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Based on 2005.03047 with S.-Y. Zhou, 2009.02212 with B. Fuks, Y. Liu and S.-Y. Zhou, 
2101.01191 with X. Li, H. Xu, C. Yang, S.-Y. Zhou,  and ongoing works.



New particles? New interactions?
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New particles? New interactions?

Precise measurements at low energy => probe BSM beyond the collider reach.
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[L. Lehman, 14] [Liao & Ma, 16]
[H.-L. Li et al., 20] [Liao & Ma, 20]

See also:

Dim-7:

Dim-9:

[B. Grzadkowski et al., 1008.4884]

Dim-6 (84)

[H.-L. Li et al., 2020] [C. Murphy, 2020]

[Henning, Lu, Melia, Murayama, 1512.03433]Counting:

Dim-8 classes (993)
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Dim-8
✦ 4-boson (W,Z,𝛾H) (anomalous quartic-gauge-boson couplings) 
 
 
 
 
 

✦ Light-by-light, gg>diphoton


✦ nTGC, ffZZ/ffZ𝛾/ff𝛾𝛾


✦ EWPD


✦ Higgs+Z


✦ qqqq, llll, qqll, …

[Corbett, Helset, Martin, Trott 2102.02819]

[Hays, Martin, Sanz, Setford 1808.00442]

[Fuks, Liu, CZ, Zhou 2009.02212]
[Bellazzini, Riva, Serra, Sgarlata 1706.03070]

[Alioli, Boughezal, Mereghetti, Petriello 2003.11615]

[C. Degrande 1308.6323] [Bellazzini and Riva 1806.09640]
[Ellis, He, Xiao 2008.04298] [J. Ellis et al. 1902.06631]
[Gu, Wang, CZ 2011.03055]
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[J. Ellis et al. 1703.08450] [Ellis and Ge 1802.02416]
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[B. Grzadkowski et al., 1008.4884]

Dim-6 (84)

[H.-L. Li et al., 2020] [C. Murphy, 2020]

250 OPs constrained 
by positivity (∝E4)

Dim-8 classes (993)
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Positivity bounds

✦ Not all SMEFTs have a UV completion.


✦ Bounds from axiomatic principles of QFT (causality, unitarity, etc.), on the signs of 
(combinations of) Wilson coefficients.


✦ 2-to-2 amplitude (1 particle)


✦ c2 > 0;   Often in SMEFT: C(8) > 0.  [A. Adams et al., JHEP 06]


✦ General bosonic operators [G. Remmen, N. Rodd 1908.09845]


✦ aQGC [Bi, CZ, Zhou 1902.08977] [Yamashita, CZ, Zhou 2009.04490]


✦ Fermion/flavor operators [G. Remmen, N. Rodd 2004.02885], [Bonnefoy, Gendy, Grojean 2011.12855]


✦ See also [Bellazzini, Riva, Serra, Sgarlata 1706.03070] [Bellazzini and Riva 1806.09640 ] 
[Fuks, Liu, CZ, Zhou 2009.02212] [Gu, Wang, CZ 2011.03055] [T. Trott 2011.10058]…
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Positivity bounds

✦ Analyticity:


✦ Unitarity + Locality: A(s, 0) < O(s ln2 s)
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Disc > 0 by 
optical theorem 
+ (s-u) crossing

UV
Calculable 

in EFT

IR
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All heavy BSM models can 
be matched to some EFT

The SMEFT space

The BSM model space
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The BSM model space
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All heavy BSM models can 
be matched to some EFT

The SMEFT space

The BSM model space

The SMEFT space

Inverse problem: how do we 
find the UV completions, 

given the measured SMEFT?

The BSM model space

“Degeneracies”
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Vanishing degeneracies 
on the boundary



All heavy BSM models can 
be matched to some EFT

The SMEFT space

The BSM model space

The SMEFT space

Inverse problem: how do we 
find the UV completions, 

given the measured SMEFT?

The BSM model space

• Where exactly is the boundary between UV-completable SMEFTs and the others?

• How to determine the UV models (in specific regions of the coefficient space)?

8

Vanishing degeneracies 
on the boundary



Slide by T. Trott at HEFT 2021

[CZ, S.-Y. Zhou, 2005.03047]

[X. Li et al., 2101.01191]
[T. Trott 2011.10058]

E.g. gluon = 16 dofs, 7 ops, 48 bounds
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Outline

✦ Exact boundary of UV-completable SMEFTs, positivity cone


✦ Two approaches to the positivity region: 
1) find the generators,


✦ 2) and directly search for the bounds. 

✦ Phenomenological aspects


✦ The “inverse problem” 
(i.e. how to find UV completions from EFT measurements)


✦ Example: e+e- → e+e-

10

[CZ, S.-Y. Zhou, 2005.03047]

[X. Li et al., 2101.01191]

[Fuks, Liu, CZ, Zhou 2009.02212]



Positivity bound 
from generators

11

[CZ, S.-Y. Zhou, 2005.03047]



Dispersion keeping track of particle modes
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✏⇤      is some scale comparable but below cutoff 
so the EFT is still valid; see “improved positivity” 
of [C. de Rham et al., 1710.09611]; and the 
“arc”s in [B. Bellazzini et al., 2011.00037]
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Mijkl can be mapped to coefficients 
e.g. 2-scalar theory, tree level

ij
kl

Higher orders always possible



Mij→X describes unknown UV physics. 
Restricted by only symmetries.

• The only necessary information is
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Bounds from elastic scattering

of two factorized superposed states

<latexit sha1_base64="cdN/knEkmfkv7NfGk+w0enpTpPg="></latexit>
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As the simplest generalization of 1-species EFT (c2>0), consider two 
superposed states:  

✦ The elastic amplitude is

✦ Expected to be positive. In fact, 
 
 
 
 

✦ Many applications in SMEFT.

✦ Incomplete.
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Bounds from a generation point of view

Define the “directional” information of                             as the “generator”
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M lives in the convex cone
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UV-completable SMEFTs are the conical hull of all generators.
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i.e. all positively

weighted sum
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Bounds from a generation point of view

✦ One species charged under some continuous symmetry (SO/SU groups etc.), 
m    -> Clebsch Gordan coefficients, G -> projective operators 
[Bellazzini, Martucci, Torre, 1405.2960] 

✦ Generators are the edge vectors. Positivity cone is a polytope. 

✦ More generally, can have infinite number of generators, curved boundary. 
[CZ, S.-Y. Zhou, 2005.03047] 

✦ Edge vectors -> extremal rays (ERs). 

✦ ERs are “one-particle SM extensions” 

✦ Extremality plays a role in the “inverse problem”
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Extremal rays

✦ Extremal Ray (ER): an extremal ray of cone C 
cannot be split into two other vectors in C, which are 
linearly independent.

✦ In polyhedral cones, ERs are the edge vectors.
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Extremal rays

✦ Extremal Ray (ER): an extremal ray of cone C 
cannot be split into two other vectors in C, which are 
linearly independent.

✦ In polyhedral cones, ERs are the edge vectors.

✦ Being not splittable, the corresponding UV 
completion cannot have more than one (type of) 
particles. 

✦ If data tells us we are on an ER, the UV particle 
content is uniquely determined. 

✦ Other structures (vertices, faces, etc.) also have 
similar implication for the UV. 

✦ Not true at dim-6. No cone -> no ER exists.
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ER

Not an ER

ER
Not an ER

More UV particles 
-> sum of more than one rays, non-ER



SM Higgs
Operators Generators Either construct from symmetry

or enumerate all UV particle types

A cross section of the 
triangular cone

First derived with “elastic scattering” 
by [G. Remmen, N. Rodd 1908.09845]
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Quark doublets [SU(3) x SU(2)]
Operators Generators

<latexit sha1_base64="0imdOUdAGjqSizopOBZWjjH5pG8=">AAAB+nicdVDLTsJAFJ36RHwVXbqZSExcNW1tAHdENy7RyCOBQqbDFEamj8xMIaTyKW5caIxbv8Sdf+MUMFGjJ7nJyTn35t57vJhRIU3zQ1tZXVvf2Mxt5bd3dvf29cJBQ0QJx6SOIxbxlocEYTQkdUklI62YExR4jDS90WXmN8eECxqFt3IaEzdAg5D6FCOppJ5eSLp03L3r3NDBUCLOo0lPL5rGeaVkOyVoGqZZtmwrI3bZOXOgpZQMRbBErae/d/oRTgISSsyQEG3LjKWbIi4pZmSW7ySCxAiP0IC0FQ1RQISbzk+fwROl9KEfcVWhhHP1+0SKAiGmgac6AySH4reXiX957UT6FTelYZxIEuLFIj9hUEYwywH2KSdYsqkiCHOqboV4iDjCUqWVVyF8fQr/Jw3bsEqGde0UqxfLOHLgCByDU2CBMqiCK1ADdYDBBDyAJ/Cs3WuP2ov2umhd0ZYzh+AHtLdPK8mUnA==</latexit>

uivj )

“Elastic bounds” incomplete 
[Remmen, Rodd 2004.02885]

First completed by 
[T. Trott 2011.10058]
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Photon (parity violating)

W-boson (with parity)

Lepton (L+R)

20
Bounds on all self-quartic operators (i.e. with 4 identical fields) are known



Why this is better than “elastic scattering”

✦ Elastic scattering of two superposed states: 

✦ Initial = final = 

<latexit sha1_base64="fLArkg4ZtElxt92hVo/mV1CZ8kU="></latexit>

Muv!uv ) uivju⇤kv⇤lMijkl

<latexit sha1_base64="Ps+0sM6zHUZ4hzvdab75+Yup6dc=">AAACInicbZDLSsNAFIYnXmu9RV26CRbBVUlEvCyUohuXFewFmrZMppN22smFmTOFEvssbnwVNy4UdSX4ME6bLLT1h4Gf75zDmfN7MWcSbPvLWFhcWl5Zza3l1zc2t7bNnd2qjJQgtEIiHom6hyXlLKQVYMBpPRYUBx6nNW9wM6nXhlRIFoX3MIppM8DdkPmMYNCobV64nPrwoIauYN0eXF2qFhu2+illGXQjYAGVKexnsG0W7KI9lTVvnMwUUKZy2/xwOxFRAQ2BcCxlw7FjaCZYACOcjvOukjTGZIC7tKFtiPXKZjI9cWwdatKx/EjoF4I1pb8nEhxIOQo83Rlg6MnZ2gT+V2so8M+bCQtjBTQk6SJfcQsia5KX1WGCEuAjbTARTP/VIj0sMAGdal6H4MyePG+qx0XntOjcnRRK11kcObSPDtARctAZKqFbVEYVRNAjekav6M14Ml6Md+MzbV0wspk99EfG9w9QLqX+</latexit>

|uvi = uivj |ii ⌦ |ji
<latexit sha1_base64="ycaJb2ftr/pYiiLc9w4M2hY5/nc=">AAACJ3icbVBLS8NAGNzUV42vqEcvwaJ4kJKIqCcpevFYwT6gScpmu2m32TzYR6GE/Bsv/hUvgoro0X/iNu1BWwd2GWbmY/cbP6WEC8v60kpLyyura+V1fWNza3vH2N1r8kQyhBsooQlr+5BjSmLcEERQ3E4ZhpFPccsPbyd+a4QZJ0n8IMYpdiPYj0lAEBRK6hrXx9IjI28ovXDk0cjLyDBXd0hzp4+tU8fRpwFaBIbzga5RsapWAXOR2DNSATPUu8ar00uQjHAsEIWcd2wrFW4GmSCI4lx3JMcpRCHs446iMYwwd7Niz9w8UkrPDBKmTizMQv09kcGI83Hkq2QExYDPexPxP68jRXDlZiROpcAxmj4USGqKxJyUZvYIw0jQsSIQMaL+aqIBZBAJVa2uSrDnV14kzbOqfVG1788rtZtZHWVwAA7BCbDBJaiBO1AHDYDAI3gGb+Bde9JetA/tcxotabOZffAH2vcPJISnVw==</latexit>

uivjukvlmijmkl � 0,

uivlukvjmijmkl � 0

R(s):
L(u):
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Why this is better than “elastic scattering”

✦ Elastic scattering of two superposed states: 

✦ Initial = final = 

<latexit sha1_base64="fLArkg4ZtElxt92hVo/mV1CZ8kU="></latexit>

Muv!uv ) uivju⇤kv⇤lMijkl

✦ The four quark bound                                  is an elastic scattering of 
 
 
 
which does not have a uv -> uv interpretation.

<latexit sha1_base64="Ps+0sM6zHUZ4hzvdab75+Yup6dc=">AAACInicbZDLSsNAFIYnXmu9RV26CRbBVUlEvCyUohuXFewFmrZMppN22smFmTOFEvssbnwVNy4UdSX4ME6bLLT1h4Gf75zDmfN7MWcSbPvLWFhcWl5Zza3l1zc2t7bNnd2qjJQgtEIiHom6hyXlLKQVYMBpPRYUBx6nNW9wM6nXhlRIFoX3MIppM8DdkPmMYNCobV64nPrwoIauYN0eXF2qFhu2+illGXQjYAGVKexnsG0W7KI9lTVvnMwUUKZy2/xwOxFRAQ2BcCxlw7FjaCZYACOcjvOukjTGZIC7tKFtiPXKZjI9cWwdatKx/EjoF4I1pb8nEhxIOQo83Rlg6MnZ2gT+V2so8M+bCQtjBTQk6SJfcQsia5KX1WGCEuAjbTARTP/VIj0sMAGdal6H4MyePG+qx0XntOjcnRRK11kcObSPDtARctAZKqFbVEYVRNAjekav6M14Ml6Md+MzbV0wspk99EfG9w9QLqX+</latexit>

|uvi = uivj |ii ⌦ |ji
<latexit sha1_base64="ycaJb2ftr/pYiiLc9w4M2hY5/nc=">AAACJ3icbVBLS8NAGNzUV42vqEcvwaJ4kJKIqCcpevFYwT6gScpmu2m32TzYR6GE/Bsv/hUvgoro0X/iNu1BWwd2GWbmY/cbP6WEC8v60kpLyyura+V1fWNza3vH2N1r8kQyhBsooQlr+5BjSmLcEERQ3E4ZhpFPccsPbyd+a4QZJ0n8IMYpdiPYj0lAEBRK6hrXx9IjI28ovXDk0cjLyDBXd0hzp4+tU8fRpwFaBIbzga5RsapWAXOR2DNSATPUu8ar00uQjHAsEIWcd2wrFW4GmSCI4lx3JMcpRCHs446iMYwwd7Niz9w8UkrPDBKmTizMQv09kcGI83Hkq2QExYDPexPxP68jRXDlZiROpcAxmj4USGqKxJyUZvYIw0jQsSIQMaL+aqIBZBAJVa2uSrDnV14kzbOqfVG1788rtZtZHWVwAA7BCbDBJaiBO1AHDYDAI3gGb+Bde9JetA/tcxotabOZffAH2vcPJISnVw==</latexit>

uivjukvlmijmkl � 0,

uivlukvjmijmkl � 0

R(s):
L(u):

(T. Trott, KITP seminar)

i=f=
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Why this is better than “elastic scattering”

✦ Elastic scattering of two superposed states: 

✦ Initial = final = 

<latexit sha1_base64="fLArkg4ZtElxt92hVo/mV1CZ8kU="></latexit>

Muv!uv ) uivju⇤kv⇤lMijkl

✦ The four quark bound                                  is an elastic scattering of 
 
 
 
which does not have a uv -> uv interpretation.

