
In the LCDM cosmological model it is assumed that the
universe is statistically isotropic and homogeneous when
averaged on scales ≳100 Mpc. That the CMB has a large
dipole anisotropy is explained as due to our ‘peculiar
motion’ because of local inhomogeneity. There should
then be a similar dipole in the sky distribution of high
redshift sources. Using a catalogue of 1.4 million quasars
we find this standard expectation is rejected at 4.9s.
This calls into question the usual practice of boosting to
the ‘CMB frame’ to analyse cosmological data. In the
heliocentric frame the acceleration of the Hubble
expansion rate is also found to be a dipole, aligned with
the CMB, at 3.9σ confidence. It can no longer be argued
that this acceleration can be made to look isotropic by
boosting to the CMB frame … and interpreted as due to L.
Secrest et al, ApJL 908:L51,2021, Colin et al, A&A 631:L13,2019
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In the LCDM cosmological model it is assumed that the
universe is statistically isotropic and homogeneous when
averaged on scales ≳100 Mpc. That the CMB has a large
dipole anisotropy is explained as due to our ‘peculiar
motion’ because of local inhomogeneity. There should
then be a similar dipole in the sky distribution of high
redshift sources. Using a catalogue of 1.4 million quasars
we find this standard expectation is rejected at 4.9s.
This calls into question the usual practice of boosting to
the ‘CMB frame’ to analyse cosmological data. In the
heliocentric frame the acceleration of the Hubble
expansion rate is also found to be a dipole, aligned with
the CMB, at 3.9σ confidence. It can no longer be argued
that this acceleration can be made to look isotropic by
boosting to the CMB frame and interpreted as due to L.
(Secrest et al, arXiv:2009.14826, Colin et al, arXiv:1808.04597)

None of us can understand why there is a Universe at all, 
why anything should exist; that’s the ultimate question. 

But while we cannot answer this question, we can at 
least make progress with the next simpler one of

what the Universe as a whole is like.

Dennis Sciama (1978)

Testing the Cosmological Principle
Subir Sarkar



All we can ever learn about the universe is contained 
within our past light cone

We cannot move over cosmological distances and check if the universe looks 
the same … so must assume that our position is not special in any way

“The Universe must appear to be the same to all observers 
wherever they are. This ‘cosmological principle’ …”

Edward Arthur Milne, in ’Kinematics, Dynamics & the Scale of Time’ (1936)



THE COSMOLOGICAL PRINCIPLE 
BY D. E. LITTLEWOOD 

Volume 51, Issue 4, October 1955 , pp. 678-683 

The ‘Perfect’ version was abandoned following the discovery 
in 1964 of the CMB and the realization that the universe does
have a beginning … but the cosmological principle lived on 

Steven Weinberg, Gravitation and Cosmology (1972)

…

…



There has been substantial investment in major satellites and telescopes to measure 
the parameters of this ‘standard cosmological model’ with increasing precision

… but surprisingly little work on testing its foundational assumptions

WL ≡ L/3H0
2

rL ≃ H0
2MP 

2

~ (10-12 GeV)4rL ~ H0
2 MPl

2 ~ (10-3 eV)4

… makes no sense 
physically! 



“Data from the Planck satellite show the universe to be highly isotropic” (Wikipedia) 

We observe a ~statistically isotropic, ~gaussian random field of small temperature 
fluctuations (quantified by their 2-point correlations ➛ angular power spectrum)
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Standard model of structure formation

The ~10-5 CMB temperature fluctuations are understood as due to scalar density perturbations 
with an ~scale-invariant spectrum which were generated during an early de Sitter phase of 
inflationary expansion … these perturbations have subsequently grown into the large-scale 
structure of galaxies observed today through gravitational instability in a sea of dark matter
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But the CMB sky is in fact quite anisotropic 
There is a ~100 times bigger anisotropy in the form of a dipole with DT/T ~ 10-3

This is interpreted as due to our motion at 370 km/s wrt the frame in which the CMB is 
truly isotropic ⇒ motion of the Local Group at 620 km/s towards l = 271.9o, b = 29.6o 

This motion is presumed to be due to local inhomogeneity in the matter distribution
Its scale – beyond which we converge to the CMB frame – is supposedly of O(100) Mpc
(Counts of galaxies in the SDSS & WiggleZ surveys are said to scale as r3 on larger scales)
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Peculiar Velocity of the Sun and 
its Relation to the Cosmic 
Microwave Background

J. M. Stewart & D. W. Sciama

If the microwave blackbody 
radiation is both cosmological and 
isotropic, it will only be isotropic to 
an observer who is at rest in the rest 
frame of distant matter which last 
scattered the radiation. In this article 
an estimate is made of the velocity 
of the Sun relative to distant matter, 
from which a prediction can be 
made of the anisotropy to be 
expected in the microwave 
radiation. It will soon be possible to 
compare this prediction with 
experimental results.
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The predicted CMB dipole was found soon afterwards … in broad agreement with expectations 
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Structure within a cube extending ~200 Mpc from our position (Supergal. Coord.) 

