
CELESTIAL AMPLITUDES: FROM UV 
CONSTRAINTS TO CONFORMAL BLOCKS

ANA-MARIA RACLARIU 

PERIMETER INSTITUTE 

Based on: 2012.04208 with N. Arkani-Hamed, M. Pate and A. Strominger  
              2104.13432 with A. Atanasov, W. Melton and A. Strominger

Positivity and the Bootstrap  
June 2021 



MOTIVATION

•  suggests gravity is holographic SBH =
A

4G

• Recent progress in the asymptotically flat case: soft theorems 
 asymptotic symmetries ⟺

→
ℐ+

ℐ−

• Subleading soft graviton theorem  Lorentz group 
enhanced to Virasoro

⟹

• Lorentz group in 4D asymptotically  
    flat spacetimes acts as  on the 2D celestial sphereSL(2,ℂ)

[Kapec, Lysov, Pasterki, Strominger ’14]



CELESTIAL HOLOGRAPHY

⟨TzzO1(ω1, z1, z̄1) . . . ⟩ =
n

∑
i=1 [ ĥi

(z − zi)2
+

∂i

z − zi ]⟨O1(ω1, z1, z̄1) . . . ⟩,

ĥi =
1
2 (si − ωi∂ωi)

• Subleading soft graviton mode obeys the Ward identity of 
stress tensor in 2D CFT:

• Diagonalize weights by expressing the 
-matrix in a conformal primary basis:S

|pi⟩ → |ωi, zi, z̄i⟩ → |Δi, zi, z̄i⟩ = ∫
∞

0
dωiω

Δi−1
i |ωi, zi, z̄i⟩

ℐ+

ℐ−

• Celestial amplitude = S-matrix in basis of boost 
eigenstates



NOVEL FEATURES OF CCFT

• Lorentz symmetry  covariance  → SL(2,ℂ) [Pasterski, Shao, Strominger '17]

• Translations relate celestial amplitudes with shifted weights

• Soft theorems constrain leading, subleading OPE coefficients in 
EYM

• IR divergences captured by vertex operators of Goldstones

[Donnay, Puhm, Strominger '18; Stieberger, Taylor '18; Law, Zlotnikov '19] 

[Pate, A.R., Strominger, Yuan '19; Banerjee, Ghosh '20; Ebert, Sharma, Wang '20] 

[Nande, Pate, Strominger ’17; Himwich, Narayanan, Paul, Pate, Strominger ’20]

• Soft symmetries associated with conformally soft operators of 
negative half-integer dimensions and their canonical conjugate 
Goldstone modes [Pate, A.R., Strominger ’19; Donnay, Pasterski, Puhm ’20; 

 Guevara, Himwich, Pate, Strominger ’21]



WHAT CAN WE LEARN ABOUT GRAVITY IN AFS?

1. Analytic structure of celestial 4-point scattering in the complex 
boost weight -plane captures perturbative and non-
perturbative aspects of bulk scattering 

2. Conformal block expansion provides evidence that residues of 
poles in  can be reconstructed from celestial OPE data 

β

β

[Arkani-Hamed, Pate, A.R., Strominger ’20]

[Atanasov, Melton, A.R., Strominger ’21]

→



CELESTIAL 4-POINT SCATTERING

𝔸(pi) = ℳ(s, t)δ(4)(
4

∑
i=1

pi) .

s = − (p1 + p2)2 ≡ ω2,
t = − (p1 + p3)2 ≡ − zω2

z =
z13z24

z12z34
, β =

4

∑
i=1

Δi − 4.

𝒜̃(zi, z̄i; β) = K(zi, z̄i)X(z, β)∫
∞

0
dωωβ−1ℳ(ω2, − zω2) .

pi = ωi (1 + ziz̄i, zi + z̄i, − i(zi − z̄i),1 − ziz̄i)

Consider the scattering of 4 massless scalars with amplitude

Upon parameterizing external momenta by

and computing the Mellin transforms wrt.  ,ωi

→
Momentum conservation    ⟹ X ∝ δ(z − z̄) .



ANALYTIC STRUCTURE IN β
𝒜̃(zi, z̄i; β) = K(zi, z̄i)X(z, β)

kinematics
∫

∞

0
dωωβ−1ℳ(ω2, − zω2)

≡𝒜(β,z), dynamics

.

•  is well defined provided  falls off fast enough as 
.

𝒜(β, z) ℳ
ω → ∞

ℳ ∝ ωp ⟹ 𝒜 ∝ ∫
∞

0
dωωβ+p−1 ∝ δ(β + p), β + p ∈ iℝ .

