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To start off, I want to make a few disclaimers:
1. I have not worked on EW logs in collider environments for several years

2. I have not looked directly at the effects of EW logs on muon colliders

3. I was only asked to give this talk about week ago

This has several consequences:

1. Results I am presenting are a few years old (but should still represent 
the correct physics and intuition

2. I have not looked directly at the effects of EW logs on muon colliders. 
Numerical results are therefore for 100TeV (or higher) pp machines

However, the setup is directly applicable to muon collider, and this workshop has 
motivated me to redo our analyses for the muon collider directly.
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Fixed	order	results	at	a	future	100	TeV	machine	show	that	EW	
correc:ons	are	much	larger	than	QcD	correc:ons
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QCD corrections

‣  mostly moderate and stable QCD corrections

EW corrections

‣  Sudakov behaviour in both tails: -20–100% EW corrections at 1-20 TeV  

‣  EW corrections everywhere larger than QCD uncertainties! 

‣  Still large difference between QCD+EW and QCDxEW!  
      
 

      ⟹ inclusive W+1jet requires W+2 jets at NLO QCD+EW! 
    ⟹ NLO QCD+EW multi-jet merging necessary!

Δ!j1j2 < 3π/4
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What makes EW effects so different from QCD effects?
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Higher order QCD calcula1ons involve IR divergent 
contribu1ons that cancel when calcula1ng observables

Higher	order	QCD	calcula4ons	involve	IR	divergent	
contribu4ons	that	cancel	when	calcula4ng	observables

Selection of diagrams contributing to jet production

Any observable gets contributions from virtual and real 
corrections

Both virtual and real are separately IR divergent
All divergences cancel when virtual and real 

are properly combined (KLN theorem)

Any observable get contributions from virtual and real 
contributions

Both virtual and real are separately IR divergent

All divergences cancel when virtual and real are properly 
combined
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Electroweak Sudakov logarithms arise from exchanges of 
electroweak gauge bosons

For massive W, IR divergences turn into log(mW2/s), and 
generally have two powers per power of 𝛼s

Both virtual and real sensitive to log(mW2/s)

Similar set of diagrams for EW contributions, but with W / Z 
bosons instead of gluons

Electroweak	Sudakov	logarithms	arise	from	exchanges	of	
electroweak	gauge	bosons

Similar set of diagrams for EW corrections, but with W/Z 
instead of gluons

For massive W,  IR divergences turn into log(mW2/s), and 
generally have two powers per power of alpha

e-

e+

e- e-

e+ e+

"

" "
"Z

W-

W+

W-

W+ W-

Both virtual and real sensitive to log(mW2/s)
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Electroweak correc1ons give rise to double logarithmic 
dependence for essen1ally any process

• For QCD, inclusive observables give rise to at most 
single logarithms 

• Ensured by KLN cancellation between virtual and real 
• For EW processes, can never have fully inclusive 

observables, since initial state not SU(2) invariant

Size of double logs:

Smaller Larger

Fully ExclusiveFully Inclusive
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There are 3 different ways one can include large EW 
effects into calculations

1. Calculation of PDFs and FFs which include the full EW SM evolution

2. Using a full EFT treatment, with soft and jet functions in the full SM

3. Using Parton shower approach that treats all interactions of the SM 
on the same footing

Ciafaloni, Comelli (’05), Martin et. al. (’05), Roth et. al. (’05)
Ferland, CWB, Webber (’17)

Manohar, Waalewijn (’18)

Han, Tweedie (’16)
CWB, Rodd, Webber (WIP)



Christian Bauer
EW resummation and showers

Effective theories (SCET) can be used to make predictions 
for inclusive cross sections
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DGLAP equa1ons can be obtained including all interac1ons of 
the SM, and EW gives rise to interes1ng effectsThere	most	general	form	of	the	DGLAP	equa@on	has	a	very	
simple	form

29

and PDFs for each of the 4 Higgs fields H0, H̄0, H+ and H
� are included. The relationship

to the 4 Higgs fields in the unbroken basis to the physical Higgs and the longitudinal gauge

bosons is as follows: The H
± PDFs correspond to those of the longitudinally polarized

