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Freeze-out Stages in HICs

➤ After a heavy-ion collision, the hot, dense system cools and expands, eventually 
producing color-neutral hadrons that are measured by the detectors
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• Chemical freeze-out: inelastic collisions cease; the chemical composition is 

fixed (particle yields and fluctuations)


• Kinetic freeze-out: elastic collisions cease; spectra and correlations are fixed
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The Hadron Resonance Gas Model

➤ The ideal HRG model agrees well with Lattice QCD results on the Equation of State 
below the cross-over transition temperature:
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Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P
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I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!
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S. Borsanyi et al (WB collaboration), PLB (2014),

A. Bazavov et al (HotQCD collaboration ), PRD (2014)

Lattice QCD and heavy ion collisions: a review of recent progress 7

Recently, an important validation of the lattice QCD Equation of State has been

obtained from a Bayesian analysis [29]. This framework, based on a comparison of data

from RHIC and the LHC to theoretical models, has applied state-of-the-art statistical

techniques to the combined analysis of a large number of observables while varying the
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Figure 1. Left: Continuum extrapolated results for trace anomaly, entropy density
and pressure. The gray points are from the HotQCD collaboration [17], while the
colored ones are from the WB collaboration [19]. The figure also shows the Stefan-
Boltzmann limit for the pressure and the scaled entropy; the curves at low temperature
correspond to the HRG model predictions. Right: the trace anomaly and pressure in
the 2+1 and 2+1+1 flavor theories (from Ref. [24]).

Figure 2. From Ref [29]: Constraints on the QCD equation of state from the
Bayesian analysis. (a) Fifty equations of state were generated by randomly choosing
the parameters from the prior distribution and weighted by the posterior likelihood (b).
The two red lines in each figure represent the range of lattice equations of state shown
in [17], and the green line shows the equation of state of a non-interacting hadron gas.
This suggests that the matter created in heavy-ion collisions at RHIC and at the LHC
has a pressure that is similar to that expected from equilibrated matter.
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Susceptibilities in the HRG Model

➤ Susceptibilities are fluctuations of conserved charges from a theoretical perspective:
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S. Ejiri, F. Karsch, K. Redlich, PLB (2006), 

B. Friman et al, EPJ (2011), 

S. Borsanyi et al (WB collaboration), JHEP (2018),

P. Alba et al (WB collaboration), PRD (2017)

1 First example

The well known Pythagorean theorem sigma2+y2 = z2 was proved to be invalid
for other exponents. Meaning the next equation has no integer solutions:

�2/M = �2/�1

2 Second example

In physics, the mass-energy equivalence is stated by the equation E = mc2,
discovered in 1905 by Albert Einstein.

The mass-energy equivalence is described by the famous equation

E = mc2

discovered in 1905 by Albert Einstein. In natural units (c = 1), the formula
expresses the identity

E = m (1)

3 Third example

This is a simple math expression
p
x2 + 1 inside text. And this is also the same:p

x2 + 1 but by using another command.
This is a simple math expression without numbering

p
x2 + 1

separated from text.
This is also the same: p

x2 + 1

. . . and this: p
x2 + 1

1
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Figure 6. Taylor expansion coefficients for B�2
B = �B

4 (T,µ̂B)
�B
2 (T,µ̂B)

as functions of the temperature: rB,0
42

(left panel) rB,2
42 (middle panel), rB,4

42 (right panel). The latter is not obtained independently, but
by means of the prior ansatz (see text): for this reason, we plot it in green.

Figure 7. SB�3
B/MB (left panel) and B�2

B (right panel) extrapolated to finite chemical potential.
The left panel is extrapolated up to O(µ̂2

B). In the right panel, the darker bands correspond to the
extrapolation up to O(µ̂2

B), whereas the lighter bands also include the O(µ̂4
B) term.