ℳ = λ
M2

ω2 − M2
⟹ 𝒜 ∝

λMβ

sin πβ/2

• Poles in infinite sequence of poles in -plane ω ⟹ β



ℳ(s, t) = ∑
Δ,q

aΔ,qsΔ−qtq ⟺ ℳ(ω2, − zω2) = ∑
Δ,q

aΔ,qω2Δ(−z)q

• Low-energy expansion with massive states integrated out and no 
massless loops

• Celestial amplitude with cutoff ω*

𝒜(β, z) = ∑
Δ

ãIR
Δ (z)

β + 2Δ
+ . . .

• First pole in  determined by lowest dimension operators in EFTβ

• Residues related to couplings of higher dimension operators, 
obey positivity constraints [Arkani-Hamed, Huang, Huang ’20, Tuesday’s talks…]

• Sequence of poles at increasingly negative even integer  carry 
information about higher dimension operators

β

ANALYTIC STRUCTURE IN β



ANALYTIC STRUCTURE IN β

ω → ∞ ⟹ 𝒜(β, z) = ∑
n∈ℤ−

ãUV
n (z)

β + 2n
+ . . .

• If the scattering amplitude also admits an expansion around

• Accounting for loop effects

ℳ(ω2, − zω2) = ∑
m,n;r≤m

am,n,r(z)(GNω2)mω2n logr ω
ΛUV

yields higher order poles in β

𝒜(β, z) ⊃ ∫
ω*

0
dωωβ−1 logr ω ∝

∂r

∂βr

1
β

∝
1

βr+1
.



ANOTHER UV CONSTRAINT

• Absence of poles in the right complex  plane is a sharp 
signature of quantum gravity!

β

• Exponential fall-off in the hard scattering limit

lim
ω→∞

ℳ(ω2, − zω2) ∝ e−ω2/M2 .

lim
β→∞

𝒜(β, z) → ∫
∞

0
dωωβ−1e−ω2/M2 =

Mβ

2
Γ(β/2) .

• Large  limit localizes the integrand at high energy andβ

• Examples: black holes SBH = 4πGNω2, M ∝ MPl

tree-level string amplitudes M ∝ Ms



ANALYTIC STRUCTURE IN z
𝒜̃(zi, z̄i; β) = K(zi, z̄i)X(z, β)

kinematics
∫

∞

0
dωωβ−1ℳ(ω2, − zω2)

≡𝒜(β,z), dynamics

,

K(zi, z̄i)X(z, β) = I13−24(zi, z̄i)

SL(2,ℂ) covariant

2−β−2 |z |2+β/2 |1 − z |h13−h24 δ(z − z̄)

fixed by momentum conservation

.

ℳ(s, t) = − g2 1
t − M2

⟹ 𝒜̃(zi, z̄i; β) = I13−24(zi, z̄i)ft(z, z̄),

ft(z, z̄) = NgM(β)δ(z − z̄) |z |2 |z − 1 |h13−h24 .

Consider the (tree-level) t-channel scattering of 4 massless scalars, 
  1,2 incoming, 3,4 outgoing:



ANALYTIC STRUCTURE IN z
ft(z, z̄) = NgM(β)δ(z − z̄) |z |2 |z − 1 |h13−h24 , NgM(β) =

g2π
8M2

(M/2)β

sin πβ/2

• In standard CFT,   would be fully determined by spectrum 
and three-point coefficients 

ft(z, z̄)

•  prevents factorizationNgM(β)

Two obstacles:

•  unusual, here implied by momentum conservation δ(z − z̄)

We will see that in this simple case, the residues of poles in  are 
completely determined by OPE data!

β



CONFORMAL BLOCKS

𝒪1(z1, z̄1)𝒪3(z3, z̄3) ∼ ∑
k

zhk−h1−h3
13 z̄h̄k−h̄1−h̄3

13 C k
13 𝒪k(z3, z̄3) + . . .

implies a conformal block decomposition of 4-point correlators:

⟨𝒪1(z1, z̄1) . . . 𝒪4(z4, z̄4)⟩ = I13−24(zi, z̄i)∑
k

C13kC k
24 k{hi,h̄i}

hk,h̄k
(z, z̄) .

Spectrum and OPE coefficients determine the theory.

→ ∑
k

1 2

3 4

k



CONFORMAL PARTIAL WAVES

• Conversely, 4-point functions contain information about CFT 
data which can be extracted using inversion formulas.

(𝒟z + 𝒟z̄) Ψh,h̄(z, z̄) = [h(h − 1) + h̄(h̄ − 1)] Ψh,h̄(z, z̄) .