W
±. In the notation of Ref. [8], the neutral Higgs fields are

H
0 =

(h� iZL)
p
2

, H̄
0 =

(h+ iZL)
p
2

, (2.8)

where h and ZL represent the Higgs and the longitudinal Z0 fields, respectively. The

corresponding PDFs are

fH0 =
1

2
[fh + fZL

+ i (fhZL
� fZLh

)] , (2.9)

f
H̄0 =

1

2
[fh + fZL

� i (fhZL
� fZLh

)] , (2.10)

and one can also define the mixed PDFs

f
H0H̄0 =

1

2
[fh � fZL

� i (fhZL
+ fZLh

)] , (2.11)

f
H̄0H0 =

1

2
[fh � fZL

+ i (fhZL
+ fZLh

)] . (2.12)

Both of these mixed PDF carry non-zero hypercharge, such that they are not produced by

the DGLAP evolution in the unbroken gauge theory as considered in this paper3. Thus,

one immediately finds

fh � fZL
= fhZL

+ fZLh
= 0 , (2.13)

and

fh = fZL
=

1

2
(fH0 + f

H̄0) , fhZL
= �fZLh

= �
i

2
(fH0 � f

H̄0) . (2.14)

In summary, there are a total of 52 parton distribution functions that need to be

considered. Apart from the QCD quark and gluon distributions and the electroweak PDFs

(2.6), all the other SM PDFs are set to zero at scale q0 = mV and evolve according to the

generalized DGLAP equations presented below.

2.2 General evolution equations

We consider the x-weighted PDFs of parton species i at momentum fraction x and scale q,

fi(x, q). In general they satisfy evolution equations of the following forms:

q
@

@q
fi(x, q) =

X

I

↵I(q)

⇡

2

4P V

i,I(q) fi(x, q) +
X

j

Cij,I

Z
z
ij,I

max(q)

x

dz PR

ij,I(z)fj(x/z, q)

3

5

⌘

X

I


q
@

@q
fi(x, q)

�

I

. (2.15)

3
They are only produced through insertions of the Higgs vacuum

– 5 –

as well as a partial Sudakov factor for each interaction

�i,I(q) = exp

Z
q

q0

dq0

q0
↵I(q0)

⇡
P

V

i,I(q
0)

�
, (2.29)

where q0 is an arbitrary cuto↵, which for convenience we set equal to mV . This allows us

to write 
�i,I(q) q

@

@q

fi(x, q)

�i,I(q)

�

I

=
↵I(q)

⇡

X

j

Cij,IP
R

ij,I ⌦ fj , (2.30)

where again the notation [. . .]I implies that only terms from the interaction I are kept.

This gives

�i(q) q
@

@q


fi(x, q)

�i(q)

�
=

X

I


�i,I(q) q

@

@q

fi(x, q)

�i,I(q)

�

I

=
X

I

↵I(q)

⇡

X

j

Cij,IP
R

ij,I ⌦ fj , (2.31)

where

P
R

ij,I ⌦ fj ⌘

Z
z
ij,I

max(q)

x

dz PR

ij,I(z)fj(x/z, q) . (2.32)

2.3 Splitting functions

The splitting functions depend only on the type of particles, which for the Standard Model

are the spin 1/2 fermions, denoted by f , spin 1 gauge bosons, denoted by V , as well as

spin 0 Higgs bosons, denoted by H.

Denoting the three gauge interactions of the Standard Model collectively by I = G,

the splitting functions involving gauge bosons are given by

P
R

ff,G
(z) =

1 + z
2

1� z
, (2.33)

P
R

V f,G
(z) = Pff,G(1� z) , (2.34)

P
R

fV,G
(z) =

1

2

⇥
z
2 + (1� z)2

⇤
, (2.35)

P
R

V V,G(z) = 2


z

1� z
+

1� z

z
+ z(1� z)

�
(2.36)

P
R

HH,G(z) =
2z

1� z
, (2.37)

P
R

VH,G(z) = P
R

HH,G(1� z) , (2.38)