We appear to be moving towards the Shapley supercluster due to a ‘Great Attractor’
… if so, our local ‘peculiar velocity’ should fall off as ~1/r as we converge to the CMB 

frame - in which the universe supposedly looks Friedmann-Lemaître-Robertson-Walker



Theory of peculiar velocity fields

In linear perturbation theory, the growth of the density contrast                
is governed by the continuity, Euler’s & Poisson’s equations … for pressureless ‘dust’:

@
2
�

@t2
+ 2H(t)

@�

@t
= 4⇡GN⇢̄�

<latexit sha1_base64="nuQ/ui/UfA40KXfEMsmkIBa2Jpw="></latexit><latexit sha1_base64="nuQ/ui/UfA40KXfEMsmkIBa2Jpw="></latexit><latexit sha1_base64="nuQ/ui/UfA40KXfEMsmkIBa2Jpw="></latexit>

We are interested in the ‘growing mode’ solution – the density contrast grows self-
similarly  and so does the perturbation potential and its gradient … so the direction 
of  the acceleration (and its integral – the peculiar velocity) remains unchanged.

The peculiar velocity field is related to the density contrast as:

v(x) =
2

3H0

Z
d3y

x� y

|x� y|3 �(y),
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where HL(x) is the local value of the Hubble parameter and W (x – y) is the ‘window 
function’ (e.g. q(R - |x – y|) (4pR3/3)-1 for a volume-limited survey, out to distance R)

�H(x) =

Z
d3y v(y) · x� y

|x� y|2W (x� y),
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So the peculiar Hubble flow, 𝜹H(x) = HL(x) – H0 (⇒ trace of the shear tensor), is:

�(x) = [⇢(x)� ⇢̄]/⇢̄
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Theory of peculiar velocity fields (cont.)

Rewrite in terms of the Fourier transform �(k) ⌘ (2⇡)3/2
Z

d3x �(x)eik·x :
<latexit sha1_base64="QXRqD8XmfL3sXSKhYoLa/d16RNI="></latexit><latexit sha1_base64="QXRqD8XmfL3sXSKhYoLa/d16RNI="></latexit><latexit sha1_base64="QXRqD8XmfL3sXSKhYoLa/d16RNI="></latexit>

Then the RMS fluctuation in the local Hubble constant                                              is:�H ⌘ h(�H/H0)
2i1/2
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Growth rate

~insensitive to shape of 
matter power spectrum

Power spectrum of matter fluctuations
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~insensitive to shape of 
matter power spectrum

At 300 Mpc the peculiar velocity variance should have fallen below ~100 km/s



Need attractor mass of ~1017 MSun at 
~300 Mpc to account for the flowFeindt et al, A&A 560:A90,2013
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No convergence to the CMB frame out to ~260 Mpc(Colin et al, MNRAS 414:264,2011)



6-degree Field Galaxy Survey confirms bulk flow higher than expected 

LCDM expectation for Gaussian window (90% CL)

Largest single sample of 11,000 galaxy peculiar velocity 
measurements … using ‘Fundamental Plane’ distance estimates
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In the ‘Dark Sky’ simulations, <1% of Milky Way–like observers experience a bulk flow 
as large as is observed and extending out as far as is seen … so the usually employed 
covariance (Hui & Greene 2006) is not applicable (Mohayaee et al, arXiv:2003.10420)



If the dipole in the CMB is due to our motion wrt the ‘CMB frame’ 
then we should see similar dipole in the distribution of distant sources

Aberration Doppler boosting

Observer, velocity 𝒗

Moving frameRest frame

𝜃
𝜙

tan𝜙 =
sin 𝜃

γ ∗ 𝑐𝑜𝑠𝜃 − 𝑣𝑐
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S
Frequency 𝜈

S ∝ 𝜈--𝛼+

Flux-limited catalog ➙more sources in direction of motion

𝜎 𝜃 !"# = 𝜎$%#&[1 + 2 + 𝑥 1 + 𝛼
𝑣
𝑐
cos(𝜃)]