• Conformal partial waves diagonalize the quadratic Casimir 
on two particles:

h, h̄ ∈
1
2

+ iℝΨh,h̄ with

solutions on the Lorentzian square 

form a complete orthogonal set of  

z, z̄ ∈ [0,1] .

[Caron-Huot ’17]

[Rutter, van Rees ’20]



CONFORMAL BLOCKS FOR CELESTIAL 
SCATTERING

ft(z, z̄) = ∫
1
2 +i∞

1
2 −i∞

dh
N(h) ∫

1
2 +i∞

1
2 −i∞

dh̄
N(h̄)

̂f(h, h̄)

∝ δ(h+h̄)+δ(h−h̄)

Ψh,h̄(z, z̄) .

ft(z, z̄) = n(β)[
∞

∑
n=1

DnnC13nC24n cos π( n
2 +h13) cos π( n

2 +h24) k 1 + n
2

(z)k 1 + n
2

(z̄)

+
1
2 ∫

i∞

−i∞
dαCL

13αCL
24αDL,ααk 1

2 +α(z)k 1
2 −α(z̄)],

Deforming the remaining contour,

Cijn =
g

M4 ( M
2 )

2hi+2hj

B ( 1 + n
2

+ hij,
1 + n

2
− hij), Dnn =

nM2

2π
,

CL
ijα = − πi

g
M4 ( M

2 )
2hi+2hj 1

α
, DL,αα = −

M2α2

π2i
.



THE MATCH IS REMARKABLE…

ft(z, z̄) = n(β)[
∞

∑
n=1

DnnC13nC24n cos π( n
2 +h13) cos π( n

2 +h24) k 1 + n
2

(z)k 1 + n
2

(z̄)

translated massive scalars

+
1
2 ∫

i∞

−i∞
dαCL

13αCL
24αDL,ααk 1

2 +α(z)k 1
2 −α(z̄)]

•  determined by the celestial amplitudes of two massless 
scalars and a massive scalar
Cijn

•  determined by the celestial two point function of massive 
scalars
Dnn

• Both 2 and 3-point functions fixed by Poincare symmetry

• Discrete exchanges: signature of translations
[Law, Zlotnikov ’17]



ft(z, z̄) = n(β)[
∞

∑
n=1

DnnC13nC24ncos π( n
2 +h13) cos π( n

2 +h24) k 1 + n
2

(z)k 1 + n
2

(z̄)

+
1
2 ∫

i∞

−i∞
dαCL

13αCL
24αDL,ααk 1

2 +α(z)k 1
2 −α(z̄)

Light−ray operators

]

THE MATCH IS REMARKABLE…

L[𝒪Δ](z, z̄, + ) = ∫
∞

−∞
dz′ �

1
(z′ �− z)2−Δ

𝒪Δ(z′�, z̄) .

⟨ϕ1ϕ3L [𝒪Δ,J=0]⟩ = CL
13α, ⟨L [𝒪Δ,J=0] L [𝒪Δ,J=0]⟩ = DL

αα .

• Light transform preserves the conformal Casimir

•  is an operator with L[𝒪Δ,J=0] (Δ′�, J′�) = (1 − J,1 − Δ)

[Kravchuk, Simmons-Duffin ’18; Kologlu, Kravchuk,  
 Simmons-Duffin, Zhiboedov ‘19]



…BUT NOT PERFECT

ft(z, z̄) = n(β)[
∞

∑
n=1

DnnC13nC24n cos π( n
2 +h13) cos π( n

2 +h24)
??

k 1 + n
2

(z)k 1 + n
2

(z̄)

+
1
2 ∫

i∞

−i∞
dαCL

13αCL
24αDL,ααk 1

2 +α(z)k 1
2 −α(z̄)]

• Trigonometric functions are not consistent with Poincare 
invariance

•  and  channel decompositions possible, but more 
complicated: spinning exchanges present in the discrete sum 
(similar in structure to the generalized free field), coefficients 
don't factorize for generic . 

s u

β



COMMENTS
𝒜̃(β, z) = I13−24z2(1 − z)h13−h24δ(z − z̄)

∞

∑
n=0

cIR
n (z)

β − βn
+ . . .• In general

 are polynomials in  and admit conformal block expansionscIR
n z

• Spectrum, OPEs + analytic structure in  determine 4-point  
    scattering?

β

• t-channel conformal block expansion appears to be positive for  
    equal external dimensions  bootstrap?⟹

• Bulk unitarity  positivity constraints built into ; here  is 
fixed, constraints complementary to bulk dispersion relations? 

⟹ cIR
n z

• Contour deformation appears to relate UV and IR: need better 
understanding of asymptotics in  planeβ