✦ In general, if  initial = final =

<latexit sha1_base64="Ps+0sM6zHUZ4hzvdab75+Yup6dc=">AAACInicbZDLSsNAFIYnXmu9RV26CRbBVUlEvCyUohuXFewFmrZMppN22smFmTOFEvssbnwVNy4UdSX4ME6bLLT1h4Gf75zDmfN7MWcSbPvLWFhcWl5Zza3l1zc2t7bNnd2qjJQgtEIiHom6hyXlLKQVYMBpPRYUBx6nNW9wM6nXhlRIFoX3MIppM8DdkPmMYNCobV64nPrwoIauYN0eXF2qFhu2+illGXQjYAGVKexnsG0W7KI9lTVvnMwUUKZy2/xwOxFRAQ2BcCxlw7FjaCZYACOcjvOukjTGZIC7tKFtiPXKZjI9cWwdatKx/EjoF4I1pb8nEhxIOQo83Rlg6MnZ2gT+V2so8M+bCQtjBTQk6SJfcQsia5KX1WGCEuAjbTARTP/VIj0sMAGdal6H4MyePG+qx0XntOjcnRRK11kcObSPDtARctAZKqFbVEYVRNAjekav6M14Ml6Md+MzbV0wspk99EfG9w9QLqX+</latexit>

|uvi = uivj |ii ⌦ |ji
<latexit sha1_base64="ycaJb2ftr/pYiiLc9w4M2hY5/nc=">AAACJ3icbVBLS8NAGNzUV42vqEcvwaJ4kJKIqCcpevFYwT6gScpmu2m32TzYR6GE/Bsv/hUvgoro0X/iNu1BWwd2GWbmY/cbP6WEC8v60kpLyyura+V1fWNza3vH2N1r8kQyhBsooQlr+5BjSmLcEERQ3E4ZhpFPccsPbyd+a4QZJ0n8IMYpdiPYj0lAEBRK6hrXx9IjI28ovXDk0cjLyDBXd0hzp4+tU8fRpwFaBIbzga5RsapWAXOR2DNSATPUu8ar00uQjHAsEIWcd2wrFW4GmSCI4lx3JMcpRCHs446iMYwwd7Niz9w8UkrPDBKmTizMQv09kcGI83Hkq2QExYDPexPxP68jRXDlZiROpcAxmj4USGqKxJyUZvYIw0jQsSIQMaL+aqIBZBAJVa2uSrDnV14kzbOqfVG1788rtZtZHWVwAA7BCbDBJaiBO1AHDYDAI3gGb+Bde9JetA/tcxotabOZffAH2vcPJISnVw==</latexit>

uivjukvlmijmkl � 0,

uivlukvjmijmkl � 0

R(s):
L(u):

<latexit sha1_base64="+Sm7iiBPNy98y1IjwcIOmvnzaDM=">AAACEnicbZDNSsNAFIUn9a/Wv6hLN8Ei6KYkIupKim5cVjBtoYllMp20004mYeZGKLHP4MZXceNCEbeu3Pk2TtsstPXAwOG793LnniDhTIFtfxuFhcWl5ZXiamltfWNzy9zeqas4lYS6JOaxbAZYUc4EdYEBp81EUhwFnDaCwdW43rinUrFY3MIwoX6Eu4KFjGDQqG0euXcZ6488TkN4YJ5k3R5ceDGwiKop7OewbZbtij2RNW+c3JRRrlrb/PI6MUkjKoBwrFTLsRPwMyyBEU5HJS9VNMFkgLu0pa3AeqWfTU4aWQeadKwwlvoJsCb090SGI6WGUaA7Iww9NVsbw/9qrRTCcz9jIkmBCjJdFKbcgtga52N1mKQE+FAbTCTTf7VID0tMQKdY0iE4syfPm/pxxTmtODcn5eplHkcR7aF9dIgcdIaq6BrVkIsIekTP6BW9GU/Gi/FufExbC0Y+s4v+yPj8ARl7nv8=</latexit>

U ij |ii ⌦ |ji
<latexit sha1_base64="ljTElhRLs42yMdqJMds8SJNmptU=">AAACJnicbZBPS8MwGMZT/876r+rRS3EoHmS0IupFNvTicYLdBmsdaZZu2ZK2JKkwSj+NF7+KFw8TEW9+FLOuB7f5QsKP531ekvfxY0qEtKxvbWl5ZXVtvbShb25t7+wae/sNESUcYQdFNOItHwpMSYgdSSTFrZhjyHyKm/7wbtJvPmMuSBQ+ylGMPQZ7IQkIglJJHePmxHlKySBT95BmLGeWs9vD1pnr6rmB5obBjKFarXaMslWx8jIXwS6gDIqqd4yx241QwnAoEYVCtG0rll4KuSSI4kx3E4FjiIawh9sKQ8iw8NJ8zcw8VkrXDCKuTijNXP07kUImxIj5ysmg7Iv53kT8r9dOZHDtpSSME4lDNH0oSKgpI3OSmdklHCNJRwog4kT91UR9yCGSKlldhWDPr7wIjfOKfVmxHy7KtdsijhI4BEfgFNjgCtTAPagDByDwAt7AGHxor9q79ql9Ta1LWjFzAGZK+/kFFCqmwg==</latexit>

U ijUklmijmkl � 0,

U ilUkjmijmkl???

R(s):
L(u):

(T. Trott, KITP seminar)

i=f=
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Why this is better than “elastic scattering”

✦ Elastic scattering of two superposed states: 

✦ Initial = final = 

<latexit sha1_base64="fLArkg4ZtElxt92hVo/mV1CZ8kU="></latexit>

Muv!uv ) uivju⇤kv⇤lMijkl

✦ The four quark bound                                  is an elastic scattering of 
 
 
 
which does not have a uv -> uv interpretation.

✦ In general, if  initial = final =

✦ Still, may work for specific U matrices.

<latexit sha1_base64="Ps+0sM6zHUZ4hzvdab75+Yup6dc=">AAACInicbZDLSsNAFIYnXmu9RV26CRbBVUlEvCyUohuXFewFmrZMppN22smFmTOFEvssbnwVNy4UdSX4ME6bLLT1h4Gf75zDmfN7MWcSbPvLWFhcWl5Zza3l1zc2t7bNnd2qjJQgtEIiHom6hyXlLKQVYMBpPRYUBx6nNW9wM6nXhlRIFoX3MIppM8DdkPmMYNCobV64nPrwoIauYN0eXF2qFhu2+illGXQjYAGVKexnsG0W7KI9lTVvnMwUUKZy2/xwOxFRAQ2BcCxlw7FjaCZYACOcjvOukjTGZIC7tKFtiPXKZjI9cWwdatKx/EjoF4I1pb8nEhxIOQo83Rlg6MnZ2gT+V2so8M+bCQtjBTQk6SJfcQsia5KX1WGCEuAjbTARTP/VIj0sMAGdal6H4MyePG+qx0XntOjcnRRK11kcObSPDtARctAZKqFbVEYVRNAjekav6M14Ml6Md+MzbV0wspk99EfG9w9QLqX+</latexit>

|uvi = uivj |ii ⌦ |ji
<latexit sha1_base64="ycaJb2ftr/pYiiLc9w4M2hY5/nc=">AAACJ3icbVBLS8NAGNzUV42vqEcvwaJ4kJKIqCcpevFYwT6gScpmu2m32TzYR6GE/Bsv/hUvgoro0X/iNu1BWwd2GWbmY/cbP6WEC8v60kpLyyura+V1fWNza3vH2N1r8kQyhBsooQlr+5BjSmLcEERQ3E4ZhpFPccsPbyd+a4QZJ0n8IMYpdiPYj0lAEBRK6hrXx9IjI28ovXDk0cjLyDBXd0hzp4+tU8fRpwFaBIbzga5RsapWAXOR2DNSATPUu8ar00uQjHAsEIWcd2wrFW4GmSCI4lx3JMcpRCHs446iMYwwd7Niz9w8UkrPDBKmTizMQv09kcGI83Hkq2QExYDPexPxP68jRXDlZiROpcAxmj4USGqKxJyUZvYIw0jQsSIQMaL+aqIBZBAJVa2uSrDnV14kzbOqfVG1788rtZtZHWVwAA7BCbDBJaiBO1AHDYDAI3gGb+Bde9JetA/tcxotabOZffAH2vcPJISnVw==</latexit>

uivjukvlmijmkl � 0,

uivlukvjmijmkl � 0

R(s):
L(u):

<latexit sha1_base64="+Sm7iiBPNy98y1IjwcIOmvnzaDM=">AAACEnicbZDNSsNAFIUn9a/Wv6hLN8Ei6KYkIupKim5cVjBtoYllMp20004mYeZGKLHP4MZXceNCEbeu3Pk2TtsstPXAwOG793LnniDhTIFtfxuFhcWl5ZXiamltfWNzy9zeqas4lYS6JOaxbAZYUc4EdYEBp81EUhwFnDaCwdW43rinUrFY3MIwoX6Eu4KFjGDQqG0euXcZ6488TkN4YJ5k3R5ceDGwiKop7OewbZbtij2RNW+c3JRRrlrb/PI6MUkjKoBwrFTLsRPwMyyBEU5HJS9VNMFkgLu0pa3AeqWfTU4aWQeadKwwlvoJsCb090SGI6WGUaA7Iww9NVsbw/9qrRTCcz9jIkmBCjJdFKbcgtga52N1mKQE+FAbTCTTf7VID0tMQKdY0iE4syfPm/pxxTmtODcn5eplHkcR7aF9dIgcdIaq6BrVkIsIekTP6BW9GU/Gi/FufExbC0Y+s4v+yPj8ARl7nv8=</latexit>

U ij |ii ⌦ |ji
<latexit sha1_base64="ljTElhRLs42yMdqJMds8SJNmptU=">AAACJnicbZBPS8MwGMZT/876r+rRS3EoHmS0IupFNvTicYLdBmsdaZZu2ZK2JKkwSj+NF7+KFw8TEW9+FLOuB7f5QsKP531ekvfxY0qEtKxvbWl5ZXVtvbShb25t7+wae/sNESUcYQdFNOItHwpMSYgdSSTFrZhjyHyKm/7wbtJvPmMuSBQ+ylGMPQZ7IQkIglJJHePmxHlKySBT95BmLGeWs9vD1pnr6rmB5obBjKFarXaMslWx8jIXwS6gDIqqd4yx241QwnAoEYVCtG0rll4KuSSI4kx3E4FjiIawh9sKQ8iw8NJ8zcw8VkrXDCKuTijNXP07kUImxIj5ysmg7Iv53kT8r9dOZHDtpSSME4lDNH0oSKgpI3OSmdklHCNJRwog4kT91UR9yCGSKlldhWDPr7wIjfOKfVmxHy7KtdsijhI4BEfgFNjgCtTAPagDByDwAt7AGHxor9q79ql9Ta1LWjFzAGZK+/kFFCqmwg==</latexit>

U ijUklmijmkl � 0,

U ilUkjmijmkl???

R(s):
L(u):

(T. Trott, KITP seminar)

i=f=
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Why this is better than “elastic scattering”

✦ Elastic scattering of two superposed states: 

✦ Initial = final = 

<latexit sha1_base64="fLArkg4ZtElxt92hVo/mV1CZ8kU="></latexit>

Muv!uv ) uivju⇤kv⇤lMijkl

✦ The four quark bound                                  is an elastic scattering of 
 
 
 
which does not have a uv -> uv interpretation.

✦ In general, if  initial = final =

✦ Still, may work for specific U matrices.

✦ How to find them? With symmetries, just enumerate the generators. Otherwise…

<latexit sha1_base64="Ps+0sM6zHUZ4hzvdab75+Yup6dc=">AAACInicbZDLSsNAFIYnXmu9RV26CRbBVUlEvCyUohuXFewFmrZMppN22smFmTOFEvssbnwVNy4UdSX4ME6bLLT1h4Gf75zDmfN7MWcSbPvLWFhcWl5Zza3l1zc2t7bNnd2qjJQgtEIiHom6hyXlLKQVYMBpPRYUBx6nNW9wM6nXhlRIFoX3MIppM8DdkPmMYNCobV64nPrwoIauYN0eXF2qFhu2+illGXQjYAGVKexnsG0W7KI9lTVvnMwUUKZy2/xwOxFRAQ2BcCxlw7FjaCZYACOcjvOukjTGZIC7tKFtiPXKZjI9cWwdatKx/EjoF4I1pb8nEhxIOQo83Rlg6MnZ2gT+V2so8M+bCQtjBTQk6SJfcQsia5KX1WGCEuAjbTARTP/VIj0sMAGdal6H4MyePG+qx0XntOjcnRRK11kcObSPDtARctAZKqFbVEYVRNAjekav6M14Ml6Md+MzbV0wspk99EfG9w9QLqX+</latexit>

|uvi = uivj |ii ⌦ |ji
<latexit sha1_base64="ycaJb2ftr/pYiiLc9w4M2hY5/nc=">AAACJ3icbVBLS8NAGNzUV42vqEcvwaJ4kJKIqCcpevFYwT6gScpmu2m32TzYR6GE/Bsv/hUvgoro0X/iNu1BWwd2GWbmY/cbP6WEC8v60kpLyyura+V1fWNza3vH2N1r8kQyhBsooQlr+5BjSmLcEERQ3E4ZhpFPccsPbyd+a4QZJ0n8IMYpdiPYj0lAEBRK6hrXx9IjI28ovXDk0cjLyDBXd0hzp4+tU8fRpwFaBIbzga5RsapWAXOR2DNSATPUu8ar00uQjHAsEIWcd2wrFW4GmSCI4lx3JMcpRCHs446iMYwwd7Niz9w8UkrPDBKmTizMQv09kcGI83Hkq2QExYDPexPxP68jRXDlZiROpcAxmj4USGqKxJyUZvYIw0jQsSIQMaL+aqIBZBAJVa2uSrDnV14kzbOqfVG1788rtZtZHWVwAA7BCbDBJaiBO1AHDYDAI3gGb+Bde9JetA/tcxotabOZffAH2vcPJISnVw==</latexit>

uivjukvlmijmkl � 0,

uivlukvjmijmkl � 0

R(s):
L(u):

<latexit sha1_base64="+Sm7iiBPNy98y1IjwcIOmvnzaDM=">AAACEnicbZDNSsNAFIUn9a/Wv6hLN8Ei6KYkIupKim5cVjBtoYllMp20004mYeZGKLHP4MZXceNCEbeu3Pk2TtsstPXAwOG793LnniDhTIFtfxuFhcWl5ZXiamltfWNzy9zeqas4lYS6JOaxbAZYUc4EdYEBp81EUhwFnDaCwdW43rinUrFY3MIwoX6Eu4KFjGDQqG0euXcZ6488TkN4YJ5k3R5ceDGwiKop7OewbZbtij2RNW+c3JRRrlrb/PI6MUkjKoBwrFTLsRPwMyyBEU5HJS9VNMFkgLu0pa3AeqWfTU4aWQeadKwwlvoJsCb090SGI6WGUaA7Iww9NVsbw/9qrRTCcz9jIkmBCjJdFKbcgtga52N1mKQE+FAbTCTTf7VID0tMQKdY0iE4syfPm/pxxTmtODcn5eplHkcR7aF9dIgcdIaq6BrVkIsIekTP6BW9GU/Gi/FufExbC0Y+s4v+yPj8ARl7nv8=</latexit>

U ij |ii ⌦ |ji
<latexit sha1_base64="ljTElhRLs42yMdqJMds8SJNmptU=">AAACJnicbZBPS8MwGMZT/876r+rRS3EoHmS0IupFNvTicYLdBmsdaZZu2ZK2JKkwSj+NF7+KFw8TEW9+FLOuB7f5QsKP531ekvfxY0qEtKxvbWl5ZXVtvbShb25t7+wae/sNESUcYQdFNOItHwpMSYgdSSTFrZhjyHyKm/7wbtJvPmMuSBQ+ylGMPQZ7IQkIglJJHePmxHlKySBT95BmLGeWs9vD1pnr6rmB5obBjKFarXaMslWx8jIXwS6gDIqqd4yx241QwnAoEYVCtG0rll4KuSSI4kx3E4FjiIawh9sKQ8iw8NJ8zcw8VkrXDCKuTijNXP07kUImxIj5ysmg7Iv53kT8r9dOZHDtpSSME4lDNH0oSKgpI3OSmdklHCNJRwog4kT91UR9yCGSKlldhWDPr7wIjfOKfVmxHy7KtdsijhI4BEfgFNjgCtTAPagDByDwAt7AGHxor9q79ql9Ta1LWjFzAGZK+/kFFCqmwg==</latexit>

U ijUklmijmkl � 0,

U ilUkjmijmkl???