Ellis & Baldwin, 
MNRAS 206:377,1984

N (>S) ∝ S-xIntegral flux distribution:

Power-law 
spectrum





Consider an all-sky catalogue of N
sources with redshift distribution D(z) 
from a directionally unbiased survey

redshift

D(z)

𝛿 = 𝓚 (�⃗�!"# , 𝑥, α) + 𝓡 (N) + 𝓢 (D(z))

𝓚 → The ‘kinematic dipole’: independent
of source distance, but depends on 
observer velocity, source spectrum, 
and source flux distribution

𝓡 → The ‘random dipole’ ∝ 1/√𝑁
isotropically distributed

𝓢 → The ‘clustering dipole’ due to the  
anisotropy in the source distribution
(significant for shallow surveys) 

NVSS  + SUMSS: 600,000 radio sources <z> ~ 1 (est.), 𝓢 (D(z)) → 0 (est.)
Colin, Mohayaee, Rameez & S.S., MNRAS 471:1045,2017

Wide Field Infrared Survey Explorer: 1,200,000 galaxies, <z> ~ 0.14, 𝓢 (D(z)) significant
Rameez, Mohayaee, S.S. & Colin, MNRAS 477:1722,2018

1
I

Wide Field Infrared Survey Explorer: 1,360,000 quasars, <z> ~ 1.2, 𝓢 (D(z)) ~ 1%
Secrest, Rameez, von Hausegger, Mohayaee, S.S. & Colin, ApJ Lett.908:L51,2021



Estimators for the Dipole

𝐷! =
�̂�
𝑁&"#$

"#%&
&
'#$

'#&
𝜎 𝜃

cos𝜃
cos𝜃 sin𝜃d𝜃d𝜙 𝐷( =

�̂�
𝑁&"#$

"#%&
&
'#$

'#&
𝜎 𝜃 cos𝜃sin𝜃d𝜃d𝜙

𝐷0 =
1
𝑁
%
123

4

�̂�1𝐷5 = �̂� ∗
𝑁65 −𝑁75
𝑁65 +𝑁75𝑁!"

𝑁#" Add up unit vectors 
corresponding to directions in 
the sky for every source

Vary the direction of the 
hemispheres until maximum 
asymmetry is observed

However these estimators are biased (Rubart & Schwarz, A&A 555:A117,2013)

New: Unbiased Least-Squares Estimator

where np denotes the number density of sources in sky pixel p, A0 is the mean 
density (monopole), A1j are the amplitudes of the three orthogonal dipole 

templates dj,p, and the sum is to be taken over all unmasked pixels

Secrest et al, ApJL 908:L51,2021

Statistical error ~1/√𝑁



The NRAO VLA Sky Survey (NVSS) + Sydney University Molonglo Sky Survey (SUMSS)

• Remove Galactic plane ±10o

(also Supergalactic plane)
• Remove NVSS sources below (and

SUMSS sources above) Dec = -30o

• Remove any nearby sources - in 
common with 2MRS & LRS surveys

• Adopt common flux threshold

(1.4 GHz survey down to Dec = -40.4o) (843 MHz survey at Dec < -30o)

[Rescale the SUMSS fluxes by (843 MHz/1.4 GHz)-0.75 = 1.46 to match with NVSS]

The direction is within 10° of CMB dipole, but velocity is ~ 1355± 174 km/s 

Confirms claim by Singal (ApJ 742:L23,2011)  … however source redshifts are not 
directly measured and the statistical significance is only 2.8𝛔 (by Monte Carlo)
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30 90source deg°2 66.7 69.8source deg°2

The CatWISE quasar catalogue (new)

We now have a catalogue of ~1.36 million quasars, with 99% at redshift > 0.1
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The dipole can be compared to that expected, knowing  the spectrum & flux distribution
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Our Peculiar velocity wrt quasars
≠ peculiar velocity wrt the CMB

The kinematic interpretation of the CMB dipole is rejected with p = 5 x 10-7 ⇒ 4.9𝛔
(All data and code available on: https://doi.org/10.5281/zenodo.4431089)

` = 330± 300± 270± 240± 210±

0±
b
=
30

±
60

± Galactic

CatWISE CMB dipole

The direction of the quasar dipole is consistent with the CMB dipole - but not the amplitude
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Planck has also tried to measure the effect in tSZ (A&A 644:A100,2020) … however this 
does not test the physical origin of the dipole (Notari & Quartin, PRD 94:043006,2016)