5 Conclusions and outlook

In this manuscript, we have calculated several diagonal and non-diagonal fluctuations of
electric charge, baryon number and strangeness up to sixth-order, in a system of 2+1+1
quark flavors with physical quark masses, on a lattice with size 483 ⇥ 12. The analysis
has been performed simulating the lower order fluctuations at zero and imaginary chemical
potential µB, and extracting the higher order fluctuations as derivatives of the lower order
ones at µB = 0. The chemical potentials for electric charge and strangeness have both
been set to zero in the simulations. From these fluctuations, we have constructed ratios
of baryon number cumulants as functions of T and µB, by means of a Taylor series which
takes into account the experimental constraints hnSi = 0 and hnQi = 0.4hnBi. These ratios
qualitatively explain the behavior observed in the experimental measurements by the STAR
collaboration as functions of the collision energy.
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The µB-dependence of the �B
i (T, µ̂B) can again be written as a Taylor series:
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The � coefficients that we determined in Section 3 include derivatives up to sixth order,
and we have estimates for the eighth order, too. The fit coefficients corresponding to the
tenth order are likely to be contaminated by higher orders, that we did not include into
the ansatz. These �BQS

ijk coefficients, however, are given for j + k  4, which is the highest
order that we used in µQ and µS .

This list of coefficients allows us to calculate the rB,k
ij coefficients from Equations (4.4),

(4.5) and (4.6). The results for the rB,k
ij coefficients are shown in Figures 4, 5 and 6. We

confirm the observation from Ref. [23] that the coefficient rB,2
42 has a similar temperature

dependence as rB,2
31 but it is ⇠ 3 times larger in magnitude.

For higher order coefficients, higher order derivatives in µS and µQ are needed. The
direct simulations have a rapidly increasing error with the order of the derivative, and
very large statistics would be needed to improve our calculations at this point. Another
possibility would be to simulate new ensembles with finite µS and µQ and do a similar fit
as for the µB direction. This approach has been used in [27].

After calculating the Taylor coefficients for SB�3
B/MB and B�2

B, we use these results
to extrapolate these quantities to finite chemical potential. They are shown in Figure 7.
In the left panel, SB�3

B/MB is shown as a function of the chemical potential for different
temperatures. The Taylor expansion for this quantity is truncated at O(µ̂2

B). The black
points in the figure are the experimental results from the STAR collaboration from an
analysis of cumulant ratios measured at mid-rapidity, |y|  0.5, including protons and anti-
protons with transverse momenta 0.4 GeV  pt  2.0 GeV [44, 45]. The beam energies
were translated to chemical potentials using the fitted formula of Ref. [46]. Even if we do
not quantitatively compare the lattice bands to the measurements to extract the freeze-out
parameters, as experimental higher order fluctuations might be affected by several effects
of non-thermal origin and our lattice results are not continuum extrapolated, we notice
that the trend of the data with increasing µB can be understood in terms of our Taylor
expansion.

In the right panel, we show B�2
B as a function of µB/T for different temperatures. The

darker bands correspond to the extrapolation up to O(µ̂2
B), whereas the lighter bands also

include the O(µ̂4
B) term. Also in this case, the black points are the experimental results from
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For higher order coefficients, higher order derivatives in µS and µQ are needed. The
direct simulations have a rapidly increasing error with the order of the derivative, and
very large statistics would be needed to improve our calculations at this point. Another
possibility would be to simulate new ensembles with finite µS and µQ and do a similar fit
as for the µB direction. This approach has been used in [27].

After calculating the Taylor coefficients for SB�3
B/MB and B�2

B, we use these results
to extrapolate these quantities to finite chemical potential. They are shown in Figure 7.
In the left panel, SB�3

B/MB is shown as a function of the chemical potential for different
temperatures. The Taylor expansion for this quantity is truncated at O(µ̂2

B). The black
points in the figure are the experimental results from the STAR collaboration from an
analysis of cumulant ratios measured at mid-rapidity, |y|  0.5, including protons and anti-
protons with transverse momenta 0.4 GeV  pt  2.0 GeV [44, 45]. The beam energies
were translated to chemical potentials using the fitted formula of Ref. [46]. Even if we do
not quantitatively compare the lattice bands to the measurements to extract the freeze-out
parameters, as experimental higher order fluctuations might be affected by several effects
of non-thermal origin and our lattice results are not continuum extrapolated, we notice
that the trend of the data with increasing µB can be understood in terms of our Taylor
expansion.

In the right panel, we show B�2
B as a function of µB/T for different temperatures. The

darker bands correspond to the extrapolation up to O(µ̂2
B), whereas the lighter bands also

include the O(µ̂4
B) term. Also in this case, the black points are the experimental results from

– 10 –

Even-order-
ratios predicted 
to be unity in 

ideal HRG
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Susceptibilities in the HRG Model

➤ Susceptibilities are fluctuations of conserved charges from a theoretical perspective:

S. Ejiri, F. Karsch, K. Redlich, PLB (2006), 

B. Friman et al, EPJ (2011), 

S. Borsanyi et al (WB collaboration), JHEP (2018),

P. Alba et al (WB collaboration), PRD (2017)

1 First example

The well known Pythagorean theorem sigma2+y2 = z2 was proved to be invalid
for other exponents. Meaning the next equation has no integer solutions:

�2/M = �2/�1

2 Second example

In physics, the mass-energy equivalence is stated by the equation E = mc2,
discovered in 1905 by Albert Einstein.