R(s):
L(u):

(T. Trott, KITP seminar)

i=f=
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Positivity bound 
from spectrahedrons
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C is dual to a “spectrahedral cone”
<latexit sha1_base64="gqHkQMk/jAKeRK4oARG949tpVM8="></latexit>

Cn4

= cone
��

mijmkl +milmkj
 �
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C is dual to a “spectrahedral cone”

✦ Define the “crossing symmetric” subspace of r4 tensors,
<latexit sha1_base64="B40kpdrKTo5v/9yawf7B4XK4RrA="></latexit>

Cn4

⇢ ~Sn4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="gqHkQMk/jAKeRK4oARG949tpVM8="></latexit>

Cn4

= cone
��

mijmkl +milmkj
 �
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C is dual to a “spectrahedral cone”

✦ Define the “crossing symmetric” subspace of r4 tensors,

✦ Within S, C is dual to a “spectrahedron” (dual is the set of valid bounds, Q.M>0) 
 
 
 

<latexit sha1_base64="B40kpdrKTo5v/9yawf7B4XK4RrA="></latexit>

Cn4

⇢ ~Sn4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="gqHkQMk/jAKeRK4oARG949tpVM8="></latexit>

Cn4

= cone
��

mijmkl +milmkj
 �

<latexit sha1_base64="Pu55JtM/D15xovxNm4ttI0wLcpk=">AAACL3icbVBdS8MwFE393OZX1UdfgkMQhNGOob4IQ0F83NB9wLqNNEu3sDQtSToYpf/IF//KXkQU8dV/YbpN0c0DgZNz7+Hee9yQUaks68VYWV1b39jMZHNb2zu7e+b+QV0GkcCkhgMWiKaLJGGUk5qiipFmKAjyXUYa7vAmrTdGREga8Ac1DknbR31OPYqR0lLXvM06PlID14PVTsw7peTq+3/fPUuVoqOoTyTULHEwCp0RwfFPTzIz5bpm3ipYU8BlYs9JHsxR6ZoTpxfgyCdcYYakbNlWqNoxEopiRpKcE0kSIjxEfdLSlCO9Qzue3pvAE630oBcI/biCU/W3I0a+lGPf1Z3ponKxlor/1VqR8i7bMeVhpAjHs0FexKAKYBoe7FFBsGJjTRAWVO8K8QAJhJWOOA3BXjx5mdSLBfu8YFdL+fL1PI4MOALH4BTY4AKUwR2ogBrA4BFMwCt4M56MZ+Pd+Ji1rhhzzyH4A+PzC4KVqMY=</latexit>

Qn4

= Sn2⇥n2

+ \ ~Sn4

<latexit sha1_base64="qPxXx4S4av/0+zGUUkzf7Mpkr4o="></latexit>

Q ·M � 0

) Qijkl
X

↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ � 0 8m 2 Rn2

) Q(ij),(kl) ⌫ 0 ) Q 2 S(n2⇥n2)
+PSD matrix cone Crossing sym. subspace
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C is dual to a “spectrahedral cone”

✦ Define the “crossing symmetric” subspace of r4 tensors,

✦ Within S, C is dual to a “spectrahedron” (dual is the set of valid bounds, Q.M>0) 
 
 
 

✦ Completeness: C** = C, 

<latexit sha1_base64="B40kpdrKTo5v/9yawf7B4XK4RrA="></latexit>

Cn4

⇢ ~Sn4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="gqHkQMk/jAKeRK4oARG949tpVM8="></latexit>

Cn4

= cone
��

mijmkl +milmkj
 �

<latexit sha1_base64="SU+HLmM+7pzdr93DszuYSMpScoM="></latexit>

Qn4

⌘ Cn4⇤
\ ~Sn4

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="Pu55JtM/D15xovxNm4ttI0wLcpk=">AAACL3icbVBdS8MwFE393OZX1UdfgkMQhNGOob4IQ0F83NB9wLqNNEu3sDQtSToYpf/IF//KXkQU8dV/YbpN0c0DgZNz7+Hee9yQUaks68VYWV1b39jMZHNb2zu7e+b+QV0GkcCkhgMWiKaLJGGUk5qiipFmKAjyXUYa7vAmrTdGREga8Ac1DknbR31OPYqR0lLXvM06PlID14PVTsw7peTq+3/fPUuVoqOoTyTULHEwCp0RwfFPTzIz5bpm3ipYU8BlYs9JHsxR6ZoTpxfgyCdcYYakbNlWqNoxEopiRpKcE0kSIjxEfdLSlCO9Qzue3pvAE630oBcI/biCU/W3I0a+lGPf1Z3ponKxlor/1VqR8i7bMeVhpAjHs0FexKAKYBoe7FFBsGJjTRAWVO8K8QAJhJWOOA3BXjx5mdSLBfu8YFdL+fL1PI4MOALH4BTY4AKUwR2ogBrA4BFMwCt4M56MZ+Pd+Ji1rhhzzyH4A+PzC4KVqMY=</latexit>

Qn4

= Sn2⇥n2

+ \ ~Sn4

<latexit sha1_base64="qPxXx4S4av/0+zGUUkzf7Mpkr4o="></latexit>

Q ·M � 0

) Qijkl
X

↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ � 0 8m 2 Rn2

) Q(ij),(kl) ⌫ 0 ) Q 2 S(n2⇥n2)
+PSD matrix cone Crossing sym. subspace
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C is dual to a “spectrahedral cone”

✦ Define the “crossing symmetric” subspace of r4 tensors,

✦ Within S, C is dual to a “spectrahedron” (dual is the set of valid bounds, Q.M>0) 
 
 
 

✦ Completeness: C** = C, 

✦ Independence: if , remove Q1, i.e. only keep the ERs.
<latexit sha1_base64="HP3bTY/Ql70dLgvwDSyUzXBzYp4=">AAACD3icbVDLSsNAFL3xWesr6tLNYFEEoSRV1I1QdOOyBfuANoTJdNIOnTyYmQgl9A/c+CtuXCji1q07/8ZJm0VtPTBw7jn3MvceL+ZMKsv6MZaWV1bX1gsbxc2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8C7zW49USBaFD2oUUyfA/ZD5jGClJdc86QZYDQjmqO7aNzNF5WymOHfNklW2JkCLxM5JCXLUXPO724tIEtBQEY6l7NhWrJwUC8UIp+NiN5E0xmSI+7SjaYgDKp10cs8YHWulh/xI6BcqNFFnJ1IcSDkKPN2Z7SjnvUz8z+skyr92UhbGiaIhmX7kJxypCGXhoB4TlCg+0gQTwfSuiAywwETpCIs6BHv+5EXSrJTty7JdvyhVb/M4CnAIR3AKNlxBFe6hBg0g8AQv8AbvxrPxanwYn9PWJSOfOYA/ML5+Ac1Bmz0=</latexit>

Q1 = Q2 +Q3

<latexit sha1_base64="B40kpdrKTo5v/9yawf7B4XK4RrA="></latexit>

Cn4

⇢ ~Sn4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="gqHkQMk/jAKeRK4oARG949tpVM8="></latexit>

Cn4

= cone
��

mijmkl +milmkj
 �

<latexit sha1_base64="SU+HLmM+7pzdr93DszuYSMpScoM="></latexit>

Qn4

⌘ Cn4⇤
\ ~Sn4

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="Pu55JtM/D15xovxNm4ttI0wLcpk=">AAACL3icbVBdS8MwFE393OZX1UdfgkMQhNGOob4IQ0F83NB9wLqNNEu3sDQtSToYpf/IF//KXkQU8dV/YbpN0c0DgZNz7+Hee9yQUaks68VYWV1b39jMZHNb2zu7e+b+QV0GkcCkhgMWiKaLJGGUk5qiipFmKAjyXUYa7vAmrTdGREga8Ac1DknbR31OPYqR0lLXvM06PlID14PVTsw7peTq+3/fPUuVoqOoTyTULHEwCp0RwfFPTzIz5bpm3ipYU8BlYs9JHsxR6ZoTpxfgyCdcYYakbNlWqNoxEopiRpKcE0kSIjxEfdLSlCO9Qzue3pvAE630oBcI/biCU/W3I0a+lGPf1Z3ponKxlor/1VqR8i7bMeVhpAjHs0FexKAKYBoe7FFBsGJjTRAWVO8K8QAJhJWOOA3BXjx5mdSLBfu8YFdL+fL1PI4MOALH4BTY4AKUwR2ogBrA4BFMwCt4M56MZ+Pd+Ji1rhhzzyH4A+PzC4KVqMY=</latexit>

Qn4

= Sn2⇥n2

+ \ ~Sn4

<latexit sha1_base64="qPxXx4S4av/0+zGUUkzf7Mpkr4o="></latexit>

Q ·M � 0

) Qijkl
X

↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ � 0 8m 2 Rn2

) Q(ij),(kl) ⌫ 0 ) Q 2 S(n2⇥n2)
+PSD matrix cone Crossing sym. subspace
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C is dual to a “spectrahedral cone”

✦ Define the “crossing symmetric” subspace of r4 tensors,

✦ Within S, C is dual to a “spectrahedron” (dual is the set of valid bounds, Q.M>0) 
 
 
 

✦ Completeness: C** = C, 

✦ Independence: if , remove Q1, i.e. only keep the ERs.
<latexit sha1_base64="HP3bTY/Ql70dLgvwDSyUzXBzYp4=">AAACD3icbVDLSsNAFL3xWesr6tLNYFEEoSRV1I1QdOOyBfuANoTJdNIOnTyYmQgl9A/c+CtuXCji1q07/8ZJm0VtPTBw7jn3MvceL+ZMKsv6MZaWV1bX1gsbxc2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8C7zW49USBaFD2oUUyfA/ZD5jGClJdc86QZYDQjmqO7aNzNF5WymOHfNklW2JkCLxM5JCXLUXPO724tIEtBQEY6l7NhWrJwUC8UIp+NiN5E0xmSI+7SjaYgDKp10cs8YHWulh/xI6BcqNFFnJ1IcSDkKPN2Z7SjnvUz8z+skyr92UhbGiaIhmX7kJxypCGXhoB4TlCg+0gQTwfSuiAywwETpCIs6BHv+5EXSrJTty7JdvyhVb/M4CnAIR3AKNlxBFe6hBg0g8AQv8AbvxrPxanwYn9PWJSOfOYA/ML5+Ac1Bmz0=</latexit>

Q1 = Q2 +Q3

✦ Finding positivity bounds = finding the ERs of some “spectrahedron”.

<latexit sha1_base64="B40kpdrKTo5v/9yawf7B4XK4RrA="></latexit>

Cn4

⇢ ~Sn4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="gqHkQMk/jAKeRK4oARG949tpVM8="></latexit>

Cn4

= cone
��

mijmkl +milmkj
 �

<latexit sha1_base64="SU+HLmM+7pzdr93DszuYSMpScoM="></latexit>

Qn4

⌘ Cn4⇤
\ ~Sn4

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="v4TdILVRAuhSaSF+AjW7mrypyNQ="></latexit>

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0, 8Q 2 ext
⇣
Qn4

⌘o

<latexit sha1_base64="Pu55JtM/D15xovxNm4ttI0wLcpk=">AAACL3icbVBdS8MwFE393OZX1UdfgkMQhNGOob4IQ0F83NB9wLqNNEu3sDQtSToYpf/IF//KXkQU8dV/YbpN0c0DgZNz7+Hee9yQUaks68VYWV1b39jMZHNb2zu7e+b+QV0GkcCkhgMWiKaLJGGUk5qiipFmKAjyXUYa7vAmrTdGREga8Ac1DknbR31OPYqR0lLXvM06PlID14PVTsw7peTq+3/fPUuVoqOoTyTULHEwCp0RwfFPTzIz5bpm3ipYU8BlYs9JHsxR6ZoTpxfgyCdcYYakbNlWqNoxEopiRpKcE0kSIjxEfdLSlCO9Qzue3pvAE630oBcI/biCU/W3I0a+lGPf1Z3ponKxlor/1VqR8i7bMeVhpAjHs0FexKAKYBoe7FFBsGJjTRAWVO8K8QAJhJWOOA3BXjx5mdSLBfu8YFdL+fL1PI4MOALH4BTY4AKUwR2ogBrA4BFMwCt4M56MZ+Pd+Ji1rhhzzyH4A+PzC4KVqMY=</latexit>

Qn4

= Sn2⇥n2

+ \ ~Sn4

<latexit sha1_base64="qPxXx4S4av/0+zGUUkzf7Mpkr4o="></latexit>

Q ·M � 0

) Qijkl
X

↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ � 0 8m 2 Rn2

) Q(ij),(kl) ⌫ 0 ) Q 2 S(n2⇥n2)
+PSD matrix cone Crossing sym. subspace
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Spectrahedron is…

✦ Wiki: the set of n × n positive semidefinite matrices forms a convex cone, and a 
spectrahedron is a shape that can be formed by intersecting this cone with a linear 
affine subspace. 

✦ Let                               be the basis matrices of the subspace, 

✦ The spectrahedron 

✦ How do they look like? From google:

<latexit sha1_base64="t0youhsSpI9UhXf/9EpfIkTv8Ho=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ASEXUjFN24bMG2QhPCZDJph85MwsxEqKX4K25cKOLW/3Dn3zhts9DWAxcO59zLvfdEGaNKu+63VVpaXlldK69XNja3tnfs3b22SnOJSQunLJX3EVKEUUFammpG7jNJEI8Y6USDm4nfeSBS0VTc6WFGAo56giYUI22k0D5ohtTxIb1yHc/xWZxq5fDQrro1dwq4SLyCVEGBRmh/+XGKc06Exgwp1fXcTAcjJDXFjIwrfq5IhvAA9UjXUIE4UcFoev0YHhslhkkqTQkNp+rviRHiSg15ZDo50n01703E/7xurpPLYERFlmsi8GxRkjOoUziJAsZUEqzZ0BCEJTW3QtxHEmFtAquYELz5lxdJ+7Tmnde85lm1fl3EUQaH4AicAA9cgDq4BQ3QAhg8gmfwCt6sJ+vFerc+Zq0lq5jZB39gff4AEtyTtA==</latexit>

Qi, i = 0, 1, . . . ,m

<latexit sha1_base64="7Gy7+qwqcyRyggI9xzhltCdE6tY=">AAACAXicbVDJSgNBEK2JW4zbqBfBS2MQ4iXMiKgXIehBjwmYBTJD6On0JE16Frt7JGGMF3/FiwdFvPoX3vwbO8tBEx8UPN6roqqeF3MmlWV9G5mFxaXllexqbm19Y3PL3N6pySgRhFZJxCPR8LCknIW0qpjitBELigOP07rXuxr59XsqJIvCWzWIqRvgTsh8RrDSUsvcu75w0r6DHhxUKfSPHJkQQu8sZ9gy81bRGgPNE3tK8jBFuWV+Oe2IJAENFeFYyqZtxcpNsVCMcDrMOYmkMSY93KFNTUMcUOmm4w+G6FArbeRHQleo0Fj9PZHiQMpB4OnOAKuunPVG4n9eM1H+uZuyME4UDclkkZ9wpCI0igO1maBE8YEmmAimb0WkiwUmSoeW0yHYsy/Pk9px0T4t2pWTfOlyGkcW9uEACmDDGZTgBspQBQKP8Ayv8GY8GS/Gu/Exac0Y05ld+APj8wfqgJXr</latexit>

G = {x | Q(x) ⌫ 0}

<latexit sha1_base64="SZ048eRKxLhMq2CTIpESN02S48Y=">AAAB+3icbVBNT8JAEN3iF+JXxaOXjcQEL6Q1Rj0SvXiERD4SaJrtMsCG7bbubgmk4a948aAxXv0j3vw3LtCDgi+Z5OW9mczMC2LOlHacbyu3sbm1vZPfLeztHxwe2cfFpooSSaFBIx7JdkAUcCagoZnm0I4lkDDg0ApG93O/NQapWCQe9TQGLyQDwfqMEm0k3y7Wy5OLLjwlbIwnPsN1n/l2yak4C+B14makhDLUfPur24toEoLQlBOlOq4Tay8lUjPKYVboJgpiQkdkAB1DBQlBeeni9hk+N0oP9yNpSmi8UH9PpCRUahoGpjMkeqhWvbn4n9dJdP/WS5mIEw2CLhf1E451hOdB4B6TQDWfGkKoZOZWTIdEEqpNXAUTgrv68jppXlbc64pbvypV77I48ugUnaEyctENqqIHVEMNRNEEPaNX9GbNrBfr3fpYtuasbOYE/YH1+QPBnJOe</latexit>

Q(x) ⌘ xiQi
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Example: 2-scalar EFT

<latexit sha1_base64="ojrJ4gEKeSks4swXz4wDATqd3MM="></latexit>

O1111 = (@µ
�1@µ�1)

2

O2222 = (@µ
�2@µ�2)

2

O1212 = (@µ
�1@µ�2)

2

O1122 = (@µ
�1@µ�1) (@

⌫
�2@⌫�2)

Scalar EFT with             ,  with Z2 symmetry
<latexit sha1_base64="yWtEw6KSlTgaCIeV0K8uRpA0OJM=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQspMEXVZdOOygn1AO5RMmmlDM5mYZApl6He4caGIWz/GnX9jOp2Fth643MM595KbE0jOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFKFNEvNYdQKsKWeCNg0znHakojgKOG0H47u5355QpVksHs1UUj/CQ8FCRrCxkt+TI9b3LrJW65crbtXNgFaJl5MK5Gj0y1+9QUySiApDONa667nS+ClWhhFOZ6VeoqnEZIyHtGupwBHVfpodPUNnVhmgMFa2hEGZ+nsjxZHW0yiwkxE2I73szcX/vG5iwhs/ZUImhgqyeChMODIxmieABkxRYvjUEkwUs7ciMsIKE2NzKtkQvOUvr5JWrepdVb2Hy0r9No+jCCdwCufgwTXU4R4a0AQCT/AMr/DmTJwX5935WIwWnHznGP7A+fwB5saRiQ==</latexit>

