0| (Φi(0))
† |n〉〈n|Φj(0)|0〉

=
∑

n

c∗incjne−∆Ent

After diagonalisation

Cij(t) = δij

∑

n

|cin|2e−amnt →
t→∞

δij|ci1|2e−am1t
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Variational principle

1 Find the eigenvector v that minimises

am1(td) = − 1
td

log
v∗i Cij(td)vj

v∗i Cij(0)vj

for some td
2 Fit v(t) with the law Ae−m1t to extract m1
3 Find the complement to the space generated by v(t)
4 Repeat 1-3 to extract m2, . . . ,mn

Sources of systematics

Need a good overlap of the eigenvectors with the state of
interest
Need a large variational basis including all possible states
overlapping with the required one
Need to keep under control finite size and lattice artefacts
Care should be taken in assigning the spin
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Lattice symmetries and spin

On the lattice, continuous rotational symmetry broken to the
symmetry of the octahedral group
Irreducible representations are A1, A2, E, T1, T2

Operators in irreps of the octahedral group
Near the continuum limit, full rotational symmetry recovered
Continuous spin obtained from the subduced representations
of the rotation group SO(3) restricted to the octahedral irreps

J A1 A2 E T1 T2

0 1 0 0 0 0

1 0 0 0 1 0

2 0 0 1 0 1

3 0 1 0 1 1

4 1 0 1 1 1
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Glueballs in the quenched approximation
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TABLE XXI: The final glueball spectrum in physical units.
In column 2, the first error is the statistical uncertainty com-
ing from the continuum extrapolation, the second one is the
1% uncertainty resulting from the approximate anisotropy.
In column 3, the first error comes from the combined uncer-
tainty of r0MG, the second from the uncertainty of r−1

0 =
410(20) MeV

JPC r0MG MG (MeV)
0++ 4.16(11)(4) 1710(50)(80)
2++ 5.83(5)(6) 2390(30)(120)
0−+ 6.25(6)(6) 2560(35)(120)
1+− 7.27(4)(7) 2980(30)(140)
2−+ 7.42(7)(7) 3040(40)(150)
3+− 8.79(3)(9) 3600(40)(170)
3++ 8.94(6)(9) 3670(50)(180)
1−− 9.34(4)(9) 3830(40)(190)
2−− 9.77(4)(10) 4010(45)(200)
3−− 10.25(4))(10) 4200(45)(200)
2+− 10.32(7)(10) 4230(50)(200)
0+− 11.66(7)(12) 4780(60)(230)

In the tensor channel, the glueball matrix element is
extrapolated to 1.0±0.2 GeV3 in the continuum, which is
the average of results of E and T2 channels. In the calcu-
lation, it is found that in the lattice spacing range we use,
the glueball mass and matrix elements are approximately
independent of the lattice spacing, this implies that the
lattice artifacts might be neglected here. If the renor-
malization constant ZT ≈ 0.52(15) of the tensor operator
does not change much in the range of lattice spacing and
applies to all the β values in this work, the renormalized
matrix element of tensor operator is 0.52 ± 0.19 GeV3,
which is in agreement with the prediction 0.35 GeV3 from
the tensor dominance model [17] and QCD sum rule [18]
for the tensor mass around 2.2 GeV.

VII. Conclusion

The glueball mass spectrum and glueball-to-vacuum
matrix elements are calculated on anisotropic lattices in
this work. The calculations are carried out at five lattice
spacings as’s which range from 0.22 fm to 0.10 fm. Due
to the implementation of the improved gauge action and
improved gluonic local operators, the lattice artifacts are
highly reduced. The finite volume effects are carefully
studied with the result that they can be neglected on the
lattices we used in this work.

As to the glueball spectrum, we have carried out cal-
culations similar to the previous work [4] on much larger
and finer lattices, so that the liability of the continuum
limit extrapolation is reinforced. Our results of the glue-

ball spectrum is summarized in Tab. XXI and Fig. 16.