Planck attempted to measure the aberration effect on the CMB fluctuations, finding a 
velocity in the dipole direction of 384 ± 78 (stat) ± 115 (syst) km/s ⇒ <3s detection



What impact does this have on usual cosmological analyses?
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Spectral Adaptive Lightcurve Template (SALT2) used to make 
‘stretch’ and ’colour’ corrections to the observed peak magnitude)

B-band

NB: The measured redshifts (in the heliocentric frame) have been ‘corrected’ to zCMB

Joint Lightcurve Analysis catalogue (740 Sne Ia)



Construct a Maximum Likelihood Estimator
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Well-approximated as Gaussian

‘Stretch’ corrections ‘Colour’ corrections

cosmology SALT2

intrinsic 
distributions



MLE, best fit
Profile Likelihood

2𝛔

1𝛔

3𝛔

0.341

0.569
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NB: We show the result in the Wm- WL plane for comparison with previous results (JLA) 
simply to emphasise that the statistical analysis has not been done correctly earlier

JLA

0.4

0.2

We find the data is consistent with an uniform rate of expansion (⇒r + 3p = 0) at 2.8s

(Other constraints e.g. Wm ≳ 0.2 or Wm +WL ≃1 are relevant only to the LCDM model)



Rubin & Hayden (ApJ 833:L30,2016) say that 
our model for the distribution of the JLA 

light curve parameters should have 
included a dependence on redshift - which 

no previous analysis had allowed for
... they add 12 more parameters to our 
(10 parameter) model to describe this 

individually for each data sample

In any case this raises the 
significance with which a 

non-accelerating universe is 
rejected to only 3.7s … still 

inadequate to claim a 
‘discovery’ (even though the 
dataset has increased from 
~100 to 740 SNe Ia in 20 yrs)

Nielsen et al Rubin & Hayden

Such a posteriori modification is not justified 
by the Bayesian information criterion



So we undid the corrections to recover the original data in the heliocentric frame
… to check if the inferred acceleration of the expansion rate is indeed isotropic

Jacques Colin et al.: Evidence for anisotropy of cosmic acceleration

Fig. 1. The sky distribution of the 4 sub-samples of the JLA catalogue in Galactic coordinates: SDSS (red
dots), SNLS (blue dots), low redshift (green dots) and HST (black dots). Note that the 4 big blue dots are
clusters of many individual SNe Ia. The directions of the CMB dipole (star), the SMAC bulk flow (triangle),
and the 2M++ bulk flow (inverted triangle) are also shown.

Figure 1 is a Mollewide projection of the directions of the 740 SNe Ia in Galactic coordinates.

Due to the diverse survey strategies of the sub-samples that make up the JLA catalogue, its sky

coverage is patchy and anisotropic. While the low redshift objects are spread out unevenly across

the sky, the intermediate redshift ones from SDSS are mainly confined to a narrow disk at low

declination, while the high redshift ones from SNLS are clustered along 4 specific directions.

The JLA analysis (Betoule et al. 2014) corrects the observed redshifts zhel in the heliocentric

frame in order to obtain the cosmological redshifts zCMB after accounting for peculiar motions in

the local Universe. These corrections are carried over unchanged from an earlier analysis (Conley

et al. 2011), which in turn cites an earlier method (Neill et al. 2007) and the peculiar velocity

model of Hudson et al. (Hudson et al. 2004). It is stated that the inclusion of these corrections

allow SNe Ia with redshifts down to 0.01 to be included in the cosmological analysis, in contrast to

earlier analyses (Riess et al. 2006) which employed only SNe Ia down to z = 0.023.

In Figure 2 we scrutinise these corrections by exhibiting the velocity parameter C, defined as

C = [(1 + zhel) � (1 + zCMB)(1 + zd)] ⇥ c (3)

where zhel and zCMB are as tabulated by JLA, while zd is given by (Davis et al. 2011)

zd =

s
1 � uCMB��.n̂/c

1 + uCMB��.n̂/c
� 1, (4)

where uCMB�� is 369 km s�1 in the direction of the CMB dipole,(Kogut et al. 1993) and n̂ is the

unit vector in the direction of the supernova. It can be seen in Figure 2 that SNe Ia beyond z ⇠ 0.06

have been assumed to be stationary w.r.t. the CMB rest frame, and corrections applied only to those

at lower redshifts. It is not clear how these corrections were made beyond z ⇠ 0.04, which is the

maximum extent to which the Streaming Motions of Abell Clusters (SMAC) sample (Hudson et al.
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the sky, the intermediate redshift ones from SDSS are mainly confined to a narrow disk at low

declination, while the high redshift ones from SNLS are clustered along 4 specific directions.