P
R

HV,G(z) = z(1� z) . (2.39)

The factor of 1/2 in PfV has to be included since we are considering fermions with definite

chirality. For the Yukawa interaction (Y ), one obtains

P
R

ff,Y
(z) =

1� z

2
, (2.40)

P
R

Hf,Y
(z) = P

R

ff,Y
(1� z) , (2.41)

P
R

fH,Y
(z) =

1

2
. (2.42)
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as well as a partial Sudakov factor for each interaction
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⇡
P

V

i,I(q
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�
, (2.29)

where q0 is an arbitrary cuto↵, which for convenience we set equal to mV . This allows us
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�i,I(q) q

@

@q

fi(x, q)

�i,I(q)

�

I

=
↵I(q)

⇡

X

j

Cij,IP
R

ij,I ⌦ fj , (2.30)

where again the notation [. . .]I implies that only terms from the interaction I are kept.
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=
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⇡

X

j

Cij,IP
R

ij,I ⌦ fj , (2.31)

where

P
R

ij,I ⌦ fj ⌘

Z
z
ij,I

max(q)

x

dz PR

ij,I(z)fj(x/z, q) . (2.32)

2.3 Splitting functions

The splitting functions depend only on the type of particles, which for the Standard Model

are the spin 1/2 fermions, denoted by f , spin 1 gauge bosons, denoted by V , as well as

spin 0 Higgs bosons, denoted by H.

Denoting the three gauge interactions of the Standard Model collectively by I = G,

the splitting functions involving gauge bosons are given by

P
R

ff,G
(z) =

1 + z
2

1� z
, (2.33)

P
R

V f,G
(z) = Pff,G(1� z) , (2.34)

P
R

fV,G
(z) =

1

2

⇥
z
2 + (1� z)2

⇤
, (2.35)

P
R

V V,G(z) = 2


z

1� z
+

1� z

z
+ z(1� z)

�
(2.36)

P
R

HH,G(z) =
2z

1� z
, (2.37)

P
R

VH,G(z) = P
R

HH,G(1� z) , (2.38)

P
R

HV,G(z) = z(1� z) . (2.39)

The factor of 1/2 in PfV has to be included since we are considering fermions with definite

chirality. For the Yukawa interaction (Y ), one obtains

P
R

ff,Y
(z) =

1� z

2
, (2.40)

P
R

Hf,Y
(z) = P

R

ff,Y
(1� z) , (2.41)

P
R

fH,Y
(z) =

1

2
. (2.42)

– 9 –

as well as a partial Sudakov factor for each interaction

�i,I(q) = exp

Z
q

q0

dq0

q0
↵I(q0)

⇡
P

V

i,I(q
0)

�
, (2.29)

where q0 is an arbitrary cuto↵, which for convenience we set equal to mV . This allows us

to write 
�i,I(q) q

@

@q

fi(x, q)

�i,I(q)

�

I

=
↵I(q)

⇡

X

j

Cij,IP
R

ij,I ⌦ fj , (2.30)

where again the notation [. . .]I implies that only terms from the interaction I are kept.

This gives

�i(q) q
@

@q


fi(x, q)

�i(q)

�
=

X

I


�i,I(q) q

@

@q

fi(x, q)

�i,I(q)

�

I

=
X

I

↵I(q)

⇡

X

j

Cij,IP
R

ij,I ⌦ fj , (2.31)

where

P
R

ij,I ⌦ fj ⌘

Z
z
ij,I

max(q)

x

dz PR

ij,I(z)fj(x/z, q) . (2.32)

2.3 Splitting functions

The splitting functions depend only on the type of particles, which for the Standard Model

are the spin 1/2 fermions, denoted by f , spin 1 gauge bosons, denoted by V , as well as

spin 0 Higgs bosons, denoted by H.