�1,�2
<latexit sha1_base64="etDAaFXROfYPr4jniYam/WcIjd8=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcGOZEVGXRTcuK9gLdIYhk6ZtaCYZkkyhDH0TNy4UceubuPNtTNtZaOsPgY//nMM5+eOUM20879spra1vbG6Vtys7u3v7B+7hUUvLTBHaJJJL1YmxppwJ2jTMcNpJFcVJzGk7Ht3P6u0xVZpJ8WQmKQ0TPBCszwg21opcN0iHLPIDIy8WFLlVr+bNhVbBL6AKhRqR+xX0JMkSKgzhWOuu76UmzLEyjHA6rQSZpikmIzygXYsCJ1SH+fzyKTqzTg/1pbJPGDR3f0/kONF6ksS2M8FmqJdrM/O/Wjcz/dswZyLNDBVksaifcWQkmsWAekxRYvjEAiaK2VsRGWKFibFhVWwI/vKXV6F1WfOva/7jVbV+V8RRhhM4hXPw4Qbq8AANaAKBMTzDK7w5ufPivDsfi9aSU8wcwx85nz/Br5MX</latexit>

�1 ! ��1

<latexit sha1_base64="BHU7LTvKF8iC7eHF+ejss6Ry0y0=">AAACCHicbVDLSsNAFJ3UV1tfUZcuHCyCq5KUom6EohuXLdgHNGmZTCft0MkkzEyEErp046+4caGIWz/BnX/jJM1CWw9cOJxzL/fe40WMSmVZ30ZhbX1jc6tYKm/v7O7tmweHHRnGApM2Dlkoeh6ShFFO2ooqRnqRICjwGOl609vU7z4QIWnI79UsIm6Axpz6FCOlpaF5UnICpCaeD1uDpDaozx1OMwUjBlvX5aFZsapWBrhK7JxUQI7m0PxyRiGOA8IVZkjKvm1Fyk2QUBQzMi87sSQRwlM0Jn1NOQqIdJPskTk808oI+qHQxRXM1N8TCQqknAWe7kxvlMteKv7n9WPlX7kJ5VGsCMeLRX7MoAphmgocUUGwYjNNEBZU3wrxBAmElc4uDcFefnmVdGpV+6Jqt+qVxk0eRxEcg1NwDmxwCRrgDjRBG2DwCJ7BK3gznowX4934WLQWjHzmCPyB8fkDksCYag==</latexit>

Q24 3 Q =

<latexit sha1_base64="4NrQR/E7kACxLKDYaefz/das+jc="></latexit>0

BB@

a b
b c

d b
b d

1

CCA

ij=11
22
12
21

kl=11 22 12 21

<latexit sha1_base64="nMwrnrB/ewoCWo9gbhvJRRCwGcE="></latexit>

Q ⌫ 0 ) a � 0, c � 0, ac � b2, d � |b|

ERs

ij=11
22
12
21

kl=11 22 12 21

<latexit sha1_base64="zF6TcG5nOIlI1OnzVnG6Vb+Sn5U=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1I1QdONGqGAf0MYymU7bsZNJmJmIJeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c/yIM6Ud59sqLC2vrK4V10sbm1vbO/ZuuanCWBLaICEPZdvHinImaEMzzWk7khQHPqctf3yV+a1HKhULxZ2eRNQL8FCwASNYG6lnl7sB1iOCObq5T9jDmKcXPbviVJ0p0CJxc1KBHPWe/dXthyQOqNCEY6U6rhNpL8FSM8JpWurGikaYjPGQdgwVOKDKS6bZU3RolD4ahNI8odFU/b2R4ECpSeCbySypmvcy8T+vE+vBuZcwEcWaCjI7NIg50iHKikB9JinRfGIIJpKZrIiMsMREm7pKpgR3/suLpHlcdU+r7u1JpXaZ11GEfTiAI3DhDGpwDXVoAIEneIZXeLNS68V6tz5mowUr39mDP7A+fwDFY5RF</latexit>

Mijkl =

25



Amplitude space Dual space (spectrahedron)

ERs = posi. bounds

<latexit sha1_base64="fGlHkp+sGfFr06oHkUo65FeAMW4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6Lbly2YB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+9C7zO49UKhaJBz2LqRfisWABI1gbaWiX+yHWEz9AzUEqBrX50K44VWcBtE7cnFQgR2Nof/VHEUlCKjThWKme68TaS7HUjHA6L/UTRWNMpnhMe4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZBZTrXqZ+J/XS3Rw46VMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmdtC+r7lXVbdYq9du8jiKcwhlcgAvXUId7aEALCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5A006ktw=</latexit>

Qn4
<latexit sha1_base64="UxKQ7XVgBG79mh75eXvZs7dRhpY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6L3bisYB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+tJH5nUcqFYvEg57F1AvxWLCAEayNNLTL/RDriR+gxiAVg9p8aFecqrMAWiduTiqQozm0v/qjiCQhFZpwrFTPdWLtpVhqRjidl/qJojEmUzymPUMFDqny0kXwOTo3yggFkTRPaLRQf2+kOFRqFvpmMoupVr1M/M/rJTq48VIm4kRTQZaHgoQjHaGsBTRikhLNZ4ZgIpnJisgES0y06apkSnBXv7xO2pdV96rq3tcq9du8jiKcwhlcgAvXUIc7aEILCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5Azeuks4=</latexit>

Cn4
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Amplitude space Dual space (spectrahedron)

ERs = posi. bounds

<latexit sha1_base64="fGlHkp+sGfFr06oHkUo65FeAMW4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6Lbly2YB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+9C7zO49UKhaJBz2LqRfisWABI1gbaWiX+yHWEz9AzUEqBrX50K44VWcBtE7cnFQgR2Nof/VHEUlCKjThWKme68TaS7HUjHA6L/UTRWNMpnhMe4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZBZTrXqZ+J/XS3Rw46VMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmdtC+r7lXVbdYq9du8jiKcwhlcgAvXUId7aEALCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5A006ktw=</latexit>

Qn4
<latexit sha1_base64="UxKQ7XVgBG79mh75eXvZs7dRhpY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6L3bisYB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+tJH5nUcqFYvEg57F1AvxWLCAEayNNLTL/RDriR+gxiAVg9p8aFecqrMAWiduTiqQozm0v/qjiCQhFZpwrFTPdWLtpVhqRjidl/qJojEmUzymPUMFDqny0kXwOTo3yggFkTRPaLRQf2+kOFRqFvpmMoupVr1M/M/rJTq48VIm4kRTQZaHgoQjHaGsBTRikhLNZ4ZgIpnJisgES0y06apkSnBXv7xO2pdV96rq3tcq9du8jiKcwhlcgAvXUIc7aEILCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5Azeuks4=</latexit>

Cn4

26



Amplitude space Dual space (spectrahedron)

ERs = posi. bounds

<latexit sha1_base64="fGlHkp+sGfFr06oHkUo65FeAMW4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6Lbly2YB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+9C7zO49UKhaJBz2LqRfisWABI1gbaWiX+yHWEz9AzUEqBrX50K44VWcBtE7cnFQgR2Nof/VHEUlCKjThWKme68TaS7HUjHA6L/UTRWNMpnhMe4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZBZTrXqZ+J/XS3Rw46VMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmdtC+r7lXVbdYq9du8jiKcwhlcgAvXUId7aEALCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5A006ktw=</latexit>

Qn4
<latexit sha1_base64="UxKQ7XVgBG79mh75eXvZs7dRhpY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6L3bisYB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+tJH5nUcqFYvEg57F1AvxWLCAEayNNLTL/RDriR+gxiAVg9p8aFecqrMAWiduTiqQozm0v/qjiCQhFZpwrFTPdWLtpVhqRjidl/qJojEmUzymPUMFDqny0kXwOTo3yggFkTRPaLRQf2+kOFRqFvpmMoupVr1M/M/rJTq48VIm4kRTQZaHgoQjHaGsBTRikhLNZ4ZgIpnJisgES0y06apkSnBXv7xO2pdV96rq3tcq9du8jiKcwhlcgAvXUIc7aEILCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5Azeuks4=</latexit>

Cn4

26



Amplitude space Dual space (spectrahedron)

ERs = posi. bounds

<latexit sha1_base64="fGlHkp+sGfFr06oHkUo65FeAMW4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6Lbly2YB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+9C7zO49UKhaJBz2LqRfisWABI1gbaWiX+yHWEz9AzUEqBrX50K44VWcBtE7cnFQgR2Nof/VHEUlCKjThWKme68TaS7HUjHA6L/UTRWNMpnhMe4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZBZTrXqZ+J/XS3Rw46VMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmdtC+r7lXVbdYq9du8jiKcwhlcgAvXUId7aEALCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5A006ktw=</latexit>

Qn4
<latexit sha1_base64="UxKQ7XVgBG79mh75eXvZs7dRhpY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6L3bisYB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+tJH5nUcqFYvEg57F1AvxWLCAEayNNLTL/RDriR+gxiAVg9p8aFecqrMAWiduTiqQozm0v/qjiCQhFZpwrFTPdWLtpVhqRjidl/qJojEmUzymPUMFDqny0kXwOTo3yggFkTRPaLRQf2+kOFRqFvpmMoupVr1M/M/rJTq48VIm4kRTQZaHgoQjHaGsBTRikhLNZ4ZgIpnJisgES0y06apkSnBXv7xO2pdV96rq3tcq9du8jiKcwhlcgAvXUIc7aEILCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5Azeuks4=</latexit>

Cn4

26



Amplitude space Dual space (spectrahedron)

ERs = posi. bounds

<latexit sha1_base64="fGlHkp+sGfFr06oHkUo65FeAMW4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6Lbly2YB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+9C7zO49UKhaJBz2LqRfisWABI1gbaWiX+yHWEz9AzUEqBrX50K44VWcBtE7cnFQgR2Nof/VHEUlCKjThWKme68TaS7HUjHA6L/UTRWNMpnhMe4YKHFLlpYvgc3RulBEKImme0Gih/t5IcajULPTNZBZTrXqZ+J/XS3Rw46VMxImmgiwPBQlHOkJZC2jEJCWazwzBRDKTFZEJlpho01XJlOCufnmdtC+r7lXVbdYq9du8jiKcwhlcgAvXUId7aEALCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5A006ktw=</latexit>

Qn4
<latexit sha1_base64="UxKQ7XVgBG79mh75eXvZs7dRhpY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi6L3bisYB/QpmUynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vm+DFnSjvOt1XY2Nza3inulvb2Dw7L9tFxW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+tJH5nUcqFYvEg57F1AvxWLCAEayNNLTL/RDriR+gxiAVg9p8aFecqrMAWiduTiqQozm0v/qjiCQhFZpwrFTPdWLtpVhqRjidl/qJojEmUzymPUMFDqny0kXwOTo3yggFkTRPaLRQf2+kOFRqFvpmMoupVr1M/M/rJTq48VIm4kRTQZaHgoQjHaGsBTRikhLNZ4ZgIpnJisgES0y06apkSnBXv7xO2pdV96rq3tcq9du8jiKcwhlcgAvXUIc7aEILCCTwDK/wZj1ZL9a79bEcLVj5zgn8gfX5Azeuks4=</latexit>

Cn4

26



Example: 2-scalar EFT

<latexit sha1_base64="ojrJ4gEKeSks4swXz4wDATqd3MM="></latexit>

O1111 = (@µ
�1@µ�1)

2

O2222 = (@µ
�2@µ�2)

2

O1212 = (@µ
�1@µ�2)

2

O1122 = (@µ
�1@µ�1) (@

⌫
�2@⌫�2)

Without Z2 symmetry

ij=11
22
12
21

kl=11 22 12 21

<latexit sha1_base64="zF6TcG5nOIlI1OnzVnG6Vb+Sn5U=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE1I1QdONGqGAf0MYymU7bsZNJmJmIJeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c/yIM6Ud59sqLC2vrK4V10sbm1vbO/ZuuanCWBLaICEPZdvHinImaEMzzWk7khQHPqctf3yV+a1HKhULxZ2eRNQL8FCwASNYG6lnl7sB1iOCObq5T9jDmKcXPbviVJ0p0CJxc1KBHPWe/dXthyQOqNCEY6U6rhNpL8FSM8JpWurGikaYjPGQdgwVOKDKS6bZU3RolD4ahNI8odFU/b2R4ECpSeCbySypmvcy8T+vE+vBuZcwEcWaCjI7NIg50iHKikB9JinRfGIIJpKZrIiMsMREm7pKpgR3/suLpHlcdU+r7u1JpXaZ11GEfTiAI3DhDGpwDXVoAIEneIZXeLNS68V6tz5mowUr39mDP7A+fwDFY5RF</latexit>

Mijkl =

ERs:
<latexit sha1_base64="udctyoPHSq3Ia1g1JNT0RtAxHpc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/ZA2ls120i7dbMLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LejBP0IzqQPOSMGis9sMdqd4CEBr1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZwRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+n3pM8VMiPGllCmuL2VsCFVlBmbUdGG4C2+vEya1Yp3UfHuzsu16zyOAhzDCZyBB5dQg1uoQwMYRPAMr/DmKOfFeXc+5q0rTj5zBH/gfP4A7vqP2A==</latexit>

c2 � ab

<latexit sha1_base64="1z1Lkom/6EFXIB9BTAZnopixZMc=">AAACFXicbVDLSgMxFM3UV62vUZdugkUUlDIZRF0Wu3FZwT6gM5RMmmlDMw+TTKEM8xNu/BU3LhRxK7jzb8y0s9DqgQsn59xL7j1ezJlUlvVllJaWV1bXyuuVjc2t7R1zd68to0QQ2iIRj0TXw5JyFtKWYorTbiwoDjxOO964kfudCRWSReGdmsbUDfAwZD4jWGmpb541jvspQradOfQ+YRPYKJ6nji8wSVGW2lmu2cjO+mbVqlkzwL8EFaQKCjT75qcziEgS0FARjqXsIStWboqFYoTTrOIkksaYjPGQ9jQNcUClm86uyuCRVgbQj4SuUMGZ+nMixYGU08DTnQFWI7no5eJ/Xi9R/pWbsjBOFA3J/CM/4VBFMI8IDpigRPGpJpgIpneFZIR1GkoHWdEhoMWT/5K2XUMXNXR7Xq1fF3GUwQE4BCcAgUtQBzegCVqAgAfwBF7Aq/FoPBtvxvu8tWQUM/vgF4yPb+bTnMw=</latexit>

C 0
1122 ⌘ C1122 +

1

2
C1212

interpretation:
<latexit sha1_base64="fLArkg4ZtElxt92hVo/mV1CZ8kU="></latexit>

Muv!uv ) uivju⇤kv⇤lMijkl

The ERs are:

Not possible for n>2

Bounds
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Numerical approach 1: random sampling
i.e. a “Monte Carlo generator” of positivity bounds
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Numerical approach 1: random sampling

✦ Start with a random point

i.e. a “Monte Carlo generator” of positivity bounds
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Numerical approach 1: random sampling

✦ Start with a random point

✦ Take a random direction, keep going until 
hitting the boundary (this is a SDP)
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Numerical approach 1: random sampling

✦ Start with a random point

✦ Take a random direction, keep going until 
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Numerical approach 1: random sampling
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hitting the boundary (this is a SDP)

✦ Compute the face F(x) that contains the hitting 
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Numerical approach 1: random sampling

✦ Start with a random point

✦ Take a random direction, keep going until 
hitting the boundary (this is a SDP)

✦ Compute the face F(x) that contains the hitting 
point x.  (Calculating F(x) follows [Ramana & 
Goldman ’95])

✦ A face of a spectrahedron is another 
spectrahedron (of lower dimension)

✦ Iterate

i.e. a “Monte Carlo generator” of positivity bounds
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Numerical approach 1: random sampling

✦ Start with a random point

✦ Take a random direction, keep going until 
hitting the boundary (this is a SDP)

✦ Compute the face F(x) that contains the hitting 
point x.  (Calculating F(x) follows [Ramana & 
Goldman ’95])

✦ A face of a spectrahedron is another 
spectrahedron (of lower dimension)

✦ Iterate

✦ Dimension = 1: an ER is found

i.e. a “Monte Carlo generator” of positivity bounds

28



Gluon operators

29
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Numerical approach 2: SDP
<latexit sha1_base64="SU+HLmM+7pzdr93DszuYSMpScoM="></latexit>

Qn4

⌘ Cn4⇤
\ ~Sn4

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0 8Q 2 Qn4
o

✦ Given a set of measured coefficients, or M, how to check if its in the positivity cone? 
 

✦ This is a semi-definite programming

✦ If there is a (positive) minimum, positivity is satisfied. 

✦ Solvable in polynomial complexity (in contrast to 
superposed elastic scattering, which is NP hard) 

✦ Applications: aQGC, flavor operators, massive 
gravity (improved bounds on dRGT from 
[Cheung, Remmen,1601.04068]), etc.

