Resummed lattice QCD equation of state at finite
baryon density: strangeness neutrality and beyond
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The equation of state of QCD

What do we know about QCD thermodynamics at finite 7', up?

From a combination of approaches (experiment, models, first principle calculations, ...), we
have some knowledge of the phase diagram.

e Ordinary nuclear matter at 7'~ 0 and
uB =~ 922 MeV

Quark-Gluon Plasma

e Deconfinement transition at ug =0 is a
smooth crossover at T' ~ 155 — 160 MeV

e Transition line at finite up is known to some Critical

Point?

Temperature (MeV)
3

precision (+ freeze-out extraction)

e EoS of QCD: expansion up to up >~ 2 — 2.57

Nuclear
Vacuum Ve Superconductor
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Baryon Chemical Potential - pg(MeV)
The equation of state (EoS) of QCD is invaluable. Knowing it would mean we can really
draw the phase diagram of QCD. 1/19




The EoS of QCD at up =0

e A crucial input to hydrodynamic simulations of e.g., heavy-ion collisions

e Known at pp = 0 to high precision for a few years now (continuum limit, physical
quark masses) ——  Agreement between different calculations
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From grancanonical partition function Z 4

x Pressure: p = —kBT%

+ Entropy density: s = (%)w
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+ Charge densities: n; = ( ap) stout HISQ
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* Energy density: e =Ts—p+ >, pin; 1 SaTé = 1
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* More (Fluctuations, etc...)

0

WB: Borsanyi et al., PLB 370 (2014) 99-104, HotQCD: Bazavov et al. PRD 90 (2014) 094503 2/19



Finite density: the sign/complex action problem

Euclidean path integrals on the lattice are calculated with MC methods using importance
sampling, interpreting the factor det M[U]e~5¢[U] as the Boltzmann weight for the
configuration U

Z(\V,T, ) = /'DU'D’Q/JD’I/_J e~ SF(U¥,9)=Sc(U)

= /DU det M(U)e=5¢U)

e If there is particle-antiparticle-symmetry (4 = 0) det M (U) is real

e For real chemical potential (u? > 0) — det M (U) is complex (complex action
problem) and has wildly oscillating phase (sign problem)
= It cannot serve as a statistical weight

e For purely imaginary chemical potential (u? < 0) — det M (U) is real again,
simulations can be made!
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Finite density: alternatives

In lattice QCD one tries to work around the sign problem directly (still exploratory)

Reweighting techniques — exciting new results

Complex Langevin

Lefschetz thimbles

° ...
or indirectly:

e Taylor expansion around pup =0

T /~L 2n 1
5 Y@ (B2)" . @ = 2B @s =0
n=0 /'

e Analytical continuation from imaginary up
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Lattice QCD at finite up - Taylor expansion
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e Thermodynamic quantities at large chemical potential become problematic

e Higher orders do not help with the convergence of the series
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e Inherent problem with Taylor expansion: carried out at 7' = const. This doesn’t cope
well with [ip—dependent transition temperature

e Can we find an alternative expansion to improve finite- i behavior?

5/19
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The alternative approach at g = pus =0

From an observation at imaginary up we constructed (Borsanyi et al., PRL 126 (2021) 232001)
an ansatz to determine thermodynamics at finite (real) pp:

XIB(T7 ﬂB) B/t ’ A2 ~4 ~6
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Imaginary up: strangeness neutrality

With the alternative scheme previously introduced at pg = j1s = 0, we now move to

strangeness neutrality (ng) = 0, with pg = 0.

L . . :
zero chemical potential @
strangeness neutrality T=150 MeV v
T=200 MeV w7

3n/4 imaginary strangeness A |
imaginary baryon density

Im uStrange

/2 3n/4 T

0 /4

IM pgaryon
7/19

The idea is to follow lines of constant “observable”, instead of constant T.



Rigorous formulation

e The [ip-dependence of certain observables amounts to a simple rescaling of the

temperature T’
e For a certain observable F', we can write:
F(T,i5) = F(T',0),, T =T (1+E(T) i + w5 (T) s + O(43))
e Important: this is a re-organization (resummation) of the Taylor expansion via an
expansion in the shift
AT =T T = (w5 (T) i3 + 4 (T) i + O(fi%y))

e In fact, the coefficients of the (Taylor) expansion in fip and those of our expansion in
AT are related directly , e.g. at pg = pg =0 for X2/ ip:

1 x£&(1) a(T) = 1

5 (3 (M B (@) - 5 @pd (@))

K2 T = e —
@) 360x2'(T)

6T \B'(T)
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Determine x,

The procedure, visualized:
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Determine x,

The procedure, visualized:

0.3 ‘—splines‘
—— g =0
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Spline fit both at ip =0 and g #0 9/19



Determine x,

The procedure, visualized:
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Spline fit both at fip =0 and jip # 0, then determine T'— T” (horizontal segments) 9/19



Determine x,

The procedure, visualized:
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Determine x,

The procedure, visualized:
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Determine x,

The procedure, visualized:
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Strangeness neutrality

e In this work, we look at three observables:

. X Bs , . "
(s, 7T), h'l(uB,T):lTB(uB,TL X5 (fig,T),
where
po A p (0 dps O N"p (0 x9N\ p L
" dpp T opip  dapdps) T4 dpp x5 Ops) T* P

are the Taylor coefficients of the pressure along the strangeness neutral line, and g
realizes strangeness neutrality.

e We introduce a “Stefan-Boltzmann” (SB) correction, in that we normalize every
quantity wrt its ( ip-dependent) SB limit. This ensures the method is applicable (and
improves results) at large T'.

Note: this can be done in the non-strangeness neutral case too.
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The alternative approach at strangeness neutrality

With SB correction:
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The alternative approach at strangeness neutrality

Similarly, for ps/up and x3:
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The SB correction has no effect here, because both M(fig) = M(0) and x5( i) = x5 (0)

Borsanyi, PP et al. PRD 105 (2022) 114504
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The alternative approach at strangeness neutrality

We give the new coefficients the name A, because they define a different (although closely
related) expansion
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As expected, Ay goes to zero, making the expansion applicable at larger T" and f[ip

Borsanyi, PP et al. PRD 105 (2022) 114504
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Thermodynamics at finite (real) up

Thermodynamic quantities at finite (real) pp can be reconstruted from the same ansazt:

nB(T»ﬂB) B o By Cf(ﬂs)
S = () = (T 0

with T/ = T(1 + M\ZB(T) i% + \2B(T) i%).

From the baryon density np one finds the pressure:

. AB .
p(T, js) _ p(T,0) aq.. 8T ip)
i - p4 T / #B—3

then the entropy, energy density:

s(T, ps) _  p(T, iip) op(T, [iB) ~ np(T, iip)
i i T %r s BT
«T, ps) _ s(T, ps)  p(T, pin) | . np(T, i)
T4 - T3 - T4 + b5 T3
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Thermodynamics at finite (real) up - strangenesss neutrality

e We can reach out to fip ~ 3.5 with reasonable uncertainties
e Good agreement with HRG

e No pathological (non-monotonic) behavior is present
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Thermodynamics at finite (real) up - strangenesss neutrality

e We can reach out to fip ~ 3.5 with reasonable uncertainties
e Good agreement with HRG

e No pathological (non-monotonic) behavior is present

s 20 | ‘ ue/rz‘s.s E
;;315155—
grpaizis arzriiiif
P
O | | | | | | | 0 | | | | | | |
120 140 160 180 200 220 240 260 280 120 140 160 180 200 220 240 260 280
T [MeV] T [MeV]

Borsanyi, PP et al. PRD 105 (2022) 114504 14/19



Thermodynamics at finite (real) up - strangenesss neutrality

e We can reach out to fip ~ 3.5 with reasonable uncertainties
e Good agreement with HRG

e No pathological (non-monotonic) behavior is present
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What is different with strangeness neutrality?

e The difference between the two cases is simply driven by different chemical potentials

e The quality of the results is comparable

T T T T
1.2 | Wﬂg;}-zgfms:w%rkz)m -
ug/T =2 (ug = ug = 0)
—— up/T = 2 (this work)
Tr l—o—lﬁBg:Hms:w':)srk) 2 9
D—iug =0
— 08 i
=
T 06| !,;;;;;::ziiiiifflf
E Iffil
04 III ““.......oooooo-ooo,
02
P - - seveee —
| —z“”'/‘(....“‘ wemees
0 L 1 1 1 1 1 1
120 140 160 180 200 220 240 260 280 120 140 160 180 200 220 240 260 280

T [MeV] T [MeV]

Difference in the pressure is less visible, because dominated by pup = 0 contribution.
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Beyond strangeness neutrality

Move away from the strangeness neutrality (ng) = 0, where fig = %, by an amount
Afs = fis — fig:

S S A - By B/ - BS/ "
X1 (fis) = X3 () A fis X1 (fis) = xy (fs) + x11° (A5)A fus

0.7 F '_._T| /Tl3 T T T T T =

Expand in strangeness-to-baryon ratio R eri2s
06 | F—e—ipup/T=2 a

S S Ak ~ ’ ._._«ﬂsgi}s
R XT _ X2 (A5)A fus 05 | u:gig.s 1

Xt xP(A5)A fs + x5 (%) ' e

04
which gives:

2112505 (M)

R (45%)
x5 (1) — Bxy® ([)

..,.II "'WH“““““““

Y

Ajs =

The other quantity we need is x2%( %) 1 1 1 1 1 1 1

0
(or xBE(5) /x5 (%)) 120 140 160 180 200 220 240 260 280
T [MeV]
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Beyond strangeness neutrality

We then get the chemical potential shift A jig, and from it the baryon density follows

trivially
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Beyond strangeness neutrality

1} ug/T=25 i
The pressure receives no correction at "‘"ﬁgﬁ:j_s
o — ——i 1p/T=
O(R) (it would be ~ x7): 08| b =05 i
I
5(T. i ST 0 1d*% . s Z o6}
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This is the beginning of the extrapolation beyond ng = 0, better precision will be required

Borsanyi, PP et al. PRD 105 (2022) 114504
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e The EoS for QCD at large chemical potential is highly demanded in heavy-ion
collisions community, especially for hydrodynamic simulations

e Historical approach of Taylor expansion for EoS has shortcomings
e Because of technical/numerical challenges

e Because of phase structure of the theory

e An alternative expansion scheme tailored to the specific behavior of relevant
observables seems a better approach (better convergence). Thermodynamic quantities
up to fip =~ 3.5 have very reasonable uncertainties

e Successfully applied our procedure to strangeness neutrality, and moved beyond
Outlook
e Signal can be improved with better statistics

e Improved EoS at up = 0 would have big impact on errors
19/19
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An alternative approach

From simulations at imaginary pug we observe that xP (7T, ig) at (imaginary) fip appears
to be differing from x¥(T,0) mostly by a rescaling of T
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An alternative approach

The other (BS) second order susceptibilities display a similar scenario:

Xf BS
(T, i) = x11°(T",0) ,
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Lattice QCD at finite up - lor coefficients

0.30F 0.10
e Fluctuations of baryon number are 025 0.08 -
the Taylor expansion coefficients of Xf 0-20 Xf 0.06 -
0.15
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(also e.g., HotQCD: Bazavov et al. PRD101 (2020), 074502)



Taylor expanding a (shifting) sigmoid

Assume we have a sigmoid function f(7') which shifts with /i, with a simple
T-independent shifting parameter k. How does Taylor cope with it?

f(T7 ﬂ):f(T/>O)7 TI:T(1+K3:&2)7

We fitted f(T,0) = a + barctan(c(T — d)) to xZ(T,0) data for a 48 x 12 lattice
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Taylor expanding a (shifting) sigmoid

e The Taylor expansion seems to have problems reproducing the original function (left)

e Quite suggestive comparison with actual Taylor-expanded lattice data (right)
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e Problems at T slightly larger than 7). = influence from structure in x§ and yZ



Determine x,

II.

I1I1.

IV.

. Directly determine x3(7T') at fip = 0 from the previous relation

From our imaginary- i simulations (fig = fis = 0) we calculate:

T T ) )
T = ria(T) + ka(T) fiy + O(fip) = T(T)
B

Calculate II(T, N., ii%) for jig = inm/8 and N, = 10,12, 16
B

Perform a combined fit of the fi% and 1/N? dependence of II(T) at each temperature,
yielding a continuum estimate for the coeflicients

= The O(1) and O(1%) coefficients of the fit are k(T and k4 (T
B




Determine x,

The procedure, visualized:
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Determine x,

The procedure, visualized:
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Determine x,
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Determine x,

The procedure, visualized:
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Rigorous formulation: jig = g =0

Similar relations can be derived analogously from:

ﬁ(T
fiB
yielding:
1 x35(T
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A similar picture appears for k29 and 2
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NOTE: polynomial fits take into account both statistical and systematic correlations.




Thermodynamics at finite (real) up

e We reconstruct thermodynamic quantities up to fp ~ 3.5 with uncertainties well
under control

e Agreement with HRG model calculations at small temperatures

e No pathological (non-monotonic) behavior is present

14 i 5ad —pgT=0
d 1g/T =0.5
=== 1
1.2 n 3.5 ,|—0—|E§/T;2' !;! i
ng/T =25 z
1 i ——i /T =3 3
3 F up/T=35 ¥ —
c — . !!:!
o 0.8 g vb 25 !!! !!: tii ]
£ | E.::31 |
&£ 0.6 PR R LA % 2 :1: I:‘:;izzz
15 | !! I!x,;::l: i
04 | 5% g Is¥zge?
02/! 0000““.“.. T Vx;iilz 1
a ’“” “,00 N 05 ¥."" |
O —/—A—*T/A I T T T T 0 Il Il Il Il Il Il |
120 140 160 180 200 220 240 120 140 160 180 200 220 240