The mass-energy equivalence is described by the famous equation

E = mc2

discovered in 1905 by Albert Einstein. In natural units (c = 1), the formula
expresses the identity

E = m (1)

3 Third example

This is a simple math expression
p
x2 + 1 inside text. And this is also the same:p

x2 + 1 but by using another command.
This is a simple math expression without numbering

p
x2 + 1

separated from text.
This is also the same: p

x2 + 1

. . . and this: p
x2 + 1

1

Some differential quantities are not 
well-described within ideal HRG

Strange 
susceptibilities 

also show 
discrepancies
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FIG. 3. (Color online). Ratio µS/µB at leading order as
a function of the temperature. The HRG results are shown
for di↵erent hadronic spectra, namely by using the PDG2012
(black solid line) and the QM (dashed red line).

content of the hadrons show a discrepancy between HRG
model and lattice results [29]. An example of such dis-
crepancy is shown in Fig. 3 and will be explained below.
Such observables involve the evaluation of susceptibilities
of conserved charges in the system at vanishing chemical
potential:
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Cumulants of net-strangeness fluctuations and corre-
lations with net-baryon number and net-electric charge
have been evaluated on the lattice in a system of (2 + 1)
flavours at physical quark masses and in the continuum
limit [13, 16, 41]. The same quantities can be obtained
within the HRG model. In this approach, the total
pressure in the thermodynamic limit for a gas of non-
interacting particles in the grand-canonical ensemble is
given by:

Ptot(T, µ) =
X

k

Pk(T, µk) =
X

k

(�1)Bk+1 dkT

(2⇡)3
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d3~p

ln

 
1 + (�1)Bk+1 exp
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~p2 +m2
k
� µk)

T

#!
, (2)

where the sum runs over all the hadrons and resonances
included in the model. Here the single particle chemical
potential is defined with respect to the global conserved
charges (baryonic B, electric Q and strangeness S) as
µk = BkµB + QkµQ + SkµS . More details on the HRG
model used here can be found in Ref. [42]. In order to
describe the initial conditions of the system occurring
during a heavy-ion collision, we require strangeness neu-
trality and the proper ratio of protons to baryons given
by the colliding nuclei, nQ = Z

A
nB ' 0.4nB . These con-

ditions yield µS and µQ as functions of µB ; their specific
dependence on µB is a↵ected by the amount of strange
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function of the temperature. HRG model calculations based
on the PDG2012 (black solid line) and the QM (red dashed
line) spectra are shown in comparison to the lattice results
from Ref. [21]. Lower panel: comparison of up-strange corre-
lator �us

11 simulated on the lattice [13] and calculated in the
HRG model using the PDG2012 (solid black line) and the QM
(dashed red line) spectra.

particles and charged particles included in the model. To
leading order in µB , the ratio µS/µB reads [15, 16]:
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� �QS

11

�S
2
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. (3)

The inclusion of a larger number of heavy hyperons, such
as ⇤ and ⌅, and the constraint of strangeness neutrality
are reflected by a larger value of the strange chemical
potential µS as a function of temperature and baryo-
chemical potential. In Fig. 3 this ratio is shown as a
function of the temperature: our new, continuum extrap-
olated lattice results are compared to the HRG model
calculations based on the 2012 version of the PDG and
on the Quark Model states (as done in Ref. [29]). One
should expect agreement between HRG model and lattice
calculations up to the transition temperature which has
been determined independently on the lattice to be ⇠ 155
MeV [1–4]. The HRG model based on the QM particle
list yields a better agreement with the lattice data within
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Susceptibilities beyond the Ideal HRG Model

Outline


I. Extensions of the ideal HRG model


➤ Excluded volume repulsive interactions


➤ Additional states in the hadronic spectrum than those that are well-established 
by the Particle Data Group


II. Confronting EV-HRG Susceptibilities with Lattice QCD 


➤ Excluded volume interaction sensitive susceptibility ratios


➤ Hadronic spectrum specific susceptibility ratios


➤ Strangeness susceptibilities 
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I. Extensions of the ideal HRG model
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➤ Improved HRG description of higher order cumulants with repulsive interactions