30



The inverse problem

31

W.I.P



The SMEFT space

The BSM model space

32

Bottom-up



The SMEFT space
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The SMEFT space

The BSM model space

32

Bottom-up
<latexit sha1_base64="kFK9t7xeC8cupVFoKlGZjOshPFE="></latexit>

Mijkl
�
(✏⇤)2

�
=

1

2⇡

Z 1

(✏⇤)2

ds

s3
[Mij!X(s)M⇤

kl!X(s) + (j $ l)]

<latexit sha1_base64="75QEs7stLs4zMY+h5kicdWa8xLU="></latexit>

Mijkl
�
(✏⇤)2

�
2 CAssume is extremal

M not splittable implies:
<latexit sha1_base64="D/tISGac3tasQuXL3yD0ZAyDEsQ="></latexit>

Mij!X(s)M⇤
kl!X(s) + (j $ l) / Mijkl

�
(✏⇤)2

�
for all s

I.e. fix UV interactions at all scales, but not the 
spectrum (mass, width, shapes,…)



A toy example

✦ Consider a two scalar EFT, with 
two discrete symmetries:


✦  


✦

<latexit sha1_base64="Te0xgUqiO0XY1k2yDgqpo5XKGP8=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcGOZEVGXRTcuK9gLdIYhk6ZtaCYZkkyhDH0TNy4UceubuPNtTNtZaOsPgY//nMM5+eOUM20879spra1vbG6Vtys7u3v7B+7hUUvLTBHaJJJL1YmxppwJ2jTMcNpJFcVJzGk7Ht3P6u0xVZpJ8WQmKQ0TPBCszwg21opcN0iHLPIDIy8WFLlVr+bNhVbBL6AKhRqR+xX0JMkSKgzhWOuu76UmzLEyjHA6rQSZpikmIzygXYsCJ1SH+fzyKTqzTg/1pbJPGDR3f0/kONF6ksS2M8FmqJdrM/O/Wjcz/dswZyLNDBVksaifcWQkmsWAekxRYvjEAiaK2VsRGWKFibFhVWwI/vKXV6F1WfOva97jVbV+V8RRhhM4hXPw4Qbq8AANaAKBMTzDK7w5ufPivDsfi9aSU8wcwx85nz/BXZMW</latexit>

�1 ! ��1

<latexit sha1_base64="+CmkIvGLAy+434odk40znYcR3Pc=">AAACBHicbVBNS8NAEN34WetX1GMvwSJ4KkkR9Vj04rGC/YAmhM120yzdbMLuRCmhBy/+FS8eFPHqj/Dmv3Gb5qCtDwYe780wMy9IOVNg29/Gyura+sZmZau6vbO7t28eHHZVkklCOyThiewHWFHOBO0AA077qaQ4DjjtBePrmd+7p1KxRNzBJKVejEeChYxg0JJv1tw0Yr7jchqCZKMIsJTJQyE2fbNuN+wC1jJxSlJHJdq++eUOE5LFVADhWKmBY6fg5VgCI5xOq26maIrJGI/oQFOBY6q8vHhiap1oZWiFidQlwCrU3xM5jpWaxIHujDFEatGbif95gwzCSy9nIs2ACjJfFGbcgsSaJWINmaQE+EQTTCTTt1okwhIT0LlVdQjO4svLpNtsOOcN+/as3roq46igGjpGp8hBF6iFblAbdRBBj+gZvaI348l4Md6Nj3nrilHOHKE/MD5/ACPimGk=</latexit>

�1 $ �2

33

✦ 3 dim-8 operators (E4):

✦ Generators -> tree-level UV completions

<latexit sha1_base64="SE+9jitZacgIMvAobrNHDFeKW0s=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KUoh6LXrwIFewHNGnZbDft0s0m7E6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ1nCrKGjQWsWoHRDPBJWsAB8HaiWIkCgRrBaObqd96ZErzWD7AOGF+RAaSh5wSMFLPPvaAR0x7oSI0G3Qrk+yuW5307JJTdmbAy8TNSQnlqPfsL68f0zRiEqggWndcJwE/Iwo4FWxS9FLNEkJHZMA6hkpidvrZ7PwJPjNKH4exMiUBz9TfExmJtB5HgemMCAz1ojcV//M6KYRXfsZlkgKTdL4oTAWGGE+zwH2uGAUxNoRQxc2tmA6JSQJMYkUTgrv48jJpVsruRdm5r5Zq13kcBXSCTtE5ctElqqFbVEcNRFGGntErerOerBfr3fqYt65Y+cwR+gPr8wdeJpW+</latexit>

⇥ g2

M4

<latexit sha1_base64="d/ecOcO1XNmzSXqp+Ox/Zkiomco=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJJUUS9CsRePFewHtDFstpt26WYTdjdKCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprRtf1tLyyura+u5jfzm1vbObmFvv6miRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf1ib+K1HKhWLxL0exdQNcV+wgBGsjfRwXap5zmnNq5g6O/EKRbtsT4EWiZORImSoe4Wvbi8iSUiFJhwr1XHsWLsplpoRTsf5bqJojMkQ92nHUIFDqtx0evUYHRulh4JImhIaTdXfEykOlRqFvukMsR6oeW8i/ud1Eh1cuSkTcaKpILNFQcKRjtAkAtRjkhLNR4ZgIpm5FZEBlphoE1TehODMv7xImpWyc1G2786L1ZssjhwcwhGUwIFLqMIt1KEBBCQ8wyu8WU/Wi/Vufcxal6xs5gD+wPr8AUk8kG0=</latexit>

= (C1, C2, C3)



“One-particle extension”                extremal ray

<latexit sha1_base64="SE+9jitZacgIMvAobrNHDFeKW0s=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KUoh6LXrwIFewHNGnZbDft0s0m7E6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy9IBNfgON/Wyura+sZmYau4vbO7t28fHDZ1nCrKGjQWsWoHRDPBJWsAB8HaiWIkCgRrBaObqd96ZErzWD7AOGF+RAaSh5wSMFLPPvaAR0x7oSI0G3Qrk+yuW5307JJTdmbAy8TNSQnlqPfsL68f0zRiEqggWndcJwE/Iwo4FWxS9FLNEkJHZMA6hkpidvrZ7PwJPjNKH4exMiUBz9TfExmJtB5HgemMCAz1ojcV//M6KYRXfsZlkgKTdL4oTAWGGE+zwH2uGAUxNoRQxc2tmA6JSQJMYkUTgrv48jJpVsruRdm5r5Zq13kcBXSCTtE5ctElqqFbVEcNRFGGntErerOerBfr3fqYt65Y+cwR+gPr8wdeJpW+</latexit>

⇥ g2

M4

<latexit sha1_base64="d/ecOcO1XNmzSXqp+Ox/Zkiomco=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUkJJUUS9CsRePFewHtDFstpt26WYTdjdKCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprRtf1tLyyura+u5jfzm1vbObmFvv6miRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf1ib+K1HKhWLxL0exdQNcV+wgBGsjfRwXap5zmnNq5g6O/EKRbtsT4EWiZORImSoe4Wvbi8iSUiFJhwr1XHsWLsplpoRTsf5bqJojMkQ92nHUIFDqtx0evUYHRulh4JImhIaTdXfEykOlRqFvukMsR6oeW8i/ud1Eh1cuSkTcaKpILNFQcKRjtAkAtRjkhLNR4ZgIpm5FZEBlphoE1TehODMv7xImpWyc1G2786L1ZssjhwcwhGUwIFLqMIt1KEBBCQ8wyu8WU/Wi/Vufcxal6xs5gD+wPr8AUk8kG0=</latexit>

= (C1, C2, C3)

S1
S2
S3
V4
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Top down



“One-particle extension”                extremal ray
✦ Suppose the data tells us the coefficients are on the S1 

generator (which is extremal).

➡ S1 is the only possible UV particle(s).

S1

<latexit sha1_base64="0SRvHwrDJHtadqgNP9dg37r/HDk=">AAACFXicbVDLSgMxFM34rPU16tJNsCgVSpmpRd0Uit24ESrYB3SmQybNtKGZB0mmUIb5CTf+ihsXirgV3Pk3po+Fth64cDjnXJJ73IhRIQ3jW1tZXVvf2MxsZbd3dvf29YPDpghjjkkDhyzkbRcJwmhAGpJKRtoRJ8h3GWm5w9rEb40IFzQMHuQ4IraP+gH1KEZSSY5eOLNGBMNaJV9zzELNKam5OK9YHkc46XdLaXLXLaeTTIJTR88ZRWMKuEzMOcmBOeqO/mX1Qhz7JJCYISE6phFJO0FcUsxImrViQSKEh6hPOooGyCfCTqZXpfBUKT3ohVxNIOFU/b2RIF+Ise+qpI/kQCx6E/E/rxNL79pOaBDFkgR49pAXMyhDOKkI9ignWLKxIghzqv4K8QCpQqQqMqtKMBdPXibNUtG8LBr35Vz1Zl5HBhyDE5AHJrgCVXAL6qABMHgEz+AVvGlP2ov2rn3MoivafOcI/IH2+QPqPpzd</latexit>

~C = (C1, C2, C3) =
g2

M4
~c
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Bottom up



“One-particle extension”                extremal ray
✦ Suppose the data tells us the coefficients are on the S1 

generator (which is extremal).

➡ S1 is the only possible UV particle(s).

✦ Extremality: the S1 generator cannot be split. This 
suggests that the UV completion cannot have more than 
one (type of) particles.

S1

<latexit sha1_base64="0SRvHwrDJHtadqgNP9dg37r/HDk=">AAACFXicbVDLSgMxFM34rPU16tJNsCgVSpmpRd0Uit24ESrYB3SmQybNtKGZB0mmUIb5CTf+ihsXirgV3Pk3po+Fth64cDjnXJJ73IhRIQ3jW1tZXVvf2MxsZbd3dvf29YPDpghjjkkDhyzkbRcJwmhAGpJKRtoRJ8h3GWm5w9rEb40IFzQMHuQ4IraP+gH1KEZSSY5eOLNGBMNaJV9zzELNKam5OK9YHkc46XdLaXLXLaeTTIJTR88ZRWMKuEzMOcmBOeqO/mX1Qhz7JJCYISE6phFJO0FcUsxImrViQSKEh6hPOooGyCfCTqZXpfBUKT3ohVxNIOFU/b2RIF+Ise+qpI/kQCx6E/E/rxNL79pOaBDFkgR49pAXMyhDOKkI9ignWLKxIghzqv4K8QCpQqQqMqtKMBdPXibNUtG8LBr35Vz1Zl5HBhyDE5AHJrgCVXAL6qABMHgEz+AVvGlP2ov2rn3MoivafOcI/IH2+QPqPpzd</latexit>

~C = (C1, C2, C3) =
g2

M4
~c

35

Bottom up



“One-particle extension”                extremal ray
✦ Suppose the data tells us the coefficients are on the S1 

generator (which is extremal).

➡ S1 is the only possible UV particle(s).

✦ Extremality: the S1 generator cannot be split. This 
suggests that the UV completion cannot have more than 
one (type of) particles.

✦ Could also check the bounds:
S1

<latexit sha1_base64="0SRvHwrDJHtadqgNP9dg37r/HDk=">AAACFXicbVDLSgMxFM34rPU16tJNsCgVSpmpRd0Uit24ESrYB3SmQybNtKGZB0mmUIb5CTf+ihsXirgV3Pk3po+Fth64cDjnXJJ73IhRIQ3jW1tZXVvf2MxsZbd3dvf29YPDpghjjkkDhyzkbRcJwmhAGpJKRtoRJ8h3GWm5w9rEb40IFzQMHuQ4IraP+gH1KEZSSY5eOLNGBMNaJV9zzELNKam5OK9YHkc46XdLaXLXLaeTTIJTR88ZRWMKuEzMOcmBOeqO/mX1Qhz7JJCYISE6phFJO0FcUsxImrViQSKEh6hPOooGyCfCTqZXpfBUKT3ohVxNIOFU/b2RIF+Ise+qpI/kQCx6E/E/rxNL79pOaBDFkgR49pAXMyhDOKkI9ignWLKxIghzqv4K8QCpQqQqMqtKMBdPXibNUtG8LBr35Vz1Zl5HBhyDE5AHJrgCVXAL6qABMHgEz+AVvGlP2ov2rn3MoivafOcI/IH2+QPqPpzd</latexit>

~C = (C1, C2, C3) =
g2

M4
~c

35

Bottom up



“One-particle extension”                extremal ray
✦ Suppose the data tells us the coefficients are on the S1 

generator (which is extremal).

➡ S1 is the only possible UV particle(s).

✦ Extremality: the S1 generator cannot be split. This 
suggests that the UV completion cannot have more than 
one (type of) particles.

✦ Could also check the bounds:
S1

<latexit sha1_base64="0SRvHwrDJHtadqgNP9dg37r/HDk=">AAACFXicbVDLSgMxFM34rPU16tJNsCgVSpmpRd0Uit24ESrYB3SmQybNtKGZB0mmUIb5CTf+ihsXirgV3Pk3po+Fth64cDjnXJJ73IhRIQ3jW1tZXVvf2MxsZbd3dvf29YPDpghjjkkDhyzkbRcJwmhAGpJKRtoRJ8h3GWm5w9rEb40IFzQMHuQ4IraP+gH1KEZSSY5eOLNGBMNaJV9zzELNKam5OK9YHkc46XdLaXLXLaeTTIJTR88ZRWMKuEzMOcmBOeqO/mX1Qhz7JJCYISE6phFJO0FcUsxImrViQSKEh6hPOooGyCfCTqZXpfBUKT3ohVxNIOFU/b2RIF+Ise+qpI/kQCx6E/E/rxNL79pOaBDFkgR49pAXMyhDOKkI9ignWLKxIghzqv4K8QCpQqQqMqtKMBdPXibNUtG8LBr35Vz1Zl5HBhyDE5AHJrgCVXAL6qABMHgEz+AVvGlP2ov2rn3MoivafOcI/IH2+QPqPpzd</latexit>

~C = (C1, C2, C3) =
g2

M4
~c

Excludes S2, S3, V4
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Bottom up



“One-particle extension”                extremal ray
✦ Suppose the data tells us the coefficients are on the S1 

generator (which is extremal). 

➡ S1 is the only possible UV particle(s). 

✦ Extremality: the S1 generator cannot be split. This 
suggests that the UV completion cannot have more than 
one (type of) particles. 

✦ Could also check the bounds:
S1

<latexit sha1_base64="0SRvHwrDJHtadqgNP9dg37r/HDk=">AAACFXicbVDLSgMxFM34rPU16tJNsCgVSpmpRd0Uit24ESrYB3SmQybNtKGZB0mmUIb5CTf+ihsXirgV3Pk3po+Fth64cDjnXJJ73IhRIQ3jW1tZXVvf2MxsZbd3dvf29YPDpghjjkkDhyzkbRcJwmhAGpJKRtoRJ8h3GWm5w9rEb40IFzQMHuQ4IraP+gH1KEZSSY5eOLNGBMNaJV9zzELNKam5OK9YHkc46XdLaXLXLaeTTIJTR88ZRWMKuEzMOcmBOeqO/mX1Qhz7JJCYISE6phFJO0FcUsxImrViQSKEh6hPOooGyCfCTqZXpfBUKT3ohVxNIOFU/b2RIF+Ise+qpI/kQCx6E/E/rxNL79pOaBDFkgR49pAXMyhDOKkI9ignWLKxIghzqv4K8QCpQqQqMqtKMBdPXibNUtG8LBr35Vz1Zl5HBhyDE5AHJrgCVXAL6qABMHgEz+AVvGlP2ov2rn3MoivafOcI/IH2+QPqPpzd</latexit>

~C = (C1, C2, C3) =
g2

M4
~c

S2

Excludes S3, V4 UV particle content fixed for 
SMEFTs on the ER & boundary
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Degeneracies in the space
<latexit sha1_base64="eHM7fKmGCSYSNFaFlJxlqkTC9HQ="></latexit>

~C =
X

X=S1,2,3,V

wX~cX , wX ⌘ g2X
M4

X

� 0

✦ Inverse: what extend can we determine 
the weights w, given the measured 
coefficients C?   

✦ Vertex, edge, facet: unique solution 

✦ Vertex (C=0): no BSM states 

✦ Edge: one (type of) UV state 

✦ Facet: two (types of) UV states 

✦ Inside: uncertainty is finite. Can set 
exclusion limit on each BSM state. 0

0.2

0.4

0.6

0.8

1.0Arbitrariness in wX

37

(No model assumption. Only rely on positivity: if w1 is too large, fixing C, the other 
states will contribute outside the positivity cone)



e+e- scattering at ILC

38

2009.02212 with B. Fuks, Y. Liu and S.-Y. Zhou



ee scattering at future lepton collider
In ee → ee, C5 does not give 
an independent contribution:

UV states and interactions

Generators:

39

Bounds



ee scattering at future lepton collider

Dim-8 Dim-6

40



UV states
✦ Assume D-type scalar extension, gD = 0.8, MD = 2 TeV 

✦ At ILC (with 1 TeV run), 
global fit -> 
 
 

✦ What to conclude at dim-6?