T [MeV] T [MeV]



Thermodynamics at finite (real) up

e We reconstruct thermodynamic quantities up to fp ~ 3.5 with uncertainties well

under control
e Agreement with HRG model calculations at small temperatures

e No pathological (non-monotonic) behavior is present
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Thermodynamics at finite (real) up

e We reconstruct thermodynamic quantities up to fp ~ 3.5 with uncertainties well
under control

e Agreement with HRG model calculations at small temperatures

e No pathological (non-monotonic) behavior is present
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Thermodynamics at finite (real) up

e We also check the results without the inclusion of k4(T) (darker shades)
e Including k4(T") only results in added error, but does not “move” the results

— Good convergence
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Strangeness neutrality vs strangeness neutrality

Comparing strangeness neutrality with pg =0 (i.e. ng = 0.5np) against strangeness
neutrality with ng = 0.4np (heavy-ion)
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Formulae with the SB correction

For the expansion coefficient of the baryon density, we get:

BB _ _ 1 B AQ)
As =TT )<C4 (0,7) cf(())f(T)> ;

where f(T) = 4 dll‘j;iz (up =0,T). For the expansion coefficient of the strangeness chemical

potential we get:

1 1 d&hs
A58 = T) = ~2(T) ,
> = rpay ™ = s a1
where @(MB,T) =s1(T) + s3(T) ﬂQB +s5(T) i + ... and
f(T) =lim ;0 %(M& T)= X“ (O T). For the expansion coefficient of the strangeness
susceptibility we get:
ss 1 NLO
/\2 2Tf/( )52,sym(O7T) }

where £(T) = x5 (ug = 0,T).



Formulae with the SB correction

In principle, the A\, coefficients can also be expressed using the Taylor coefficients at p = 0.
For these one needs the Taylor coefficients up to sixth order and the second temperature

derivative of the second order coefficients. For the quantities discussed in this paper we
have:

1 1 ]
360T 2§ (0)* f(T)*
3280 < (0, 1)1 (1)°
~102£(0) £(1)* (e (0)ef (0,7) e (0)£(T))
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ALP(T) =

2
where f(T) = %(us =0,7).



Formulae with the SB correction

In principle, the A4 coefficients can also be expressed using the Taylor coefficients at pu = 0.
For these one needs the Taylor coefficients up to sixth order and the second temperature
derivative of the second order coefficients. For the quantities discussed in this paper we
have:
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where %([JB T) =s1(T) + 53(T); 2L +s5(T) i + ... and
FT) = tm 0 22 (5, T) = —X(0,7).




Formulae with the SB correction

In principle, the A4 coefficients can also be expressed using the Taylor coefficients at p = 0.
For these one needs the Taylor coefficients up to sixth order and the second temperature
derivative of the second order coefficients. For the quantities discussed in this paper we
have:

NT) = sy (S 0.1)f (T

- Sf//(T)Sé\g‘yOm (O> T)Q) )
where f(T) = x5 (up = 0,T), and

Sggﬁn(OaT) X22 (0 T)
+ 231(T)X13 0,T) + Sl(T)2X4 (0,T)
Saaym (0,T) = x45 (0, T) + 451(T)x33 (0, T)
+651(T)*xz1 (0,T) + 4s1(T)°x15 (0,T)
+51(T)*X5 (0, T) + 24s3(T)x15 (0, T)
+24x5 (0, T)s1(T)s3(T)



Formulae with the SB correction

In addition, we used the expansion coefficients of jis(fip):

. xF
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X3
1
s = —5F [x5s3 +3x15 st +3xbs 51+ x5 |
2
1
S5 = 120 S[+X681+5XBS 4+1Oxiss:f

+60x 3 5753 4+ 120X 25 5153 4 60x 5 53
+10x35 51 + 5x45 51 + X571 ] -



The alternative approach at strangeness neutrality

The coefficients for ug/pup and x5:
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Here SB has no effect, though A\F¥ still goes to zero
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Systematics

For an analysis of the systematic uncertainties, we consider:

2x scale settings (wp and f;)

2x choices of [ip fitting range (ip = inw/8 with n € {0,3 — 5.5} or n € {0,3 — 6.5} )

2x fit functions. Always linear in 1/N2, and linear or parabolic in %

3x splines at fip =0

2x splines at i # 0
Included (or not) N, =8

for a total of 96x analyses for each T

At each temperature, the 96x analyses are combined with uniform weights, if @ > 0.01.