➤ Minimalistic extension


➤ Complementary yet distinct effects can be constrained separately with specific 
susceptibility ratios:


➤ Constrain the hard-core radius


➤ Fourth-order cumulants and excluded volume: 


➤ Constrain hadronic spectrum


➤ Extra states from baryon correlators: , 

χB
4 /χB

2 , χBQ
31 /χBQ

11 , χBS
31 /χBS

11

χBQ
11 /χB

2 χBS
11 /χB

2

Modified HRG Model

V. Vovchenko et al, PLB (2017)

JMK, V. Koch, C. Ratti, V. Vovchenko, PRD (2021)
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➤ Include repulsive interactions for baryons & antibaryons, leading to a sum of 
pressures for each type of hadron: 


➤ The pressure in the excluded volume model yields a transcendental equation:


          ,


which can be solved by making use of the Lambert W function:


                 .


P = Pid
M + Pev

B + Pev
B̄

Pev
B(B̄) = ∑

i∈B

m2
i T2

2π2
K2(mi/T) exp(±μi/T) exp (

−b Pev
B(B̄)

T )

Pev
B(B̄) =

T
b

W[b ∑
i∈B

m2
i T2

2π2
K2(mi/T) exp(±μi/T)]

Excluded Volume HRG Model

V. Vovchenko et al, PLB (2017)

JMK, V. Koch, C. Ratti, V. Vovchenko, PRD (2021)
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The Hadronic Spectrum

➤ Pressure in HRG model depends on resonances included in the calculation: 


➤ PDG2016: 608 species


➤ PDG2016+: 738 species (all experimentally 

observed particles)


➤ QM: 1485 species (all states predicted by the

Quark Model, updated in this work)

7

Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P

T 4
=

1

V T 3

X

i

ln Zi(T, V, ~µ)

with:

ln ZM/B
i = ⌥

V di

(2⇡)3

Z
d3p ln

�
1 ⌥ exp

⇥
�
�
✏i � µaX

i
a

�
/T

⇤�

where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!
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In Fig. 1we compare, for several particle species, the states
listed in the PDG2016 (including states with two, three and
four stars) [33]; in the PDG2016þ (including also states with
one star) [33]; and those predicted by the original quark
model [30,31] and amore recent hypercentral version (hQM)
[34]. The latter contains fewer states than the ones found in
Refs. [30,31], due to inclusion of an interaction term between
the quarks in the bound state, and the decay modes are listed
for most of the predicted states. No mass cutoff has been
imposed. The total number of measured particles and
antiparticles, excluding the charm and the bottom sector,
increases from the 2016 to the 2016þ listing: considering
particles and antiparticles and their isospin multiplicity we
get 608 states with two, three and four stars and 738 states
when we also include the one star states. In the QM
description the overall increase is much larger: in total there
are 1517 states when merging the nonrelativistic QM states
[30,31] with the PDG2016þ and 985 in the list which adds
the hQM states [34,35] to the ones listed in the PDG2016þ.
The QM predicts such a large number of states because they
arise from all possible combinations of different quark-
flavor, spin and momentum configurations. However, many
of these states have not been observed in experiments so far;
also, the basic QM description does not provide any
information on the decay properties of such particles. As

alreadymentioned, the hQM reduces the number of states by
including an interaction term between quarks in a bound
state. A more drastic reduction can be achieved by assuming
a diquark structure [34,36,37] as part of the baryonic states,
although experiments and lattice QCD may disfavor such a
configuration [38].
In this paper, we perform an analysis of several strange-