Denoting the three gauge interactions of the Standard Model collectively by I = G,

the splitting functions involving gauge bosons are given by

P
R

ff,G
(z) =

1 + z
2

1� z
, (2.33)

P
R

V f,G
(z) = Pff,G(1� z) , (2.34)

P
R

fV,G
(z) =

1

2

⇥
z
2 + (1� z)2

⇤
, (2.35)

P
R

V V,G(z) = 2


z

1� z
+

1� z

z
+ z(1� z)

�
(2.36)

P
R

HH,G(z) =
2z

1� z
, (2.37)

P
R

VH,G(z) = P
R

HH,G(1� z) , (2.38)

P
R

HV,G(z) = z(1� z) . (2.39)

The factor of 1/2 in PfV has to be included since we are considering fermions with definite

chirality. For the Yukawa interaction (Y ), one obtains

P
R

ff,Y
(z) =

1� z

2
, (2.40)

P
R

Hf,Y
(z) = P

R

ff,Y
(1� z) , (2.41)

P
R

fH,Y
(z) =

1

2
. (2.42)

– 9 –

Can define a Sudakov factor by exponentiating virtual piece

Allows to write a slightly simpler form of the DGLAP equation

General form of the DGLAP equation

Same as DGLAP equations for QCD, just with more 
coefficients and splitting functions

• Double logarithms from PDF evolution 
• Generation of vector boson polarization

SU(2) evolution gives rise to new effects:
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EW resummation and showers

DGLAP equa1ons can be obtained including all interac1ons of 
the SM, and EW gives rise to interes1ng effects

Double logarithms from PDF evolution

Since	charged	W	bosons	can	change	the	flavor	of	the	
fermions,	cancella@on	between	virtual	and	real	broken

35

Consider evolution of an up-type pdf:

Virtual Real

t
d

dt
fu(x, t) =

↵CF

⇡
PV
q (t)fu(x, t)

Since fu ≠ fd (the proton is not SU(2) singlet), real and virtual 
contributions do not cancel

Double logarithmic terms remain

t
d

dt
fu(x, t) =

↵CF

⇡

Z zmax(t)

0
dz Pqq(z)

⇥

2

3
fd(x/z, t) +

1

3
fu(x/z, t)

�

For	usual	QCD	evolu@on	of	PDF’s	solu@on	to	DGLAP	is	only	
single	logarithmic

34

Consider evolution of quark pdf:

Virtual Real

Combination

Logarithmic singularity as z→1 vanishes

t
d

dt
fu(x, t) =

↵CF

⇡
PV
q (t)fu(x, t)

PV
q (t) = �

Z zmax(t)

0
dz Pqq(z)

t
d

dt
fq(x, t) =

↵CF

⇡

Z zmax(t)

x
dz Pqq(z)fq(x/z, t)

t
d

dt
fq(x, t) =

↵CF

⇡

Z zmax(t)

0
dz Pqq(z) [fq(x/z, t)� fq(x, t)] + . . .

In standard QCD evolution, soft singularity cancels 

For	usual	QCD	evolu@on	of	PDF’s	solu@on	to	DGLAP	is	only	
single	logarithmic

34

Consider evolution of quark pdf:

Virtual Real

Combination

Logarithmic singularity as z→1 vanishes

t
d

dt
fu(x, t) =

↵CF

⇡
PV
q (t)fu(x, t)

PV
q (t) = �

Z zmax(t)

0
dz Pqq(z)

t
d

dt
fq(x, t) =

↵CF

⇡

Z zmax(t)

x
dz Pqq(z)fq(x/z, t)

t
d

dt
fq(x, t) =

↵CF

⇡

Z zmax(t)

0
dz Pqq(z) [fq(x/z, t)� fq(x, t)] + . . .

Ciafaloni, Comelli (’05), Martin et. al. (’05), Roth et. al. (’05)
CWB, Ferland, Webber (’17-’18)
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the SM, and EW gives rise to interes1ng effects
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Consider evolution of an up-type pdf:
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d
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↵CF

⇡
PV
q (t)fu(x, t)

Since fu ≠ fd (the proton is not SU(2) singlet), real and virtual 
contributions do not cancel

Double logarithmic terms remain

t
d

dt
fu(x, t) =

↵CF

⇡

Z zmax(t)

0
dz Pqq(z)
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2

3
fd(x/z, t) +

1

3
fu(x/z, t)