✦ If assume the SM is only supplemented by D-type scalar, 

✦ If assume the SM is extend by D and V’, 

✦ If assuming more complicated models, not much to be concluded about the existence of UV 
states.

41



✦ What can we conclude at dim-8?


✦ Upper bound on all states

Excluding UV states

ML MR D D' V' V

min(w) max(w)

D 
D’

42

D 
D’

<latexit sha1_base64="+CdZ/H4jNyVVr8KvH7fJN21wJww=">AAACHnicbVDLSgMxFM3UVx1foy7dBIvFVZkp9bEpFLtxI1SwD+jUIZNm2tBMZkgylTL0S9z4K25cKCK40r8xfSy09UC4J+fcS3KPHzMqlW1/G5mV1bX1jeymubW9s7tn7R80ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOkPqhO/OSRC0ojfqVFMOiHqcRpQjJSWPOss7w4JhtWyK5PQo/DBo1Ohp6tr5vW17AYC4VQL98VxeqNLaexZObtgTwGXiTMnOTBHzbM+3W6Ek5BwhRmSsu3YseqkSCiKGRmbbiJJjPAA9UhbU45CIjvpdL0xPNFKFwaR0IcrOFV/T6QolHIU+rozRKovF72J+J/XTlRw2UkpjxNFOJ49FCQMqghOsoJdKghWbKQJwoLqv0LcRzoNpRM1dQjO4srLpFEsOOcF57aUq1zN48iCI3AMToEDLkAFXIMaqAMMHsEzeAVvxpPxYrwbH7PWjDGfOQR/YHz9AJ6ioZY=</latexit>

~C =
X

i

wi~gi

wi =
g2i
M4

i



✦ What can we conclude at dim-8?


✦ Upper bound on all states

Excluding UV states

ML MR D D' V' V

min(w) max(w)

D 
D’

42

D 
D’

<latexit sha1_base64="+CdZ/H4jNyVVr8KvH7fJN21wJww=">AAACHnicbVDLSgMxFM3UVx1foy7dBIvFVZkp9bEpFLtxI1SwD+jUIZNm2tBMZkgylTL0S9z4K25cKCK40r8xfSy09UC4J+fcS3KPHzMqlW1/G5mV1bX1jeymubW9s7tn7R80ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOkPqhO/OSRC0ojfqVFMOiHqcRpQjJSWPOss7w4JhtWyK5PQo/DBo1Ohp6tr5vW17AYC4VQL98VxeqNLaexZObtgTwGXiTMnOTBHzbM+3W6Ek5BwhRmSsu3YseqkSCiKGRmbbiJJjPAA9UhbU45CIjvpdL0xPNFKFwaR0IcrOFV/T6QolHIU+rozRKovF72J+J/XTlRw2UkpjxNFOJ49FCQMqghOsoJdKghWbKQJwoLqv0LcRzoNpRM1dQjO4srLpFEsOOcF57aUq1zN48iCI3AMToEDLkAFXIMaqAMMHsEzeAVvxpPxYrwbH7PWjDGfOQR/YHz9AJ6ioZY=</latexit>

~C =
X

i

wi~gi

wi =
g2i
M4

i



✦ What can we conclude at dim-8?


✦ Upper bound on all states

Excluding UV states

ML MR D D' V' V

min(w) max(w)

D 
D’
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D 
D’

<latexit sha1_base64="+CdZ/H4jNyVVr8KvH7fJN21wJww=">AAACHnicbVDLSgMxFM3UVx1foy7dBIvFVZkp9bEpFLtxI1SwD+jUIZNm2tBMZkgylTL0S9z4K25cKCK40r8xfSy09UC4J+fcS3KPHzMqlW1/G5mV1bX1jeymubW9s7tn7R80ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOkPqhO/OSRC0ojfqVFMOiHqcRpQjJSWPOss7w4JhtWyK5PQo/DBo1Ohp6tr5vW17AYC4VQL98VxeqNLaexZObtgTwGXiTMnOTBHzbM+3W6Ek5BwhRmSsu3YseqkSCiKGRmbbiJJjPAA9UhbU45CIjvpdL0xPNFKFwaR0IcrOFV/T6QolHIU+rozRKovF72J+J/XTlRw2UkpjxNFOJ49FCQMqghOsoJdKghWbKQJwoLqv0LcRzoNpRM1dQjO4srLpFEsOOcF57aUq1zN48iCI3AMToEDLkAFXIMaqAMMHsEzeAVvxpPxYrwbH7PWjDGfOQR/YHz9AJ6ioZY=</latexit>

~C =
X

i

wi~gi

wi =
g2i
M4

i



<latexit sha1_base64="KK5Q3nVikOo5wb9tdJLxzpfQnw0="></latexit>

maximum �

subject to ~C � �~Ck 2 C

and �2
⇣
~C, ~CEXP

⌘
 �2

c

Excluding UV states

✦ What can we conclude at dim-8?


✦ Upper bound on all states

0

0.013

0.025

0.038

0.05

ML MR D V' V VML MR D D' V' V

min(w) max(w) With exp. error:

D 
D’
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<latexit sha1_base64="+CdZ/H4jNyVVr8KvH7fJN21wJww=">AAACHnicbVDLSgMxFM3UVx1foy7dBIvFVZkp9bEpFLtxI1SwD+jUIZNm2tBMZkgylTL0S9z4K25cKCK40r8xfSy09UC4J+fcS3KPHzMqlW1/G5mV1bX1jeymubW9s7tn7R80ZJQITOo4YpFo+UgSRjmpK6oYacWCoNBnpOkPqhO/OSRC0ojfqVFMOiHqcRpQjJSWPOss7w4JhtWyK5PQo/DBo1Ohp6tr5vW17AYC4VQL98VxeqNLaexZObtgTwGXiTMnOTBHzbM+3W6Ek5BwhRmSsu3YseqkSCiKGRmbbiJJjPAA9UhbU45CIjvpdL0xPNFKFwaR0IcrOFV/T6QolHIU+rozRKovF72J+J/XTlRw2UkpjxNFOJ49FCQMqghOsoJdKghWbKQJwoLqv0LcRzoNpRM1dQjO4srLpFEsOOcF57aUq1zN48iCI3AMToEDLkAFXIMaqAMMHsEzeAVvxpPxYrwbH7PWjDGfOQR/YHz9AJ6ioZY=</latexit>

~C =
X

i

wi~gi

wi =
g2i
M4

i



Excluding UV states

✦ Dim-8 measurement would universally exclude all alternative hypothesis, 
independent of any model assumptions.

<latexit sha1_base64="0+quGwmFB8bvrZJuoAcDm4aRLVc=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBayLqropZBU9gIEfKC3WWZnUySITOz68ysEJZ8go2/YmOhiK2lnX/j5FFo9MCFwzn3cu89UcKo0o7zZeXm5hcWl/LLhZXVtfWN4uZWQ8WpxKSOYxbLVoQUYVSQuqaakVYiCeIRI82ofzXym/dEKhqLmh4kJOCoK2iHYqSNFBb3b8LKka/upM66YWXoUwG9Y9s9PLHdwOdI9yTPaqQxDIslx3bGgH+JOyUlMEU1LH767RinnAiNGVLKc51EBxmSmmJGhgU/VSRBuI+6xDNUIE5UkI0fGsI9o7RhJ5amhIZj9edEhrhSAx6ZztGNatYbif95Xqo7F0FGRZJqIvBkUSdlUMdwlA5sU0mwZgNDEJbU3ApxD0mEtcmwYEJwZ1/+SxomvzPbuT0tlS+nceTBDtgFB8AF56AMrkEV1AEGD+AJvIBX69F6tt6s90lrzprObINfsD6+AbS/m8M=</latexit>

MD/
p
gD 2 [2.1, 3.1]TeV
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Testing the SM

✦ If all dim-8 coefficients are consistent with 0, all states can be excluded to above 
certain scales 

✦ Not possible at dim-6

46

<latexit sha1_base64="KK5Q3nVikOo5wb9tdJLxzpfQnw0="></latexit>

maximum �

subject to ~C � �~Ck 2 C

and �2
⇣
~C, ~CEXP

⌘
 �2

c



Summary

47

✦ Two ways to derive positivity bounds for SMEFT at dim-8.


✦ Enumerate the generators and take convex hull.


✦ Find the ERs in the dual spetrahedron or SDP.


✦ Positivity seems connected to the inverse problem.


✦ Vanishing degeneracy on the boundary allows to determine the UV particles 
and their quantum numbers.


✦ A motivation to move from dim-6 to dim-8 SMEFT: we care about UV model 
rather than just coefficient measurements. The 250 dim-8 operators (with s2 
dependence) clearly contain important information.



Thank you
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Backups

49



From extremal rays to bounds

✦ Polytope cones: vertex enumeration (for large dim, #ERs >> #dim)

50

E.g. reverse search 
[Avis & Fukuda, 92’]

Vertex enumeration

✦ None polytope, generators take continuous values. Can convert to programming

C

Find a separating plane?
[Yamashita, CZ, Zhou 2009.04490]E.g. discretization,



Example: SM Higgs

51

✦ Operators ✦ Coefficients
<latexit sha1_base64="RW0gTawEFDswDm1xOaGh24VCai0=">AAAB+HicbVDLSsNAFL3xWeOjUZduBovgqiRV1GWxG5cV7AOaECbTSTt08mBmItTQL3HjQhG3foo7/8ZpmoW2HriXwzn3MndOkHImlW1/G2vrG5tb25Udc3dv/6BqHR51ZZIJQjsk4YnoB1hSzmLaUUxx2k8FxVHAaS+YtOZ+75EKyZL4QU1T6kV4FLOQEay05FvVlu+4rtnyG0W/8K2aXbcLoFXilKQGJdq+9eUOE5JFNFaEYykHjp0qL8dCMcLpzHQzSVNMJnhEB5rGOKLSy4vDZ+hMK0MUJkJXrFCh/t7IcSTlNAr0ZITVWC57c/E/b5Cp8MbLWZxmisZk8VCYcaQSNE8BDZmgRPGpJpgIpm9FZIwFJkpnZeoQnOUvr5Juo+5c1e37y1rztoyjAidwCufgwDU04Q7a0AECGTzDK7wZT8aL8W58LEbXjHLnGP7A+PwB3CWRRg==</latexit>

C1

C2

C3

✦ Amplitude in terms complex fields

[C. Murphy, 2005.00059]



Example: SM Higgs

52

✦ Intermediate states couple to                      :

✦ Generators

<latexit sha1_base64="+MLC1crN3std9wiE3+H1Hh3gdAQ=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEF6XMiKjLohuXFewD2qFk0kwnNJMZkoxQhi7d+CtuXCji1k9w59+Ydipo64HkHs65l+QeP+FMacf5sgpLyyura8X10sbm1vaOvbvXVHEqCW2QmMey7WNFORO0oZnmtJ1IiiOf05Y/vJ74rXsqFYvFnR4l1IvwQLCAEayN1LMPw7DS9bFEYX5Xfmpewp5ddqrOFGiRuDNShhnqPfuz249JGlGhCcdKdVwn0V6GpWaE03GpmyqaYDLEA9oxVOCIKi+bLjJGx0bpoyCW5giNpurviQxHSo0i33RGWIdq3puI/3mdVAeXXsZEkmoqSP5QkHKkYzRJBfWZpETzkSGYSGb+ikiIJSbaZFcyIbjzKy+S5mnVPa86t2fl2tUsjiIcwBGcgAsXUIMbqEMDCDzAE7zAq/VoPVtv1nveWrBmM/vwB9bHN5fgmG4=</latexit>

hh, h̄h̄, hh̄, h̄h

<latexit sha1_base64="DdQN3TzYvst3YhuuxiVQWO5IuRo=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhgoSZKOpFCObiMYJZIBmGnk5N0qRnobsnEIfgr3jxoIhX/8Obf2MnmYNGHxQ83quiqp4XcyaVZX0ZuaXlldW1/HphY3Nre8fc3WvKKBEUGjTikWh7RAJnITQUUxzasQASeBxa3rA29VsjEJJF4b0ax+AEpB8yn1GitOSaB90RUNy/LtVc+7TmVnSdnbhm0SpbM+C/xM5IEWWou+ZntxfRJIBQUU6k7NhWrJyUCMUoh0mhm0iICR2SPnQ0DUkA0kln10/wsVZ62I+ErlDhmfpzIiWBlOPA050BUQO56E3F/7xOovwrJ2VhnCgI6XyRn3CsIjyNAveYAKr4WBNCBdO3YjogglClAyvoEOzFl/+SZqVsX5Stu/Ni9SaLI48O0REqIRtdoiq6RXXUQBQ9oCf0gl6NR+PZeDPe5605I5vZR79gfHwD/WWS+w==</latexit>

~g = (C1, C2, C3)



Example: SM Higgs
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✦ 1, 1S, 1A are extremal. Triangular cone.

✦ Take the cross section of triangular cone

WZjj (CMS-PAS-SMP-18-001) 

✦ Bounds on “aQGC”



SM Higgs cone as an example

1. Degeneracy vanishes at the ERs, and one of the 
faces.


2. Origin -> excluding all BSM states. Confirms SM.


3. Degeneracies smaller outside, larger inside.


4. Always finite -> exclude UV particles to certain scales


5. At dim-6, always infinite.
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(max distance between two valid w’s)

<latexit sha1_base64="uQ972V/rhDoMnJEXNkHlX/D6/Ag=">AAACBHicbZDLSsNAFIYnXmu9RV12M1iECqUkRaoboejGZQV7gSaEyWTaDp1MwsykpYQu3Pgqblwo4taHcOfbOG2z0NYfBj7+cw5nzu/HjEplWd/G2vrG5tZ2bie/u7d/cGgeHbdklAhMmjhikej4SBJGOWkqqhjpxIKg0Gek7Q9vZ/X2iAhJI/6gJjFxQ9TntEcxUtryzIIzIhiOr0tjzy6PvWrZwUGkpMbauWcWrYo1F1wFO4MiyNTwzC8niHASEq4wQ1J2bStWboqEopiRad5JJIkRHqI+6WrkKCTSTedHTOGZdgLYi4R+XMG5+3siRaGUk9DXnSFSA7lcm5n/1bqJ6l25KeVxogjHi0W9hEEVwVkiMKCCYMUmGhAWVP8V4gESCCudW16HYC+fvAqtasWuVaz7i2L9JosjBwrgFJSADS5BHdyBBmgCDB7BM3gFb8aT8WK8Gx+L1jUjmzkBf2R8/gBIXJaV</latexit>

~w = (w1, w2, · · · , w6)Uncertainty of 

<latexit sha1_base64="+adwW258OCLMmD4ZVkLieLobAns=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgWMXdENRGCNrYCBHMBZJ1mZ3MJkNmL8zMKmFJa+Or2FgoYusb2Pk2TpIVNPGHgY//nMOZ83sxZ1JZ1peRW1hcWl7JrxbW1jc2t8ztnYaMEkFonUQ8Ei0PS8pZSOuKKU5bsaA48DhteoOLcb15R4VkUXijhjF1AtwLmc8IVtpyTXTvdjCP+xidoV6Gt+Wjqx+suGbRKlkToXmwMyhCppprfna6EUkCGirCsZRt24qVk2KhGOF0VOgkksaYDHCPtjWGOKDSSSeXjNCBdrrIj4R+oUIT9/dEigMph4GnOwOs+nK2Njb/q7UT5Z86KQvjRNGQTBf5CUcqQuNYUJcJShQfasBEMP1XRPpYYKJ0eAUdgj178jw0yiX7uGRfV4rV8yyOPOzBPhyCDSdQhUuoQR0IPMATvMCr8Wg8G2/G+7Q1Z2Qzu/BHxsc33+CZLQ==</latexit>

w↵ = g2↵/M
4
↵



Example: SM W boson, gluons

✦ W boson: SO(2) x SU(2)

✦ Bounds (elastic only covers first 4)

✦ Gluon: SO(2) x SU(3)

+ D6 3gluon operator

✦ Bounds 
x’s are:

7D polyhedral cone with 48 faces
✦ See [Yamashita, Zhou, CZ, 2009.04490]  

for more W+B cases and 
applications in aQGC. [X. Li et al., 2101.01191]

[C. Murphy, 2005.00059]
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Dual cone

✦ Collect all valid linear bounds: 

✦ This is the dual cone of C 

✦ Exact bound (thanks to hyperplane separation for convex bodies) 
 

✦ But they are not independent: e.g. if                             

✦ If the dual cone is salient, its generators are its ERs. Independent & complete 
bounds are:

✦ A linear bound is represented by a r4 tensor Q:
<latexit sha1_base64="7JP8XnSTVbXXbnTqGXmfZMNiEbg=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgqsyIqMuiGzdCC/YBnaFkMpk2NJMMSUYoQ3du/BU3LhRx6y+482/MtINo64HAyTn3cu89QcKo0o7zZZWWlldW18rrlY3Nre0de3evrUQqMWlhwYTsBkgRRjlpaaoZ6SaSoDhgpBOMrnO/c0+kooLf6XFC/BgNOI0oRtpIffvQi5EeYsRg08Oh0PDnf+sNiNO3q07NmQIuErcgVVCg0bc/vVDgNCZcY4aU6rlOov0MSU0xI5OKlyqSIDxCA9IzlKOYKD+b3jGBx0YJYSSkeVzDqfq7I0OxUuM4MJX5lmrey8X/vF6qo0s/ozxJNeF4NihKGdQC5qHAkEqCNRsbgrCkZleIh0girE10FROCO3/yImmf1tzzmts8q9avijjK4AAcgRPgggtQBzegAVoAgwfwBF7Aq/VoPVtv1vustGQVPfvgD6yPb9ZfmKU=</latexit>

Q ·M � 0

<latexit sha1_base64="gqHkQMk/jAKeRK4oARG949tpVM8="></latexit>

Cn4

= cone
��

mijmkl +milmkj
 �

<latexit sha1_base64="HP3bTY/Ql70dLgvwDSyUzXBzYp4=">AAACD3icbVDLSsNAFL3xWesr6tLNYFEEoSRV1I1QdOOyBfuANoTJdNIOnTyYmQgl9A/c+CtuXCji1q07/8ZJm0VtPTBw7jn3MvceL+ZMKsv6MZaWV1bX1gsbxc2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8C7zW49USBaFD2oUUyfA/ZD5jGClJdc86QZYDQjmqO7aNzNF5WymOHfNklW2JkCLxM5JCXLUXPO724tIEtBQEY6l7NhWrJwUC8UIp+NiN5E0xmSI+7SjaYgDKp10cs8YHWulh/xI6BcqNFFnJ1IcSDkKPN2Z7SjnvUz8z+skyr92UhbGiaIhmX7kJxypCGXhoB4TlCg+0gQTwfSuiAywwETpCIs6BHv+5EXSrJTty7JdvyhVb/M4CnAIR3AKNlxBFe6hBg0g8AQv8AbvxrPxanwYn9PWJSOfOYA/ML5+Ac1Bmz0=</latexit>

Q1 = Q2 +Q3

<latexit sha1_base64="iVuC4v61OnnVDPYyRlklb0+FfC0="></latexit>

Cn4

=
n
M | Q ·M � 0, 8Q 2 ext

⇣
Cn4⇤⌘o

<latexit sha1_base64="1IX/3/d0csh3F5eC4DsmGhOYMy0=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoWEOlQJQsCCVNGFsUj0ITWhclynterEke0gqig7C7/CwgBCrPwAG3+D00YIWs50fM698rnHixiVyrK+jMLS8srqWnG9tLG5tb1j7u61JY8FJi3MGRddD0nCaEhaiipGupEgKPAY6XjjRuZ37oiQlIc3ahIRN0DDkPoUI6Wlvll2Ao/fJ1zA1AmQGnk+bNwm1Wp68fPsmxWrZk0BF4mdkwrI0eybn86A4zggocIMSdmzrUi5CRKKYkbSkhNLEiE8RkPS0zREAZFuMr0lhYdaGUBfB/J5qOBU/b2RoEDKSeDpySygnPcy8T+vFyv/3E1oGMWKhHj2kR8zqDjMioEDKghWbKIJwoLqrBCPkEBY6fpKugR7/uRF0j6u2ac1+/qkUr/M6yiCA1AGR8AGZ6AOrkATtAAGD+AJvIBX49F4Nt6M99lowch39sEfGB/f+FWaWQ==</latexit>

or C⇤⇤ = C

56



✦ The amplitudes satisfy crossing symmetries by construction 

✦ i<->k, and j<->l exchanges. These are s<->u crossing when t->0. 

✦ In additional, (i<->j) and (k<->l) simultaneously. Or equivalently, m matrices 
are symmetric or anti-symmetric. (implies P-conservation) 

✦ Define the crossing symmetric subspace 
 
 

✦             contains straight lines perpendicular to this subspace. Not salient.

crossing-antisymmetric axis

crossing-symm. subspace

O

<latexit sha1_base64="L+7GCcXaEdqjhc4U8/a6rKYYXXs=">AAAB/nicbVDLSsNAFL2pr7a+ouLKzWARxEVJpKjLYjcuK9gHtGmZTCft0MkkzEyEEgL+ihsXirj1O9z5NyZtFtp6YOBwzr3cM8cNOVPasr6Nwtr6xuZWsVTe3tnd2zcPDtsqiCShLRLwQHZdrChngrY005x2Q0mx73LacaeNzO88UqlYIB70LKSOj8eCeYxgnUpD8zgu9X2sJ66HGoNYDGpJMrgoD82KVbXmQKvEzkkFcjSH5ld/FJDIp0ITjpXq2VaonRhLzQinSbkfKRpiMsVj2kupwD5VTjyPn6CzVBkhL5DpExrN1d8bMfaVmvluOplFVcteJv7n9SLt3TgxE2GkqSCLQ17EkQ5Q1gUaMUmJ5rOUYCJZmhWRCZaY6LSxrAR7+curpH1Zta+q9n2tUr/N6yjCCZzCOdhwDXW4gya0gEAMz/AKb8aT8WK8Gx+L0YKR7xzBHxifP5w/lJ0=</latexit>

Cn4⇤

<latexit sha1_base64="xWRJsjwCJI0czaNvQk1v0al5w7Y=">AAACG3icbVBNS8NAEN3Ur7Z+VT16WSyCeChJKeqx2IvHivYDmrZstpN26WYTdjeFEvI/vPhXvHhQxJPgwX9j0lbQ1gcDj/dmmJnnBJwpbZpfRmZtfWNzK5vLb+/s7u0XDg6byg8lhQb1uS/bDlHAmYCGZppDO5BAPIdDyxnXUr81AamYL+71NICuR4aCuYwSnUj9QjnK2R7RI8fFtV4kepU47p3bKnQUaGxPgEY/9l089/P9QtEsmTPgVWItSBEtUO8XPuyBT0MPhKacKNWxzEB3IyI1oxzivB0qCAgdkyF0EiqIB6obzX6L8WmiDLDry6SExjP190REPKWmnpN0poeqZS8V//M6oXavuhETQahB0PkiN+RY+zgNCg+YBKr5NCGESpbciumISEJ1EmcagrX88ipplkvWRcm6rRSr14s4sugYnaAzZKFLVEU3qI4aiKIH9IRe0KvxaDwbb8b7vDVjLGaO0B8Yn99TSaD6</latexit>

Cn4⇤
⇢ ~Sn4

<latexit sha1_base64="B40kpdrKTo5v/9yawf7B4XK4RrA="></latexit>

Cn4

⇢ ~Sn4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

<latexit sha1_base64="L+7GCcXaEdqjhc4U8/a6rKYYXXs=">AAAB/nicbVDLSsNAFL2pr7a+ouLKzWARxEVJpKjLYjcuK9gHtGmZTCft0MkkzEyEEgL+ihsXirj1O9z5NyZtFtp6YOBwzr3cM8cNOVPasr6Nwtr6xuZWsVTe3tnd2zcPDtsqiCShLRLwQHZdrChngrY005x2Q0mx73LacaeNzO88UqlYIB70LKSOj8eCeYxgnUpD8zgu9X2sJ66HGoNYDGpJMrgoD82KVbXmQKvEzkkFcjSH5ld/FJDIp0ITjpXq2VaonRhLzQinSbkfKRpiMsVj2kupwD5VTjyPn6CzVBkhL5DpExrN1d8bMfaVmvluOplFVcteJv7n9SLt3TgxE2GkqSCLQ17EkQ5Q1gUaMUmJ5rOUYCJZmhWRCZaY6LSxrAR7+curpH1Zta+q9n2tUr/N6yjCCZzCOdhwDXW4gya0gEAMz/AKb8aT8WK8Gx+L0YKR7xzBHxifP5w/lJ0=</latexit>

Cn4⇤

<latexit sha1_base64="SU+HLmM+7pzdr93DszuYSMpScoM="></latexit>

Qn4

⌘ Cn4⇤
\ ~Sn4

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0 8Q 2 Qn4
o
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✦ Use the fact that physics amplitudes from EFT are crossing symmetric 
 

✦ Define the duality within the symmetric subspace. 

✦ What is           ? 

✦ With crossing symmetry: 

✦ Finding positivity bounds = finding the ERs of some “spectrahedron”.

<latexit sha1_base64="SU+HLmM+7pzdr93DszuYSMpScoM="></latexit>

Qn4

⌘ Cn4⇤
\ ~Sn4

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0 8Q 2 Qn4
o

<latexit sha1_base64="Uyi4gD+ja1ebSz5A5rLGcMwLUQk=">AAAB+3icbVDLTsJAFL3FF+Cr4tLNRKJxRVpD1CXRjUtI5JFAIdNhChOm02ZmaiRNf8WNC41x64+4829soQsFTzLJyTn35p45bsiZ0pb1bRQ2Nre2d4ql8u7e/sGheVTpqCCShLZJwAPZc7GinAna1kxz2gslxb7Laded3WV+95FKxQLxoOchdXw8EcxjBOtUGpmV0vnAx3rqeqg1jMWwnpRHZtWqWQugdWLnpAo5miPzazAOSORToQnHSvVtK9ROjKVmhNOkPIgUDTGZ4Qntp1RgnyonXmRP0FmqjJEXyPQJjRbq740Y+0rNfTedzHKqVS8T//P6kfZunJiJMNJUkOUhL+JIBygrAo2ZpETzeUowkSzNisgUS0x0WldWgr365XXSuazZVzW7Va82bvM6inACp3ABNlxDA+6hCW0g8ATP8ApvRmK8GO/Gx3K0YOQ7x/AHxucPG56TMw==</latexit>

Qn4

<latexit sha1_base64="qPxXx4S4av/0+zGUUkzf7Mpkr4o="></latexit>

Q ·M � 0

) Qijkl
X

↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�
= 2

X

↵

mij
↵Qijklmkl

↵ � 0 8m 2 Rn2

) Q(ij),(kl) ⌫ 0 ) Q 2 S(n2⇥n2)
+

<latexit sha1_base64="Pu55JtM/D15xovxNm4ttI0wLcpk=">AAACL3icbVBdS8MwFE393OZX1UdfgkMQhNGOob4IQ0F83NB9wLqNNEu3sDQtSToYpf/IF//KXkQU8dV/YbpN0c0DgZNz7+Hee9yQUaks68VYWV1b39jMZHNb2zu7e+b+QV0GkcCkhgMWiKaLJGGUk5qiipFmKAjyXUYa7vAmrTdGREga8Ac1DknbR31OPYqR0lLXvM06PlID14PVTsw7peTq+3/fPUuVoqOoTyTULHEwCp0RwfFPTzIz5bpm3ipYU8BlYs9JHsxR6ZoTpxfgyCdcYYakbNlWqNoxEopiRpKcE0kSIjxEfdLSlCO9Qzue3pvAE630oBcI/biCU/W3I0a+lGPf1Z3ponKxlor/1VqR8i7bMeVhpAjHs0FexKAKYBoe7FFBsGJjTRAWVO8K8QAJhJWOOA3BXjx5mdSLBfu8YFdL+fL1PI4MOALH4BTY4AKUwR2ogBrA4BFMwCt4M56MZ+Pd+Ji1rhhzzyH4A+PzC4KVqMY=</latexit>

Qn4

= Sn2⇥n2

+ \ ~Sn4

<latexit sha1_base64="v4TdILVRAuhSaSF+AjW7mrypyNQ="></latexit>

Cn4

=
n
M 2 ~Sn4

| Q ·M � 0, 8Q 2 ext
⇣
Qn4

⌘o

<latexit sha1_base64="B40kpdrKTo5v/9yawf7B4XK4RrA="></latexit>

Cn4

⇢ ~Sn4

⌘
�
T | T ijkl = T ilkj = T kjil = T jilk

 

58



Faces

✦ Each point x in a spectrahedron is contained in (the relative interior of) a unique face, 
F(x) 
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Faces

✦ Each point x in a spectrahedron is contained in (the relative interior of) a unique face, 
F(x) 
 
 
 

<latexit sha1_base64="74L/qElRJI3W4YWoNzvsex7vow8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5CIVl0IRUFcVrAPSEOZTCbt0JkkzEzEGoq/4saFIm79D3f+jZO2iFYPDBzOuZd75vgJo1LZ9qcxMzs3v7BYWCour6yurZsbmw0ZpwKTOo5ZLFo+koTRiNQVVYy0EkEQ9xlp+v2L3G/eEiFpHN2oQUI8jroRDSlGSksdc7vNkeoJngWUD93L8t2+d2Z3zJJt2SNA2zqyndOKA78VZ0JKYIJax/xoBzFOOYkUZkhK17ET5WVIKIoZGRbbqSQJwn3UJa6mEeJEetko/RDuaSWAYSz0ixQcqT83MsSlHHBfT+ZZ5bSXi/95bqrCEy+jUZIqEuHxoTBlUMUwrwIGVBCs2EAThAXVWSHuIYGw0oUVdQnO9Jf/ksaB5VQs5/qwVD2f1FEAO2AXlIEDjkEVXIEaqAMM7sEjeAYvxoPxZLwab+PRGWOyswV+wXj/AuNjlNo=</latexit>

dim[F (x)] = 0
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Faces

✦ Each point x in a spectrahedron is contained in (the relative interior of) a unique face, 
F(x) 
 
 
 

<latexit sha1_base64="6Y7v7ieEuJmI8zjvfDla8Hspirc=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIRrboQioK4rGAfMB1KJpO2ocnMkGTEOhR/xY0LRdz6H+78GzNtEa0eCBzOuZd7cvyYM6Ud59OamZ2bX1jMLeWXV1bX1u2NzbqKEklojUQ8kk0fK8pZSGuaaU6bsaRY+Jw2/P5F5jduqVQsCm/0IKaewN2QdRjB2khte7slsO5JkQZMDN3L4t2+d4badsEpOSNAp3TkoNMygt8KmpACmKDatj9aQUQSQUNNOFbKRU6svRRLzQinw3wrUTTGpI+71DU0xIIqLx2lH8I9owSwE0nzQg1H6s+NFAulBsI3k1lWNe1l4n+em+jOiZeyME40Dcn4UCfhUEcwqwIGTFKi+cAQTCQzWSHpYYmJNoXlTQlo+st/Sf2ghMoldH1YqJxP6siBHbALigCBY1ABV6AKaoCAe/AInsGL9WA9Wa/W23h0xprsbIFfsN6/AOTnlNs=</latexit>

dim[F (x)] = 1
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Faces

✦ Each point x in a spectrahedron is contained in (the relative interior of) a unique face, 
F(x) 
 
 
 

<latexit sha1_base64="fGn9TDjLtAqjAXQf/Zna82Hzunc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3YSkaNWFUBTEZQX7gDSUyWTaDp1JwsxErKH4K25cKOLW/3Dn3zhpi2j1wMDhnHu5Z44fMyqVbX8aubn5hcWl/HJhZXVtfcPc3GrIKBGY1HHEItHykSSMhqSuqGKkFQuCuM9I0x9cZH7zlghJo/BGDWPicdQLaZdipLTUMXfaHKm+4GlA+ci9LN0deGfljlm0LXsMaFtHtnNaceC34kxJEUxR65gf7SDCCSehwgxJ6Tp2rLwUCUUxI6NCO5EkRniAesTVNEScSC8dpx/Bfa0EsBsJ/UIFx+rPjRRxKYfc15NZVjnrZeJ/npuo7omX0jBOFAnx5FA3YVBFMKsCBlQQrNhQE4QF1Vkh7iOBsNKFFXQJzuyX/5JG2XIqlnN9WKyeT+vIg12wB0rAAcegCq5ADdQBBvfgETyDF+PBeDJejbfJaM6Y7myDXzDevwDma5Tc</latexit>

dim[F (x)] = 2
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Faces

✦ Each point x in a spectrahedron is contained in (the relative interior of) a unique face, 
F(x) 
 
 
 

<latexit sha1_base64="CqS1OdrHMUEdqAZCN/B8T6d3W04=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZTER9WFUBTEZQX7gDaUyWTSDp1JwsxErKH4K25cKOLW/3Dn3zhpg2j1wMDhnHu5Z44bMSqVZX0auZnZufmF/GJhaXlldc1c32jIMBaY1HHIQtFykSSMBqSuqGKkFQmCuMtI0x1cpH7zlghJw+BGDSPicNQLqE8xUlrqmlsdjlRf8MSjfNS+LN3tOWcHXbNola0xoFU+suzTig2/FTsjRZCh1jU/Ol6IY04ChRmSsm1bkXISJBTFjIwKnViSCOEB6pG2pgHiRDrJOP0I7mrFg34o9AsUHKs/NxLEpRxyV0+mWeW0l4r/ee1Y+SdOQoMoViTAk0N+zKAKYVoF9KggWLGhJggLqrNC3EcCYaULK+gS7Okv/yWN/bJdKdvXh8XqeVZHHmyDHVACNjgGVXAFaqAOMLgHj+AZvBgPxpPxarxNRnNGtrMJfsF4/wLn75Td</latexit>

dim[F (x)] = 3

59



Faces

✦ Each point x in a spectrahedron is contained in (the relative interior of) a unique face, 
F(x) 
 
 
 

✦ The null space of Q(x) is constant on F(x) -> numerically identify F(x) for any x 
[Ramana & Goldman ’95] 

✦ Let {ui} be basis of Null(Q(x)), then Null(B) is the linear span of F(x)
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Application to dRGT

✦ dRGT massive gravity (n=5): improves slightly the minimum value of d5

Elastic:

SDP:
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✦ Two sources of degeneracies:


✦ EXP: finite resolution in real measurements


✦ TH: intrinsic degeneracy at any truncated mass dimension 

✦ Example at dim-6:
<latexit sha1_base64="IzWFrFfDpmKDmlu9ot8139OmZzs="></latexit>

V1 : g1V
µ
1 (ēR�µeR)

S2 : g2S2(ē
c
ReR) + h.c.