The JLA analysis (Betoule et al. 2014) corrects the observed redshifts zhel in the heliocentric

frame in order to obtain the cosmological redshifts zCMB after accounting for peculiar motions in

the local Universe. These corrections are carried over unchanged from an earlier analysis (Conley
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model of Hudson et al. (Hudson et al. 2004). It is stated that the inclusion of these corrections

allow SNe Ia with redshifts down to 0.01 to be included in the cosmological analysis, in contrast to

earlier analyses (Riess et al. 2006) which employed only SNe Ia down to z = 0.023.
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where uCMB�� is 369 km s�1 in the direction of the CMB dipole,(Kogut et al. 1993) and n̂ is the

unit vector in the direction of the supernova. It can be seen in Figure 2 that SNe Ia beyond z ⇠ 0.06

have been assumed to be stationary w.r.t. the CMB rest frame, and corrections applied only to those
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If the CMB dipole is due to our motion w.r.t. the CMB frame in which the universe 
(supposedly) looks F-L-R-W, then the measured redshift zhel is related to zCMB ≡ z as: 

where z⊙ is the redshift induced by our motion w.r.t. the CMB and zSN is the redshift 
due to the peculiar motion of supernova host galaxy in the CMB frame 

We find that the peculiar velocity ‘corrections’ applied to the JLA catalogue have
assumed that we converge to the CMB frame at ~150 Mpc (contrary to observations)



If we now do a cosmographic analysis allowing for a dipole in q0 , we find the MLE 
prefers one (x50 times the monopole!) … in the same direction as the CMB dipole

The significance of qo being negative has now decreased to only 1.4s
This strongly suggests that cosmic acceleration is an artefact of our being located in a 

deep bulk flow (which includes ~3/4 of the observed SNe Ia) … and not due to Λ
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2 Cosmological analysis

We nowcompare the distance modulus (eq.1) obtained from the JLA sample with the apparent

magnitude (eq.2) using the Maximum Likelihood Estimator 25. For the luminosity distance we

use its kinematic Taylor series expansion up to the third term 40 since we wish to analyse the data

without making assumptions about the matter content or the dynamics:

dL(z) =
cz

H0

⇢
1 +

1

2
[1� q0]z �

1

6
[1� q0 � 3q20 + j0 +

kc
2

H
2
0a

2
0

]z2
�

(5)

where q ⌘ �äa/ȧ
2 is the cosmic deceleration parameter in the Hubble flow frame, defined in terms

of the scale factor of the universe a and its derivatives w.r.t. proper time, j0 is the cosmic ‘jerk’

j = ˙̈a/aH3, and �kc
2
/(H2

0a
2
0) is just ⌦k. Note that the last two appear together in the coefficient

of the z
3 term so cannot be determined separately. In the ⇤CDM model: q0 ⌘ ⌦M/2� ⌦⇤.

To look for a dipole in the deceleration parameter, we allow it to have a direction dependence:

q = qm + ~qd.n̂F(z, S) (6)

where qm and qd are the monopole and dipole components, while n̂ is the direction of the dipole

and F(z, S) describes its scale dependence. We consider four representative functional forms:

(a) No scale dependence: F(z, S) = 1 independent of z,

(b) ‘Top hat’: F(z, S) = 1 for z < S, and 0 otherwise,

(c) Linear: F(z, S) = 1� z/S, and

(d) Exponential: F(z, S) = exp(�z/S).
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LCDM

q0 ⌘ �(äa)/ȧ2𝑑L 𝑧 =
𝑐𝑧
𝐻0

1 +
1
2

1 − 𝑞0 𝑧 + … ,



Do we infer acceleration although the expansion is actually decelerating

… because we are embedded in a local ‘bulk flow’? 
(Tsagas 2010, 2011, 2012; Tsagas & Kadiltzoglou 2013, 2015) 

… if so, there should be a dipole asymmetry in the inferred deceleration parameter 
in the same direction – i.e. ~aligned with the CMB dipole

drops below 1 and the comoving observer ‘measures’ negative deceleration parameter

The patch A has mean peculiar velocity with and  
(the sign depending on whether the bulk flow is faster or slower than the surroundings)

# = D̃ava ? 0
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#̇ ? 0
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Inside region B, the r.h.s. of the expression

ṽa
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⤺CMB dipole

There is not enough data to do 
an a priori scan of the best-fit 
direction of qd … but if done a 
posteriori it is within 230 of the 
CMB dipole. The log-likelihood 
changes very little between the 
two directions i.e. the inferred 
acceleration is consistent with 
being due to the bulk flow.