�

In SU(2) evolution, soft singularity does not cancel 

Real and virtual don’t cancel at z=1, due to the fact that fu ≠ fd)

Double logs remain in DGLAP

Ciafaloni, Comelli (’05), Martin et. al. (’05), Roth et. al. (’05)
CWB, Ferland, Webber (’17-’18)
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DGLAP equa1ons can be obtained including all interac1ons of 
the SM, and EW gives rise to interes1ng effects

Generation of polarization effects

• Left- and right-handed vector bosons couple differently 
to left- and right-handed fermions 

• Since EW interaction couple differently to fL and fR, 
polarization asymmetry is generated 

• This feeds back and also affects evolution of fermions

Leads to O(1) polarization of EW vector bosons, but even 
gluon becomes polarized 

Manohar, Waalewijn (18)

Ciafaloni, Comelli (’05), Martin et. al. (’05), Roth et. al. (’05)
CWB, Ferland, Webber (’17-’18)
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DGLAP evolu1on is genera1ng significant polariza1on 
asymmetries for vector bosons

��-� ��-� ��-� ��-� ���

��-�

��-�

��-�

��-�

��-�

��

Figure 6: Polarization of gauge bosons normalized to their unpolarized PDFs. The thin gray line
shows where the scales on the x- and/or y-axes switch between linear and logarithmic.

where

f
noEW
i (x, q) =

(
QCD+QED evolution for q < qV ,

QCD evolution for q > qV .
(4.2)

and
⇥
f
SM
i

(x, q)
⇤
↵
only includes the linear terms in ↵I 6=3. These results were used to match

the resummed calculation to fixed-order results, and to understand the importance of the

resummation and higher-order corrections that are very di�cult to obtain in a fixed-order

calculation. We have repeated the calculation of the first-order expansion of all PDFs,

including all improvements discussed in this paper. While the numerical results change

slightly, qualitatively all conclusions made in the previous paper remain unchanged. For

this reason, we do not repeat the analysis here. We will, however, study the perturbative

convergence of the parton luminosities, discussed next.

As a final result, we combine the obtained PDFs into parton luminosities at a future

– 20 –

CWB, Ferland, Webber (’18)
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Can have extremely important effects at extremely high 
energies, relevant for spectra from UH DM

Dark Matter Spectra from the Electroweak to the Planck Scale

Christian W. Bauer,1, 2 Nicholas L. Rodd,1, 2 and Bryan R. Webber3

1
Berkeley Center for Theoretical Physics, University of California, Berkeley, CA 94720, USA

2
Theoretical Physics Group, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA

3
University of Cambridge, Cavendish Laboratory, J.J. Thomson Avenue, Cambridge, UK

We compute the decay spectrum for dark matter (DM) with masses above the scale of electroweak
symmetry breaking, all the way to the Planck scale. For an arbitrary hard process involving a decay
to the unbroken standard model, we determine the prompt distribution of stable states including
photons, neutrinos, positrons, and antiprotons. These spectra are a crucial ingredient in the search
for DM via indirect detection at the highest energies as being probed in current and upcoming
experiments including IceCube, HAWC, CTA, and LHAASO. Our approach improves considerably
on existing methods. For example, we include all relevant electroweak interactions. The importance
of these e↵ects grow with DM mass, and by an EeV our spectra can di↵er by orders of magnitude
from existing results.

Introduction. If the dark matter (DM) of our universe
is a particle with a mass between the electroweak and
Planck scales, then it could be discovered via the indi-
rect detection of stable standard model (SM) particles
produced from its decay. Such decays can be initiated
by an underlying hard process where the DM decays to
two SM states, � ! XX̄. The SM states, injected with
virtuality µ ⇠ m�, will shower and eventually hadronize,
evolving down to on-shell stable particles such as pho-
tons, neutrinos, positrons, and anti-protons. This is true
even when X = ⌫; above the electroweak scale, denoted
qW , a shower can be initiated by the emission of a W or
Z boson.