After the non-perturbative renormalization of the local
gluonic operators, we finally get the matrix elements of
scalar(s), pseudoscalar(p), and tensor operator (t) with
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FIG. 16: The mass spectrum of glueballs in the pure SU(3)
gauge theory. The masses are given both in terms of r0

(r−1
0 = 410 MeV) and in GeV. The height of each colored

box indicates the statistical uncertainty of the mass.

the results

s = 15.6 ± 3.2 (GeV)3

p = 8.6 ± 1.3 (GeV)3

t = 0.52 ± 0.19 (GeV)3, (62)

where the errors of s and t come mainly from the errors
of the renormalization constants ZS and ZT . The more
precise calculation of ZS and ZT will be carried out in
later work.
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QCD at large N

Generalisation of QCD: SU(N) gauge theory (possibly enlarged
with Nf fermions in the fundamental representation)

Taking the limit g2 → 0, N →∞, λ = g2N fixed simplifies the
theory and one can see that:

Quark loop effects ∝ 1/N ⇒ The N =∞ limit is quenched
Mixing glueballs-mesons ∝ 1/

√
N ⇒ No mixing between

glueballs and mesons at N =∞
Meson decay widths ∝ 1/N ⇒ mesons do not decay at
N =∞
OZI rule ∝ 1/N ⇒ OZI rule exact at N =∞

↪→ The simpler large N phenomenology can explain features of
QCD phenomenology in a quenched setup that removes most of
the practical computational difficulties for QCD (and SU(3))
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Large N limit on the lattice

The lattice approach allows us to go beyond perturbative and
diagrammatic arguments. For a given observable

1 Continuum extrapolation
Determine its value at fixed a and N
Extrapolate to the continuum limit
Extrapolate to N → ∞ using a power series in 1/N2

2 Fixed lattice spacing
Choose a in such a way that its value in physical units is
common to the various N
Determine the value of the observable for that a at any N
Extrapolate to N → ∞ using a power series in 1/N2

Study performed for various observables both at zero and finite
temperature for 2 ≤ N ≤ 8
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Large N vs. experiments
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[Bali et al., JHEP 06 (2013) 071]
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Glueball masses at large N

[BL, Teper and Wenger, JHEP 0406 (2004) 012]
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Masses at N =∞

0++ m√
σ

= 3.28(8) +
2.1(1.1)

N2

0++∗ m√
σ

= 5.93(17)− 2.7(2.0)

N2

2++ m√
σ

= 4.78(14) +
0.3(1.7)

N2

Accurate N =∞ value, normal O(1/N2) correction



Glueballs from
the lattice

B. Lucini

Lattice setup

Extracting
glueball masses
from correlators

Confining
theories

Glueball states in
full QCD

Conclusions and
outlook

0++ excitations
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Figure 10: Extrapolation to N → ∞ of the states in the A++
1 channel.
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Figure 11: Extrapolation to N → ∞ of the states in the A−+
1 channel. We denote the less reliable states

with open symbols.

– 31 –

Lattice spacing fixed by requiring aTc = 1/6
(BL, Rago and Rinaldi, JHEP 1008 (2010) 119)
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Large-N glueball spectrum at aTc = 1/6
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[Lucini,Teper,Wenger 2004]

A1
++ A1

-+ A2
+- E++ E+- E-+ T1

+- T1
-+ T2

++ T2
--T2

-+T1
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Figure 20: The spectrum at N = ∞. The yellow boxes represent the large N extrapolation of masses

obtained in ref. [38].
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Figure 21: Chew-Frautschi plot of the glueball spectrum

– 36 –

[BL, Rago and Rinaldi, JHEP 1008 (2010) 119]
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Large-N spectrum in the continuum

any evidence that would suggest otherwise, we assume that
indeed this is the case.
For some of the lightest states for which the continuum

mass in the large-N limit is available in the literature, we
can verify that the large-N extrapolation of the Spð2NÞ and
of the SUðNÞ values are compatible. In Fig. 3 the spectrum
in the large-N limit is represented together with the finite-N
one, to allow for such a comparison. Recalling that charge
conjugation is always positive in Spð2NÞ, for the sake of
comparing corresponding states, we temporarily reintro-
duce the corresponding index in the notation for glueball
states for the rest of the current subsection. With the second
þ superscript identifying positive charge conjugation, we

borrow the values of the Aþþ
1 , Aþþ$

1 , and Eþþ channel
masses for SUð∞Þ from Ref. [2]. Figure 3 shows that the
large-N extrapolations of the Aþþ

1 , the Aþþ$
1 , and the Eþþ

in Spð2NÞ and SUðNÞ are compatible with each other, as
predicted by general large-N arguments.
Armed with the results of the mass calculation of the