The 60 SNe Ia studied by Riess et al. (1998) and the 45 by Perlmutter et al. (1999)
were mainly in the direction where the apparent acceleration peaks

• z < 0.1
• z > 0.1

High-z SN Search Team Supernova Cosmology Project 



Similar anisotropy found in a sample of 313 X-ray clusters

Redshift 
distribution

Migkas et al, A&A 636:A15,2020,
arXiv:2103.13904 

Luminosity 
distribution
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Our finding was criticised by Rubin & Heitlauf - who say that we should have: 
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Prima facie the cosmic acceleration inferred from supernova data is anisotropic (q0d)
so cannot be interpreted as due to L - which would cause isotropic acceleration (q0m)

Correction: x1 & c are z-dependent
+ Correction: zhel➛ zCMB

+ Correction: SNe peculiar velocities

Ø Allowed light-curve parameters to be z-dependent (doubles the # of parameters!)

Ø Used CMB frame rather than heliocentric redshifts

Ø R&H then reinstate the peculiar velocity ‘corrections’ (we have questioned earlier)

Colin et al, A&A  631:L13,2019

All this assumes that the CMB frame is the ‘correct’ frame … which is now in question!
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Standard cosmological model
The universe is isotropic +  homogeneous (when averaged on ‘large’ scales)
⇒ Maximally-symmetric space-time + ideal fluid energy-momentum tensor

We observe: 0.8Ωm - 0.6ΩL ≈ -0.2 (Supernovae),  Ωk ≈ 0.0 (CMB), Wm ~ 0.3 (Clusters)
➙infer universe is dominated by dark energy: WΛ = 1 - Wm - Wk ~ 0.7 ⇒ Λ ~ 2H0

2

So the Friedmann-Lemaitre equation ⇒ ‘cosmic sum rule’: W m +Wk +WL = 1

Rµ⌫ � 1

2
Rgµ⌫ + �gµ⌫

= 8⇡GNTµ⌫

Robertson-Walker
Friedmann-Lemaître

ds2 ⌘ gµ⌫dx
µdx⌫

= a2(⌘)
⇥
d⌘2 � dx̄2

⇤
Einstein

PHYS 652: Astrophysics 19

After straightforward yet tedious calculations (which I relegate to homework), we obtain the com-
ponents of the Ricci tensor:

R0
0 = 3

ä

a
,

R0
i = 0,

Ri
j =

1

a2

(

aä + 2ȧ2 + 2k
)

δα
β .

(93)

The t − t component of the Einstein’s equation given in eq. (92) becomes

3ä

a
= 8πG

[

−(ρ + P ) +
1

2
(ρ − P )

]

, (94)

or

ä = −
4πG

3
(ρ + 3P ) a. (95)

The i − i component of the Einstein’s equation is

1

a2

(

aä + 2ȧ2 + 2k
)

= 8πG

[

1

2
(ρ − P )

]

, (96)

or
aä + 2ȧ2 + 2k = 4πG(ρ − P )a2, (97)

The eqs. (95)-(97) are the basic equations connecting the scale factor a to ρ and P . To obtain a
closed system of equations, we only need an equation of state P = P (ρ), which relates P and ρ.
The system then reduces to two equations for two unknowns a and ρ.

It is, however, beneficial to further massage these basic equations into a set that is more easily
solved. Solving the eq. (97) for ä, we obtain

ä = 4πG(ρ − P )a −
2ȧ2

a
+

2k

a
, (98)

which can be combined with eq. (95) to cancel out P dependence and yield

16πGρa

3
−

2k

a
−

2ȧ2

a
= 0, (99)

or

ȧ2 + k =
8πG

3
ρa2. (100)

When combined with the eq. (62) derived in the context of conservation of energy-momentum
tensor, and the equation of state, we obtain a closed system of Friedmann equations:

ȧ2 + k =
8πG

3
ρa2, (101a)

∂ρ

∂t
+ 3 (ρ + P )

ȧ

a
= 0, (101b)

P = P (ρ). (101c)

19

To drive accelerated expansion requires the pressure to be negative (P < -r/3) so this is 
interpreted as vacuum energy at the scale (rL)1/4 = (H0