<latexit sha1_base64="W3X9dI0ncKLZCo7jwtqhsJ7olRs="></latexit>

O
(6)
ee = (ēR�µeR) (ēR�

µ
eR)

✦ Cannot resolve the flat direction 
 
 
This prevents us from determining the coupling/mass ratio of each UV 
particle type.


✦ Situation changes at dim-8.
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✦ Q: Knowing                        ,  or 
 
 
 
How do we determine       ?      (Matching: RHS -> LHS; Inverse: LHS -> RHS)


✦ In general impossible: more g (generators) than # coefficients.


✦ There are exceptions: e.g. M is extremal.


✦ For illustration, neglect for the moment the L cut

Inverse problem in the PSD matrix cone

<latexit sha1_base64="FEmDu6KFL7aR0vRVrxxCHcwD1Gg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRERF0WXeiygn1AE8LNdNIOnTyYmSgldOPGX3HjQhG3/oM7/8ZJm4W2HrhwOOde7r3HTziTyrK+jdLC4tLySnm1sra+sbllbu+0ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHV7nfvqdCsji6U6OEuiH0IxYwAkpLnrn/4DnAkwEcO9gJQQ0IcHxdaJ5ZtWrWBHie2AWpogINz/xyejFJQxopwkHKrm0lys1AKEY4HVecVNIEyBD6tKtpBCGVbjb5YowPtdLDQSx0RQpP1N8TGYRSjkJfd+aHylkvF//zuqkKLtyMRUmqaESmi4KUYxXjPBLcY4ISxUeaABFM34rJAAQQpYOr6BDs2ZfnSeukZp/VrNvTav2yiKOM9tABOkI2Okd1dIMaqIkIekTP6BW9GU/Gi/FufExbS0Yxs4v+wPj8AaPbmAY=</latexit>

w↵, G↵
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<latexit sha1_base64="CGxZnv6JvMcelIEwIBpVliiPAKE=">AAACHHicbVBNS8NAEN34bf2KevQSLBa9lKSKehS9eKxgq9DUstlM0sXNJuxOhBL6Q7z4V7x4UMSLB8F/47bmoNYHA4/3ZnZnXpAJrtF1P62p6ZnZufmFxcrS8srqmr2+0dZprhi0WCpSdR1QDYJLaCFHAdeZApoEAq6C27ORf3UHSvNUXuIgg25CY8kjzigaqWfv+wIi3PUDiLksqFJ0MCwYG3o15fuqpm4aPsiwNHzF4z7u9eyqW3fHcCaJV5IqKdHs2e9+mLI8AYlMUK07npth1zyKnAkYVvxcQ0bZLY2hY6ikCehuMT5u6OwYJXSiVJmS6IzVnxMFTbQeJIHpTCj29V9vJP7ndXKMjrsFl1mOINn3R1EuHEydUVJOyBUwFANDKFPc7OqwPlWUocmzYkLw/p48SdqNundY9y4OqienZRwLZItsk13ikSNyQs5Jk7QII/fkkTyTF+vBerJerbfv1imrnNkkv2B9fAHgfaJ8</latexit>✓
1 r
r r2

◆

<latexit sha1_base64="bIMk8z2BH94eXQLyUpWnNhPfE+U="></latexit>

Mijkl =
X

↵

w↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

� <latexit sha1_base64="+adwW258OCLMmD4ZVkLieLobAns=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgWMXdENRGCNrYCBHMBZJ1mZ3MJkNmL8zMKmFJa+Or2FgoYusb2Pk2TpIVNPGHgY//nMOZ83sxZ1JZ1peRW1hcWl7JrxbW1jc2t8ztnYaMEkFonUQ8Ei0PS8pZSOuKKU5bsaA48DhteoOLcb15R4VkUXijhjF1AtwLmc8IVtpyTXTvdjCP+xidoV6Gt+Wjqx+suGbRKlkToXmwMyhCppprfna6EUkCGirCsZRt24qVk2KhGOF0VOgkksaYDHCPtjWGOKDSSSeXjNCBdrrIj4R+oUIT9/dEigMph4GnOwOs+nK2Njb/q7UT5Z86KQvjRNGQTBf5CUcqQuNYUJcJShQfasBEMP1XRPpYYKJ0eAUdgj178jw0yiX7uGRfV4rV8yyOPOzBPhyCDSdQhUuoQR0IPMATvMCr8Wg8G2/G+7Q1Z2Qzu/BHxsc33+CZLQ==</latexit>

w↵ = g2↵/M
4
↵

<latexit sha1_base64="bIMk8z2BH94eXQLyUpWnNhPfE+U="></latexit>

Mijkl =
X

↵

w↵

�
mij

↵m
kl
↵ +mil

↵m
kj
↵

�



✦ We expect the following four statements about       to be physically interesting. 

✦ Rank-1: only one w can be nonzero. No degeneracy. 
(Uniquely determines the “1-particle extensions”) 

✦ Rank-r, r>1: suppose 
 are the basis vector of the dim-(n-r) null space of M, we have 
 
 
i.e. all generators not on the row space of M are excluded (model independent) 

✦ Rank-0: all w have to vanish! Confirms the SM. (model independent) 

✦ Full rank: all w’s are bound from above. Exclusion limits on all possible UV states 
(model independent)

Inverse problem in the PSD matrix cone

<latexit sha1_base64="FEmDu6KFL7aR0vRVrxxCHcwD1Gg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRERF0WXeiygn1AE8LNdNIOnTyYmSgldOPGX3HjQhG3/oM7/8ZJm4W2HrhwOOde7r3HTziTyrK+jdLC4tLySnm1sra+sbllbu+0ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHV7nfvqdCsji6U6OEuiH0IxYwAkpLnrn/4DnAkwEcO9gJQQ0IcHxdaJ5ZtWrWBHie2AWpogINz/xyejFJQxopwkHKrm0lys1AKEY4HVecVNIEyBD6tKtpBCGVbjb5YowPtdLDQSx0RQpP1N8TGYRSjkJfd+aHylkvF//zuqkKLtyMRUmqaESmi4KUYxXjPBLcY4ISxUeaABFM34rJAAQQpYOr6BDs2ZfnSeukZp/VrNvTav2yiKOM9tABOkI2Okd1dIMaqIkIekTP6BW9GU/Gi/FufExbS0Yxs4v+wPj8AaPbmAY=</latexit>

w↵, G↵
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What can we say about         ?
<latexit sha1_base64="FEmDu6KFL7aR0vRVrxxCHcwD1Gg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRERF0WXeiygn1AE8LNdNIOnTyYmSgldOPGX3HjQhG3/oM7/8ZJm4W2HrhwOOde7r3HTziTyrK+jdLC4tLySnm1sra+sbllbu+0ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHV7nfvqdCsji6U6OEuiH0IxYwAkpLnrn/4DnAkwEcO9gJQQ0IcHxdaJ5ZtWrWBHie2AWpogINz/xyejFJQxopwkHKrm0lys1AKEY4HVecVNIEyBD6tKtpBCGVbjb5YowPtdLDQSx0RQpP1N8TGYRSjkJfd+aHylkvF//zuqkKLtyMRUmqaESmi4KUYxXjPBLcY4ISxUeaABFM34rJAAQQpYOr6BDs2ZfnSeukZp/VrNvTav2yiKOM9tABOkI2Okd1dIMaqIkIekTP6BW9GU/Gi/FufExbS0Yxs4v+wPj8AaPbmAY=</latexit>

w↵, G↵



✦ We expect the following four statements about       to be physically interesting. 

✦ Rank-1 -> ER. 

✦ Rank-r -> Faces (of dim-r(r+1)/2) 

✦ Rank-0 -> Vertex. 

✦ Full rank -> Interior of the cone.

Inverse problem in the PSD matrix cone

<latexit sha1_base64="FEmDu6KFL7aR0vRVrxxCHcwD1Gg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRERF0WXeiygn1AE8LNdNIOnTyYmSgldOPGX3HjQhG3/oM7/8ZJm4W2HrhwOOde7r3HTziTyrK+jdLC4tLySnm1sra+sbllbu+0ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHV7nfvqdCsji6U6OEuiH0IxYwAkpLnrn/4DnAkwEcO9gJQQ0IcHxdaJ5ZtWrWBHie2AWpogINz/xyejFJQxopwkHKrm0lys1AKEY4HVecVNIEyBD6tKtpBCGVbjb5YowPtdLDQSx0RQpP1N8TGYRSjkJfd+aHylkvF//zuqkKLtyMRUmqaESmi4KUYxXjPBLcY4ISxUeaABFM34rJAAQQpYOr6BDs2ZfnSeukZp/VrNvTav2yiKOM9tABOkI2Okd1dIMaqIkIekTP6BW9GU/Gi/FufExbS0Yxs4v+wPj8AaPbmAY=</latexit>

w↵, G↵
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What can we say about         ?
<latexit sha1_base64="FEmDu6KFL7aR0vRVrxxCHcwD1Gg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRERF0WXeiygn1AE8LNdNIOnTyYmSgldOPGX3HjQhG3/oM7/8ZJm4W2HrhwOOde7r3HTziTyrK+jdLC4tLySnm1sra+sbllbu+0ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHV7nfvqdCsji6U6OEuiH0IxYwAkpLnrn/4DnAkwEcO9gJQQ0IcHxdaJ5ZtWrWBHie2AWpogINz/xyejFJQxopwkHKrm0lys1AKEY4HVecVNIEyBD6tKtpBCGVbjb5YowPtdLDQSx0RQpP1N8TGYRSjkJfd+aHylkvF//zuqkKLtyMRUmqaESmi4KUYxXjPBLcY4ISxUeaABFM34rJAAQQpYOr6BDs2ZfnSeukZp/VrNvTav2yiKOM9tABOkI2Okd1dIMaqIkIekTP6BW9GU/Gi/FufExbS0Yxs4v+wPj8AaPbmAY=</latexit>

w↵, G↵



✦ We expect the following four statements about       to be physically interesting. 

✦ Rank-1 -> ER.  
Only one w can be nonzero. No degeneracy. 
(Uniquely determines the “1-particle extensions”) 

✦ Rank-r, r>1 -> Faces. 
 i.e. all generators not on the same face are excluded (model independent) 

✦ Rank-0 -> Origin. 
All w have to vanish! Confirms the SM. (model independent) 

✦ Full rank -> Interior. 
all w’s are bound from above. Exclusion limits on all possible UV states (model 
independent)

Generalized to all salient cones

<latexit sha1_base64="FEmDu6KFL7aR0vRVrxxCHcwD1Gg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZRERF0WXeiygn1AE8LNdNIOnTyYmSgldOPGX3HjQhG3/oM7/8ZJm4W2HrhwOOde7r3HTziTyrK+jdLC4tLySnm1sra+sbllbu+0ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHV7nfvqdCsji6U6OEuiH0IxYwAkpLnrn/4DnAkwEcO9gJQQ0IcHxdaJ5ZtWrWBHie2AWpogINz/xyejFJQxopwkHKrm0lys1AKEY4HVecVNIEyBD6tKtpBCGVbjb5YowPtdLDQSx0RQpP1N8TGYRSjkJfd+aHylkvF//zuqkKLtyMRUmqaESmi4KUYxXjPBLcY4ISxUeaABFM34rJAAQQpYOr6BDs2ZfnSeukZp/VrNvTav2yiKOM9tABOkI2Okd1dIMaqIkIekTP6BW9GU/Gi/FufExbS0Yxs4v+wPj8AaPbmAY=</latexit>

w↵, G↵

65

<latexit sha1_base64="cdN/knEkmfkv7NfGk+w0enpTpPg="></latexit>

Mijkl =
X

X

�X

⇣
mij

Xm⇤kl
X +mil̄

Xm⇤kj̄
X

⌘
, �X � 0 is a salient cone

(Positive projection on             )



Dim-6 vs dim-8
✦ Generators at dim-8 form a salient cone; at dim-6 this 

is not true. 

✦                                                always have positive 
projects on 

✦                       has very different implications

Dim-6 Dim-8

Unique solutions  No: Yes: Salient cone -> ERs always exist 
ER not splittable -> unique w.

Zero coefs.  
rule out all BSM  No: Yes: 0 is an extreme point of a salient 

cone.

Finite uncertainty; 
upper bound on 

w.
 No:      Yes: 

has nonzero solution
<latexit sha1_base64="RhmRMo4ovv48iAPRTbL/OXAMF1Y="></latexit>

w(6)
↵ ! w(6)

↵ + �w̄(6)
↵ ,� > 0

<latexit sha1_base64="gACxds3n3fNFBUPWOnFtCC4HHYA=">AAACHHicbVDLSgMxFM34rPU16tJNsAiKUmZUqsuiG5dV7AM6tdxJM21oJjMkGaUM/RA3/oobF4q4cSH4N6btLLR6IHA451xy7/FjzpR2nC9rZnZufmExt5RfXlldW7c3NmsqSiShVRLxSDZ8UJQzQauaaU4bsaQQ+pzW/f7FyK/fUalYJG70IKatELqCBYyANlLbPva4CXcAez5IfH+b7pX2h20PeNyDQw9nrseEF4Lu+QG+vj1o2wWn6IyB/xI3IwWUodK2P7xORJKQCk04KNV0nVi3UpCaEU6HeS9RNAbShy5tGiogpKqVjo8b4l2jdHAQSfOExmP150QKoVKD0DfJ0Ypq2huJ/3nNRAdnrZSJONFUkMlHQcKxjvCoKdxhkhLNB4YAkczsikkPJBBt+sybEtzpk/+S2lHRLRWdq5NC+TyrI4e20Q7aQy46RWV0iSqoigh6QE/oBb1aj9az9Wa9T6IzVjazhX7B+vwGAMugsg==</latexit>

�w̄(6)
↵ , � 2 R+

<latexit sha1_base64="RhmRMo4ovv48iAPRTbL/OXAMF1Y="></latexit>

w(6)
↵ ! w(6)

↵ + �w̄(6)
↵ ,� > 0

Dim-6 Dim-8
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<latexit sha1_base64="GJ8NYzSxzXzwfSpO6Mb7hAoe5aY=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCK5KIqIui25cVrAXaGuZTCbt2MkkzEyEErPwVdy4UMStr+HOt3HaRtDWHwY+/nMO58zvxZwp7ThfVmFhcWl5pbhaWlvf2Nyyt3caKkokoXUS8Ui2PKwoZ4LWNdOctmJJcehx2vSGl+N6855KxSJxo0cx7Ya4L1jACNbG6tl7HZ9yjW9TNsx+8I5nPbvsVJyJ0Dy4OZQhV61nf3b8iCQhFZpwrFTbdWLdTbHUjHCalTqJojEmQ9ynbYMCh1R108n9GTo0jo+CSJonNJq4vydSHCo1Cj3TGWI9ULO1sflfrZ3o4LybMhEnmgoyXRQkHOkIjcNAPpOUaD4ygIlk5lZEBlhiok1kJROCO/vleWgcV9zTinN9Uq5e5HEUYR8O4AhcOIMqXEEN6kDgAZ7gBV6tR+vZerPep60FK5/ZhT+yPr4B6ZWWrg==</latexit>

�ik�jl

<latexit sha1_base64="ZYNCc7l1Qcif0dtvBgnnCeGiGBI="></latexit>

Gijkl
X ⌘ mij

Xm⇤kl
X +mil̄

Xm⇤kj̄
X