Aþþ
1 , we can provide further support to the conjecture put

forward in Ref. [86] that the quantity η in the relationship

m2
0þþ

σ
¼ η

C2ðAÞ
C2ðFÞ

ð55Þ

is a universal constant depending only on the dimension of
spacetime. In this equation, C2ðFÞ and C2ðAÞ are the
quadratic Casimir operators in the fundamental and adjoint
representations, respectively, whose ratio in Spð2NÞ is
given by

C2ðAÞ
C2ðFÞ

¼ 4ðN þ 1Þ
2N þ 1

: ð56Þ

After performing the standard identification of the Aþþ
1

with the lowest-lying scalar glueball, we tested this con-
jecture by performing a fit of Eq. (55) to the data, using η as
a fitting parameter. The result can be found in Table VI and
is represented in the top panel of Fig. 5. The behavior of η
as a function of N is compatible with a constant for both the
Spð2NÞ and the SUðNÞ sequences. Moreover, the values of
η extracted in each sequence are compatible with each other
within 1 standard deviation, as reported in Table VI. As an
additional test of Eq. (55), the behavior of m2

0þþ=ð
ffiffiffi
σ

p
ηÞ is

TABLE V. Large-N extrapolated masses of the glueball spec-
trum obtained from a fit of Eq. (54). Note that the left-hand part of
this table is the same as the last column of Table IV.

RP mRP=
ffiffiffi
σ

p
ðN ¼ ∞Þ cRP χ2=Nd:o:f:

Aþ
1 3.241(88) 1.29(29) 2.38

Aþ$
1 6.29(33) −1.6ð1.2Þ 2.91

A−
1 5.00(22) 2.43(60) 0.63

A−$
1 7.31(45) 0.9(1.4) 3.5

Aþ
2 8.22(46) −2.5ð1.3Þ 3.3

A−
2 8.69(83) 1.3(3.0) 0.9

Tþ
2 4.80(20) 1.01(69) 0.65

Eþ 4.79(19) 1.15(63) 0.72
T−
2 6.71(35) 0.1(1.2) 1.97

E− 6.44(33) 0.9(1.2) 2.03
Tþ
1 8.33(51) 0.7(1.6) 1.15

T−
1 8.76(72) 1.7(2.6) 0.02

FIG. 3. Spectrum of the Spð2NÞ theory in the continuum limit for N ¼ 1, 2, 3, 4, and N ¼ ∞, in units of
ffiffiffi
σ

p
. Continuum quantum

numbers are reported at the top. For comparison, we have reported also the masses of the Aþþ
1 , Aþþ$

1 , and Eþþ states for SUð∞Þ
(borrowed from Ref. [2]). The boxes represent 1σ statistical errors.

ED BENNETT et al. PHYS. REV. D 103, 054509 (2021)

054509-14

[E. Bennett et al., Phys.Rev.D 103 (2021) 5, 054509,
arXiv:2010.15781]
[A. Athenodorou and M. Teper, to appear tomorrow]
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[Lucini,Teper,Wenger 2004]
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Figure 20: The spectrum at N = ∞. The yellow boxes represent the large N extrapolation of masses

obtained in ref. [38].

0 2 4 6 8 10 12 14 16 18

M
2

2πσ

0

1

2

3

J

PC = + +
PC = + -
PC = - +
PC = - -

Figure 21: Chew-Frautschi plot of the glueball spectrum

– 36 –

[B. Lucini, A. Rago and E. Rinaldi, JHEP 1008 (2010) 119]
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Construction of operators

For single states, start with a zero-momentum operator

φ(x, t) = Tr
∏

(i;µ̂)∈C
Uµ(i) O(t) = φ(t) =

1
N3

L

∑

x∈Λs

φ(x, t)

We then build the irreducible representation

Φ(R)(t) =
∑

i

c(R)
i Ri(φ(t))−

∑

i

c(R)
i Ri(〈φ(t)〉)

=
∑

i

c(R)
i Ri(φ(t))− 〈φ(t)〉

∑

i

c(R)
i

For the scattering states, we square the operator

Φ(R)(t) =
∑

i

c(R)
i Ri

(
(φ(t)− 〈φ(t)〉)2

)
−
(〈
φ2(t)

〉
− 〈φ(t)〉2

)∑

i

c(R)
i .