2/8pGN)1/4 ~ 10-12  GeV << GF
-1/2 ~ 102 GeV

Tµ⌫ = �h⇢ifields gµ⌫

This makes no physical sense … but is nevertheless the ‘standard model of cosmology’

The scale of Λ is set by the only dimensionful parameter in the model: H0 ~ 10-42 GeV

⌦m ⌘ ⇢m

(3H2
0/8⇡GN)

, ⌦k ⌘ k

(3H2
0a

2
0)
, ⌦⇤ ⌘ ⇤

(3H2
0

<latexit sha1_base64="51ZpQU/7JoM1nBLtKyfzpNYhoVQ=">AAAChXicdVFNbxMxEPUu0LThK4VjLxYRUpAg2CFpy4moHOihgiKRtlI2rGYdb2LF3t3a3krRavklPfQn9Ldw49/gZJuqRHQkW0/vzfOMZ6JMCmMJ+eP5Dx4+2qhtbtUfP3n67Hlj+8WJSXPN+IClMtVnERguRcIHVljJzzLNQUWSn0azzwv99IJrI9Lkh51nfKRgkohYMLCOChuXwTfFJxAWgVZYlTjg57m4wEGsgTlumq6Usmh9OAzJz877/SAT+EvFfy3flG9/rd6YrflntyZYXHdSgyPX4hjWylXkrakMG03SJh8J6fawA8twoEf 3aK+L6Q3T7O8eXV8hhI7Dxu9gnLJc8cQyCcYMKcnsqABtBZO8rAe54RmwGUz40MEEFDejYjnFEr92zBjHqXYnsXjJ3nUUoIyZq8hlKrBTs64tyP9pw9zG+6NCJFluecKqQnEusU3xYiV4LDRnVs4dAKaF6xWzKbiJWLe4uhvC6qf4fnDSaVPSpt9ps3+AqthEO+gVaiGK9lAfHaJjNEDM872WR72OX/Pf+V1/t0r1vRvPS/RP+J/+AiBrw/U=</latexit><latexit sha1_base64="AdU/Mra5g13ogMW+ETWlZL5ZXyo=">AAAChXicdVFNbxMxEPUuhZbw0QBHLlYjpCBBsEPSlhMRPdBDVYpE2krZsPI6s4kVe3exvZWi1fI7OCB+A7+lN9T+mDrZpioRjGTr6b15nvFMlElhLCF/PP/O2t176xv3aw8ePnq8WX/y9NikuebQ56lM9WnEDEiRQN8KK+E008BUJOEkmu7N9ZMz0EakyRc7y2Co2DgRseDMOiqs/ww+KRizsAi0wqrEAXzLxRkOYs244ybpUimL5tv9kHxtv9kNMoE/Vvxh+bJ89X35xnTFP70xsfl1KzU4cC2O2Eq5irwxlWG9QVrkHSGdLnZgEQ5 06Q7tdjC9Zhq97YPfv35cXhyF9fNglPJcQWK5ZMYMKMnssGDaCi6hrAW5gYzxKRvDwMGEKTDDYjHFEr9wzAjHqXYnsXjB3nYUTBkzU5HLVMxOzKo2J/+lDXIb7w4LkWS5hYRXheJcYpvi+UrwSGjgVs4cYFwL1yvmE+YmYt3iam4Iy5/i/4PjdouSFv1MG70PqIoN9BxtoSaiaAf10D46Qn3EPd9retRr++v+a7/jb1epvnfteYb+Cv/9FTMvxkI=</latexit><latexit sha1_base64="AdU/Mra5g13ogMW+ETWlZL5ZXyo=">AAAChXicdVFNbxMxEPUuhZbw0QBHLlYjpCBBsEPSlhMRPdBDVYpE2krZsPI6s4kVe3exvZWi1fI7OCB+A7+lN9T+mDrZpioRjGTr6b15nvFMlElhLCF/PP/O2t176xv3aw8ePnq8WX/y9NikuebQ56lM9WnEDEiRQN8KK+E008BUJOEkmu7N9ZMz0EakyRc7y2Co2DgRseDMOiqs/ww+KRizsAi0wqrEAXzLxRkOYs244ybpUimL5tv9kHxtv9kNMoE/Vvxh+bJ89X35xnTFP70xsfl1KzU4cC2O2Eq5irwxlWG9QVrkHSGdLnZgEQ5 06Q7tdjC9Zhq97YPfv35cXhyF9fNglPJcQWK5ZMYMKMnssGDaCi6hrAW5gYzxKRvDwMGEKTDDYjHFEr9wzAjHqXYnsXjB3nYUTBkzU5HLVMxOzKo2J/+lDXIb7w4LkWS5hYRXheJcYpvi+UrwSGjgVs4cYFwL1yvmE+YmYt3iam4Iy5/i/4PjdouSFv1MG70PqIoN9BxtoSaiaAf10D46Qn3EPd9retRr++v+a7/jb1epvnfteYb+Cv/9FTMvxkI=</latexit><latexit sha1_base64="RqT+kXNNr6jO9+ym5MT2++WvKAA=">AAAChXicdVHbbhMxEPUul7bhFuCRF4sIKUgQ7JDQ8kRVHugDgiKRtlI2rGad2cSKvbvY3krRavmSflXf+BucW1UiGMnW0Zk5nvGZpFDSOsZ+B+Gt23fu7uzuNe7df/DwUfPxk1Obl0bgQOQqN+cJWFQyw4GTTuF5YRB0ovAsmX1c5M8u0FiZZ9/dvMCRhkkmUynAeSpuXkZfNU4griKjqa5phD9LeUGj1IDw3DTfZOqq/fY4Zj+6bw6iQtJPK/5L/bJ+9WvzxmxLP7sWweK6URp99iOOYavdirwW1XGzxTrsPWO9PvVgGR70+T7v9yh fMy2yjpO4eRWNc1FqzJxQYO2Qs8KNKjBOCoV1IyotFiBmMMGhhxlotKNq6WJNX3hmTNPc+JM5umRvKirQ1s514is1uKndzi3If+WGpUsPRpXMitJhJlaN0lJRl9PFSuhYGhROzT0AYaSflYopeEecX1zDm7D5Kf0/OO12OOvwb7x1eLS2Y5c8I89Jm3CyTw7JMTkhAyKCMGgHPOiGO+HrsBe+W5WGwVrzlPwV4Yc/VSTB4w==</latexit>