ness-related observables, by comparing the lattice QCD
results to those of the HRG model based on different
resonance spectra: the PDG 2016 including only the more
established states (labeled with two, three and four stars);
the PDG 2016 including all listed states (also the ones with
one star); and the PDG 2016 with the inclusion of addi-
tional quark model states. This is done in order to
systematically test the results for different particle species,
and get differential information on the missing states, based
on their strangeness content. The observables which allow
the most striking conclusions are the partial pressures,
namely the contribution to the total pressure of QCD from
the hadrons, grouped according to their baryon number and
strangeness content. The main result of this paper is a lattice
determination of these partial pressures. This is a difficult
task, since the partial pressures involve a cancellation of
positive and negative contributions (see the next section),
and they span many orders of magnitude, as can be seen in
Fig. 2. From this analysis a consistent picture emerges: all
observables confirm the need for not yet detected, or at least
not yet fully established, strangeness states. The full
PDG2016 list provides a satisfactory description for most
observables, but for some of them the QM states are needed
in order to reproduce the lattice QCD results. Moreover, all
hadronic lists currently available underestimate the partial
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FIG. 1. Comparison of hadronic states, grouped according to
the particle species, experimentally established in the PDG2016
(green), PDG2016 including also one star states (red) [33] and
predicted by the QM (blue) [30,31] and the hQM (magenta)
[34,35].
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InFig. 1we compare, for several particle species, the states
listed in the PDG2016 (including states with two, three and
four stars) [33]; in the PDG2016þ (including also states with
one star) [33]; and those predicted by the original quark
model [30,31] and amore recent hypercentral version (hQM)
[34]. The latter contains fewer states than the ones found in
Refs. [30,31], due to inclusion of an interaction term between
the quarks in the bound state, and the decay modes are listed
for most of the predicted states. No mass cutoff has been
imposed. The total number of measured particles and
antiparticles, excluding the charm and the bottom sector,
increases from the 2016 to the 2016þ listing: considering
particles and antiparticles and their isospin multiplicity we
get 608 states with two, three and four stars and 738 states
when we also include the one star states. In the QM
description the overall increase is much larger: in total there
are 1517 states when merging the nonrelativistic QM states
[30,31] with the PDG2016þ and 985 in the list which adds
the hQM states [34,35] to the ones listed in the PDG2016þ.
The QM predicts such a large number of states because they
arise from all possible combinations of different quark-
flavor, spin and momentum configurations. However, many
of these states have not been observed in experiments so far;
also, the basic QM description does not provide any
information on the decay properties of such particles. As

alreadymentioned, the hQM reduces the number of states by
including an interaction term between quarks in a bound
state. A more drastic reduction can be achieved by assuming
a diquark structure [34,36,37] as part of the baryonic states,
although experiments and lattice QCD may disfavor such a
configuration [38].
In this paper, we perform an analysis of several strange-

ness-related observables, by comparing the lattice QCD
results to those of the HRG model based on different
resonance spectra: the PDG 2016 including only the more
established states (labeled with two, three and four stars);
the PDG 2016 including all listed states (also the ones with
one star); and the PDG 2016 with the inclusion of addi-
tional quark model states. This is done in order to
systematically test the results for different particle species,
and get differential information on the missing states, based
on their strangeness content. The observables which allow
the most striking conclusions are the partial pressures,
namely the contribution to the total pressure of QCD from
the hadrons, grouped according to their baryon number and
strangeness content. The main result of this paper is a lattice
determination of these partial pressures. This is a difficult
task, since the partial pressures involve a cancellation of
positive and negative contributions (see the next section),
and they span many orders of magnitude, as can be seen in
Fig. 2. From this analysis a consistent picture emerges: all
observables confirm the need for not yet detected, or at least
not yet fully established, strangeness states. The full
PDG2016 list provides a satisfactory description for most
observables, but for some of them the QM states are needed
in order to reproduce the lattice QCD results. Moreover, all
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FIG. 1. Comparison of hadronic states, grouped according to
the particle species, experimentally established in the PDG2016
(green), PDG2016 including also one star states (red) [33] and
predicted by the QM (blue) [30,31] and the hQM (magenta)
[34,35].
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FIG. 2. Logarithmic plot illustrating the many orders of
magnitude the values of the partial pressures studied in this
paper cover. The total pressure is taken from Ref. [6]. Note that
the value for the B ¼ 0, jSj ¼ 1 sector is not a proper continuum
limit; it is a continuum estimate based on the Nt ¼ 12 and 16
lattices. For all other cases, the data are properly continuum
extrapolated. In all cases, the solid lines correspond to the HRG
model results based on the PDG2016 spectrum.
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Different PDG lists will yield different results for the freeze-out parameters

Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P

T 4
=

1

V T 3

X

i

ln Zi(T, V, ~µ)

with:

ln ZM/B
i = ⌥

V di

(2⇡)3

Z
d3p ln

�
1 ⌥ exp

⇥
�
�
✏i � µaX

i
a

�
/T

⇤�

where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!
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Recall the pressure in the HRG Model:

‣PDG2012: 319 species  

‣PDG2016: 608 species (includes many more particles in the 
strange sector)