Torelons are built in a similar way to glueballs, but as operators
we use Polyakov loops
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Contours for operators

Glueballs and scattering states

Figure 1: Set of basic prototypical paths used to construct operators in all the 20 RPC symmetry channels.

irreducible representations of GO. A simple example of this kind of pattern is the spin 2 (tensor)

glueball, whose 5 polarisations are seen on the lattice as different states, 2 in the E and 3 in the

T2 representation of GO. Due to the breaking of continuum rotational symmetry on the lattice, the

aforementioned pattern of degeneracies is exact in the limit a → 0, but it is only approximate at

finite a. Comparing the measured glueball spectrum with the expected pattern of degeneracy can

give information on the relevance of lattice artifacts.

Near the continuum limit, it is possible to identify the masses of spin J glueballs by matching the

patterns of degeneracies of the subduced representations J ↓ GO from the degeneracy coefficients.

We report these coefficients up to J = 4 in Tab. 1.

For any given operator Ō on the lattice, we define a rota-J A1 A2 E T1 T2

0 1 0 0 0 0

1 0 0 0 1 0

2 0 0 1 0 1

3 0 1 0 1 1

4 1 0 1 1 1

Table 1: Subduced representations

J ↓ GO of the octahedral group up

to J = 4. This table illustrates the

spin content of the irreducible rep-

resentations of GO in terms of the

continuum J .

tion transformation as Ri(Ō) where the index i labels all the

elements of the group GO.

Since a generic representation of the group will not be irre-

ducible, in order to create states that transform only in a given

symmetry channel, we will need to create an appropriate linear

combination of the rotations of the original operator. We define

an operator in the irreducible representation R as

Φ(R)(t) =
∑

i

c
(R)
i Ri(Ō(t)) . (3.1)

The coefficients c
(R)
i appearing in the summation are obtained

from the unitary operator that implements the change of basis

from our choice of the representation in 24 dimensions into an orthonormal basis for each of the 5

invariant subspaces [30].

By adding parity and charge conjugation to the group of pure rotations, we get the full symmetry

group of glueball states on the lattice, which is referred to as GPC
O . The group GPC

O has a total

of 20 irreducible representations labelled by RPC , where R indicates one of the 5 irreducible rep-

resentations of GO, P is the parity eigenvalue and C is the charge conjugation eigenvalue. As we

will explain in details below, operators that are eigenstates of irreducible representations of GO are

constructed as traces of products of link variables along closed paths. Hence, eigenstates of C are

given by the real (C = +1) or the imaginary (C = −1) part of the operator and adding and sub-

tracting parity transformed operators gives definite–P states (respectively P = +1 and P = −1).

As usual we will label as RPC the ground state in a given symmetry channel, and its excitations as

RPC followed by one or more !.

– 4 –

Torelons

Figure 2: Paths used for the construction of operators coupling with torelon states. Periodic Boundary

Conditions apply at the edges represented by the dashed lines.

where φ(t) is a zero–momentum operator defined as in Eq. (3.4). The operator appearing in the

correlator matrix for the scattering states can be written using Eq. (3.1) as

Φ(R)(t) =
∑

i

c
(R)
i Ri

(
(φ(t) − 〈φ(t)〉)2

)
−

∑

i

c
(R)
i Ri

( 〈
(φ(t) − 〈φ(t)〉)2

〉 )

≡
∑

i

c
(R)
i Ri

(
(φ(t) − 〈φ(t)〉)2

)
−

(〈
φ2(t)

〉
− 〈φ(t)〉2

) ∑

i

c
(R)
i .

(3.7)

As in the previous case the last term vanishes for R %= A++
1 , but the local subtraction of 〈φ(t)〉

in the first term will appear in all the representations and is crucial in order to obtain the correct

two–point function, even though 〈φ(t)〉 alone, once appropriately symmetrised, would be different

from zero only in the A++
1 channel.

The local operators φ(x, t) have been chosen among the closed loops in Fig. 1 to create a variational

set for the scattering states as big as the one used for glueball states.

A technical aside: the aforementioned local subtraction in the scattering operators leads to the

necessity of having access to the values of their vacuum expectation value (V EV ) during the

simulation, which implies that the V EV s must be calculated prior to the evaluation of the scattering

operators. Moreover the V EV values have to be known with an accuracy higher than the most

precise scattering operator.