Calculation of the resulting prompt spectra is a cen-
tral ingredient in testing the hypothesis of heavy DM. At
present, a common approach is to simulate these events
using Pythia [1–3], which accurately reproduces most
of the relevant physics up to ⇠TeV scales. Pythia is
not, however, at present designed to operate well above
these scales, for example it is missing interactions such as
triple gauge couplings in the electroweak sector that can
become increasingly important. In this letter, we pro-
pose an alternative approach, introducing a framework
specifically for the problem at hand. Spectra generated
using this formalism can di↵er significantly from exist-
ing results, as demonstrated in Fig. 1. We make our full
results publicly available [4].

Decaying DM at these mass scales can be realized in
a number of di↵erent scenarios. Classic candidates in-
clude the Wimpzilla [5–10], glueball [11–16], and grav-
itino [17–19]. There have also been a number of recent
proposals expanding the list, see for example [20–26]. In-
dependent of UV motivations, there is a clear reason to
consider searching for such DM: the robust existing and
upcoming experimental program to probe astrophysical
messengers at higher and higher energies. Many instru-
ments can probe heavy DM, including HAWC [27], Ice-
Cube [28–32], ANTARES [33, 34], Pierre Auger Observa-
tory [35–37], Telescope Array [38, 39], and in the future
CTA [40, 41], LHAASO [42, 43], IceCube-Gen2 [44], and
KM3NET [45, 46]. Taken together, these experiments
demonstrate that in the coming years we will continue

10�4 10�3 10�2 10�1 100

x = 2E/m�

10�5

10�4

10�3

10�2

10�1

100

x
2 d

N
/d

x

/

/

� ! �e�̄e ! S; m� = 2 EeV

S = �/�e (this work)

S = �/�e (Pythia)

FIG. 1: The prompt electron neutrino and photon spectrum
resulting from the decay of a 2 EeV DM particle to ⌫e⌫̄e. Solid
curves represent the results obtained in this work, and predict
orders of magnitude more flux at certain energies than the
dashed results of Pythia 8.2, one of the only existing methods
to generate spectra at these masses. In both cases energy
conservation is satisfied: there is a considerable contribution
to a �-function at x = 1, associated with events where an
initial W or Z was never emitted and thus no subsequent
shower developed.

to probe the universe at higher energies and to greater
sensitivities: there is every possibility of an unexpected
signal. Accurate prompt spectra are required to know if
any such anomaly is consistent with DM.
The remainder of this letter outlines how to do so.

We begin by describing how the calculation of DM spec-
tra can be mapped onto fragmentation functions (FFs),
which can be evolved from the UV scale, µ ⇠ m�, down
to the IR, µ ⇠ 0. The computation can be performed in
three stages: 1) Evolution from m� to qW ; 2) Matching
through qW ; and 3) Continued evolution down to 0. We
outline the details required at each step, leaving a more
exhaustive description to the Supplemental Material.
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FIG. 2: A cartoon of the three steps used to calculate the
UV to IR evolution. An initial 2-body final state resulting
from a hard interaction of � ! XX̄ is DGLAP evolved down
to q

+
W
, just above the weak scale. At q

+
W
, states with masses

above the electroweak scale are integrated out. Finally, at
q
�
W

these results are matched onto Pythia which handles the
subsequent evolution and hadronization e↵ects.

Framework. The flux of an observable particle S pro-
duced from DM decay depends centrally on the prompt
spectrum, defined as1

dNS

dx
=

1

�0

d�

dx
(� ! S + . . .) . (1)

Here � is the inclusive decay rate of � to S, �0 = 1/⌧ is
the inverse lifetime, and we use dimensionless variables
x = 2E/m�. If the decay is seeded by an underlying pro-
cess � ! XX̄, for an arbitrary SM state X, the process
begins with each particle at a virtuality scale m�/2. The
problem is then to determine the probability that X and
X̄ evolve to produce S carrying a fraction x of the initial

1 The discussion is couched in the language of DM decay due to
the Kamionkowski-Griest bound [47] providing a naive obstruc-
tion to DM annihilation at these masses. The bound can be
evaded, see e.g. [48–51], and our results can be readily ported to
annihilation with the simple identification mdec.