Interpreting Λ as vacuum energy also raises the ‘coincidence problem’: 

Why is ΩΛ≈ Ωm today?

An evolving ultralight scalar field (‘quintessence’) can display ‘tracking’ behaviour: 
this requires V(φ)1/4 ~ 10-12 GeV but √d2V/dφ2 ~ H0 ~10-42 GeV to ensure slow-roll … 

i.e. just as much fine-tuning as a bare cosmological constant 

A similar comment applies to models (e.g. ‘DGP brane-world’) wherein gravity is 
modified on the scale of the present Hubble radius 1/H0 so as to mimic vacuum 

energy  … this scale is absent in a fundamental theory and must be put in by hand
(there is similar fine-tuning in every proposal – massive gravity, chameleon fields, …)

Therefore every attempt to explain the coincidence problem is severely fine-tuned

Do we infer Λ ~ H0
2 from observations simply because H0 (~10-42 GeV) is the only scale 

in the F-R-L-W model … so this is the value imposed on Λ by construction?

Tµ⌫ = �h⇢ifields gµ⌫ ➛

The only ‘natural’ option is if Λ ~ H2 always, but this is just a renormalisation of GN ! 
(recall:H2 = 8πGN/3 + Λ/3) ➙ ruled out by Big Bang nucleosynthesis which requires GN

to be within 5% of lab value … in any case this will not yield accelerated expansion

Recent suggestion that S-matrix formulation of quantum gravity excludes de Sitter 
vacua (Dvali, 2012.02133; Obied, Ooguri, Spodyneiko & Vafa, 1806.08362)



A ‘tilted’ Universe?
ØThere is a dipole in the recession velocities of host galaxies of supernovae                 
⇒ we are in a ‘bulk flow’ stretching out well beyond the scale at which the 

universe supposedly becomes statistically homogeneous

ØThe inference that the Hubble expansion rate is accelerating may be an 
artefact of this bulk flow - the acceleration is mainly a dipole aligned with 

the flow, and the monopole drops in significance to be consistent with zero

ØThe rest frame in which distant quasars are isotropic ≠ rest frame of the CMB

Could this be an indication of new horizon-scale physics (Gunn 1988, Turner 1991)? 

The standard assumptions of isotropy and homogeneity are questionable  
… and so is the inference that the universe is dominated by dark energy

[‘Cosmological fitting problem’ (Ellis & Stoeger 1987): use of heliocentric vs. CMB frame 
⇒ different choices of corresponding 2-spheres in the ‘null fitting’ procedure]