Torelon operators

A torelon state is an excitation winding around the++ −+ +− −−
A1 2 1 0 0

A2 1 0 1 1

E 7 3 3 3

T1 3 3 14 9

T2 9 9 8 3

Table 3: Number of different torelon op-

erators calculated in each of the 20 sym-

metry channels.

toroidal lattice in the spatial direction. The mass of a

torelon state scales linearly with the lattice size L and

the contribution of these states in the spectrum can be

easily identified with a finite volume study. However, we

can include in our variational set operators that mainly

project onto torelon states and identify them on a single

volume.

Torelon excitations transform non-trivially under the cen-

tre of the gauge group, and are characterised by their

charge under this transformation (n–ality). Since the glue-

balls transform trivially under the centre of the gauge group, they can only couple to states that

have zero n–ality. For this reason the torelon operators have been created from products of two

Polyakov loops lν winding around opposite directions. We started from defining

O(t) =
1

2N2
L

∑

µ!=ν

∑

x

lν(x, t)l†ν(x + µ̂a, t) , (3.8)

where the sum over µ runs on the spatial directions orthogonal to the one of the loops, and then

the operator Φ(R)(t) can be constructed as in the previous cases by using Eq. (3.1).

By choosing different shapes for the combination lν(x, t)l†ν(x + µ̂a, t), we can obtain a fairly large

variational set in all the 20 symmetry channels (see Tab. 3). The shapes we used are pictorially

shown in Fig. 2.

– 6 –
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Figure 1. Number of basis operators (before blocking and smearing) in each channel, for single

glueballs, scattering states and bi-torelon states.

where NT is the length of the lattice in the time direction and the cosh functional form is

a consequence of the usual exponential decay in a lattice with periodic boundary condition

in the time direction.

In general, glueball correlators are very noisy and this limits the usefulness of numerical

correlators to short time separations. However, although Eq. (2.4) is only valid at large

t, if the overlap with an Hamiltonian state is almost perfect, it is possible to extract a

reliable value for the mass at short time separation, since the decay is largely dominated

by a single state. For this to be true, a careful construction of the variational basis is

paramount. Whether an optimal state �̃i is a good approximation of the Hamiltonian

eigenstates can be checked by looking at the value of the overlap |ci|2: the closer this number

is to one from below (with one being the unitarity limit), the better is the variational

calculation. In addition, it is important to estimate the contributions to the mass coming

from scattering and torelon states. For the eigenstate corresponding to a true spectral mass,

these contaminations must be absent. The contribution of scattering and torelon states

for a given optimal state can be resolved by looking at the relative length of its projection

onto the space spanned respectively by the scattering and bi-torelon basis operators. A

summary of the resulting relative projections is shown in Fig. 2. For the lightest states

extracted in each symmetry channel we show the relative projection onto the di↵erent types

of basis operators (single glueballs, scattering and bi-torelon operators).

We do not include any fermionic scattering states in this calculation. Fu has recently

reported [52] preliminary results for the decay width of the 0++ � into ⇡⇡. New techniques

for calculating the masses of scalar mesons using lattice QCD have been developed [53, 54].

The results come from bin sizes of 50 configurations. We have checked for autocorrela-

– 5 –
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Figure 2. Summary of the projections relative to the subspace spanned by di↵erent types of basis

operators for the lightest states in the spectrum.
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Figure 3. Normalized correlator in log scale for the two lightest states in the spectrum of the 0++

channel.

tion e↵ects by choosing di↵erent binning blocks down to 5 configs. We found no evidence

for correlations.
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Comparison with quenched results

Figure 6. Glueball masses for the di↵erent lattice representations. Open circles refer to results

obtained in this study, filled squares are quenched results from [3].
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Figure 6. Glueball masses for the di↵erent lattice representations. Open circles refer to results

obtained in this study, filled squares are quenched results from [3].
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Quenched results (blue points) from Y. Chen et al., Glueball
spectrum and matrix elements on anisotropic lattices, Phys. Rev.
D73 (2006) 014516, [hep-lat/0510074].
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Glueball and lowest-lying hadrons
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Comparison of glueball calculations - C=+
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Conclusions and outlook

Lattice calculations are an (increasingly more) useful tool to
understand the fate of glueballs in QCD
Valuable information can be provided by lattice calculations in
the large N limit
Results of various calculations in broad agreement
No evidence for noticeable mass shifts between quenched
and dynamical calculations
Need to control better mixing with scattering and meson
states
Need to fully evaluate mixing with fermionic states
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