� = 2mann.
� .

energy. This process is described by a FF D
b
a(x; µQ, µ0),

which determines the probability of an initial particle
a at a scale µQ evolving to produce a particle b at µ0

carrying a momentum fraction x; in the absence of any
evolution we would have D

b
a(x; µQ, µ0) = �

b
a�(1 � x). In

this language, we can write the spectrum as2

dNS

dx
= D

S
X(x; m�/2, 0) +D

S
X̄(x; m�/2, 0) . (2)

At this stage, we have simply rephrased the problem.
The power of Eq. (2) is that it allows us to bring to bear
the considerable formalism of FFs to the calculation of
DM spectra. In particular, the full evolution in virtuality
can be decomposed into easier to compute segments, and
then convolved together. For the present work we will
exploit this result to break the calculation up as follows,

D
S
X(x; m�/2, 0) =

X

M,N

Z 1

x

dy

y

Z 1

x/y

dz

z
D

M
X (y; m�/2, q

+
W
)

| {z }
DGLAP

⇥ D
N
M (z; q+

W
, q

�
W
)| {z }

Matching

⇥ D
S
N (x/(yz); q�

W
, 0)| {z }

Pythia

. (3)

The three pieces to be calculated are as follows. Firstly
we evolve from the scale of the DM mass down to
just above the weak scale, q+

W
, using the DGLAP equa-

tions [52–54] and in particular an implementation using
all interactions in the unbroken SM, as well as a par-
tial treatment of soft-coherence e↵ects [55–59]. We next
perform a matching by evolving across a parametrically
small region through the weak scale, removing all parti-
cles with electroweak scale masses. Finally, these results
are matched onto Pythia below qW , where it is used to
calculate the subsequent showering, hadronization, and
light particle decays in a regime where it has been exten-
sively vetted. A simplified depiction of the full evolution
is given in Fig. 2, and we next flesh out the details in-
volved at each stage.

High Scale Evolution and Soft Coherence. The
first step of our calculation is to take the two body spec-
trum at µ = m�/2, and evolve this down to just above
the weak scale, µ = q

+
W
.3 To do so we include the dom-

inant e↵ects associated with the leading collinear and
collinear-soft divergences in the theory, both of which
are described by the unregulated Altarelli-Parisi split-
ting functions P̂ (z). The evolution of the FFs under
the 1 ! 2 splitting interaction I encoded in P̂ (z) is de-
scribed by the DGLAP evolution equations, which take

2 Eq. (2) applies for a hard two-body decay. The formalism can
be extended to (n > 2)-body decays, as described in the Supple-
mental Material.

3 In practice, to improve numerical stability, the DGLAP equa-
tions are solved by evolving from qW to m�/2, rather than the
other way around. See the Supplemental Material for details.

CWB, Rodd, Webber (’20)
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Effective theories (SCET) can be used to make predictions 
for inclusive cross sections
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Abstract: We develop the framework to perform all-orders resummation of electroweak

logarithms of Q/M for inclusive scattering processes at energies Q much above the elec-

troweak scale M . We calculate all ingredients needed at next-to-leading logarithmic (NLL)

order and provide an explicit recipe to implement this for 2 → 2 processes. PDF evolution

including electroweak corrections, which lead to Sudakov double logarithms, is computed.

If only the invariant mass of the final state is measured, all electroweak logarithms can be

resummed by the PDF evolution, at least to LL. However, simply identifying a lepton in

the final state requires the corresponding fragmentation function and introduces angular

dependence through the exchange of soft gauge bosons. Furthermore, we show the impor-

tance of polarization effects for gauge bosons, due to the chiral nature of SU(2) — even

the gluon distribution in an unpolarized proton becomes polarized at high scales due to

electroweak effects. We justify our approach with a factorization analysis, finding that the

objects entering the factorization theorem do not need to be SU(2) ×U(1) gauge singlets,

even though we perform the factorization and resummation in the symmetric phase. We

also discuss a range of extensions, including jets and how to calculate the EW logarithms

when you are fully exclusive in the central (detector) region and fully inclusive in the

forward (beam) regions.
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EW resummation and showers

Effective theories (SCET) can be used to make predictions 
for inclusive cross sections
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Figure 1. EW corrections to Drell-Yan production: the parton from each proton (blob) emits
initial-state radiation before participating in the hard scattering (Z exchange). The outgoing leptons
produce final-state radiation. These collinear effects are described by the DGLAP evolution of the
corresponding PDFs and FFs. Surprisingly, soft radiation between different collinear directions
matters because the incoming and outgoing particles are not SU(2) singlets, and this also modifies
the DGLAP evolution.

We achieve resummation using an effective field theory analysis, in the spirit of

refs. [17, 18]. First the hard scattering is integrated out at the scale Q, matching onto

an effective field theory in the symmetric phase of SU(2) × U(1). We then factorize the

cross section and use the renormalization group evolution to evolve to the low scale M ,

thereby resumming EW logarithms. Only at the low scale M do we switch to the broken

phase. Anomalous dimensions are related to ultraviolet divergences and do not depend on

symmetry breaking, which is an infrared effect. The collinear initial- and final-state radi-

ation will be resummed using the DGLAP evolution [36–38] of the corresponding PDFs

and fragmentation functions (FFs). Surprisingly, for the nonsinglet PDFs there is also a

sensitivity to soft radiation. This introduces rapidity divergences, and we use the rapidity

renormalization group [39, 40] to resum the corresponding single logarithms of Q/M . We

calculate all ingredients necessary for resummation at NLL and provide an explicit recipe

on how to implement them for 2 → 2 processes in the appendix.

We end the paper by discussing a range of generalizations:

• Resummation beyond NLL.

• Other processes.

• Kinematic hierarchies which arise when not all of the Mandelstam invariants are of

order Q.

• Jets identified (inclusively) using a jet algorithm

• Less inclusive processes where radiation within the range of the detectors is observed,

but radiation near the beam axis is not.

The outline of our paper is as follows. Our factorization analysis, which splits the

cross section into collinear and soft parts, is described in section 2. The renormalization

group equations for the collinear sector are given in section 3, and for the soft sector in 4.

The matching onto the broken phase of the gauge theory is presented in section 5. The

evolution from the hard scale Q to the electroweak scale M accomplishes the resummation

– 2 –

Three types of radiation need to be considered:

Initial state Final state Soft

σ = f ⊗ f ⊗ J1 ⊗ … ⊗ Jn ⊗ S
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EW resummation and showers

Effective theories (SCET) can be used to make predictions 
for inclusive cross sections

σ = f ⊗ f ⊗ J1 ⊗ … ⊗ Jn ⊗ S

Use RGE to resum logs in different ingredients of the factorization theorem

Double logs in soft and collinear sectors combine to reproduce double logs of 
PDF and FF of previous approach

This approach allows to take into account the resummation of single logarithms
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EW resummation and showers

As in QCD, parton showers are the only way to perform 
general simulations for complicated final states

Han, Tweedie (’16)
CWB, Rodd, Webber (WIP)

Not providing an explicit paper, since no publicly available implementation 
exists to my knowledge (but a lot of results shown in paper by Han, Tweedie)

Some EW effects included in Pythia, but not enough to get proper results

In principle can be implemented by working in the unbroken phase of the SM and 
including all interactions

Private code exists, but needs to be validated etc
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Different approaches have different strengths

Fixed order effects 
included

Resummation 
effects included Ease of use

Fixed order 
calculations

DGLAP evolution

SCET resummation

Full Parton Shower
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Which approach to take depends on relevant importance 
of the various categories

Fixed order 
effects included

Resummation 
effects included Ease of use

Fixed order 
calculations

DGLAP 
evolution

SCET 
resummation

Full Parton 
Shower

• For muon collider, ECM might not be large enough for resummation of large 
logarithms to really matter. FO might be enough

• DGLAP evolution can be a very good approach to get resummation and 
fixed order at a high enough accuracy while still having relative ease of use

• Parton showers can become available over time (physics case for muon 
collider would be a strong  motivator)
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In conclusion, resummation of EW logs is rich subject, and 
one needs to carefully access available techniques
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