‣PDG2016+: 738 species (includes all experimentally observed 
particles, i.e. *,**,***,****)
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In Fig. 1we compare, for several particle species, the states
listed in the PDG2016 (including states with two, three and
four stars) [33]; in the PDG2016þ (including also states with
one star) [33]; and those predicted by the original quark
model [30,31] and amore recent hypercentral version (hQM)
[34]. The latter contains fewer states than the ones found in
Refs. [30,31], due to inclusion of an interaction term between
the quarks in the bound state, and the decay modes are listed
for most of the predicted states. No mass cutoff has been
imposed. The total number of measured particles and
antiparticles, excluding the charm and the bottom sector,
increases from the 2016 to the 2016þ listing: considering
particles and antiparticles and their isospin multiplicity we
get 608 states with two, three and four stars and 738 states
when we also include the one star states. In the QM
description the overall increase is much larger: in total there
are 1517 states when merging the nonrelativistic QM states
[30,31] with the PDG2016þ and 985 in the list which adds
the hQM states [34,35] to the ones listed in the PDG2016þ.
The QM predicts such a large number of states because they
arise from all possible combinations of different quark-
flavor, spin and momentum configurations. However, many
of these states have not been observed in experiments so far;
also, the basic QM description does not provide any
information on the decay properties of such particles. As

alreadymentioned, the hQM reduces the number of states by
including an interaction term between quarks in a bound
state. A more drastic reduction can be achieved by assuming
a diquark structure [34,36,37] as part of the baryonic states,
although experiments and lattice QCD may disfavor such a
configuration [38].
In this paper, we perform an analysis of several strange-

ness-related observables, by comparing the lattice QCD
results to those of the HRG model based on different
resonance spectra: the PDG 2016 including only the more
established states (labeled with two, three and four stars);
the PDG 2016 including all listed states (also the ones with
one star); and the PDG 2016 with the inclusion of addi-
tional quark model states. This is done in order to
systematically test the results for different particle species,
and get differential information on the missing states, based
on their strangeness content. The observables which allow
the most striking conclusions are the partial pressures,
namely the contribution to the total pressure of QCD from
the hadrons, grouped according to their baryon number and
strangeness content. The main result of this paper is a lattice
determination of these partial pressures. This is a difficult
task, since the partial pressures involve a cancellation of
positive and negative contributions (see the next section),
and they span many orders of magnitude, as can be seen in
Fig. 2. From this analysis a consistent picture emerges: all
observables confirm the need for not yet detected, or at least
not yet fully established, strangeness states. The full
PDG2016 list provides a satisfactory description for most
observables, but for some of them the QM states are needed
in order to reproduce the lattice QCD results. Moreover, all
hadronic lists currently available underestimate the partial
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FIG. 1. Comparison of hadronic states, grouped according to
the particle species, experimentally established in the PDG2016
(green), PDG2016 including also one star states (red) [33] and
predicted by the QM (blue) [30,31] and the hQM (magenta)
[34,35].
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FIG. 2. Logarithmic plot illustrating the many orders of
magnitude the values of the partial pressures studied in this
paper cover. The total pressure is taken from Ref. [6]. Note that
the value for the B ¼ 0, jSj ¼ 1 sector is not a proper continuum
limit; it is a continuum estimate based on the Nt ¼ 12 and 16
lattices. For all other cases, the data are properly continuum
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EV-sensitive Susceptibility Ratios

➤ In the ideal HRG model, fourth-to-second order susceptibility ratios are predicted to 
be unity, while the EV-HRG model includes repulsive interaction terms: 
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4th-to-second-order ratios have:


➤ weak dependence on particle spectrum
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➤ the same EV corrections
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FIG. 1. Temperature dependence of second order susceptibility ratios �BS
11 /�B

2 and �BQ
11 /�B

2 . Continuum extrapolated lattice
results from Refs. [39, 54] are shown by the black points with error bars, while the calculations within the EV-HRG model
are the curves for di↵erent hadronic lists. This combination of susceptibilities leads to the cancellation of the excluded volume
parameter, b.

B. Fourth-order cumulants and excluded volume

In addition to the extra states, we also want to place
limits on the excluded volume parameter, b. This can
be done by considering ratios of fourth-to-second order
susceptibilities. The following three ratios are all equal
in the EV-HRG model under consideration and sensitive
to the EV parameter b:
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31
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BS
11

= �
BQ
31

�
BQ
11

= 1 regardless

of the inclusion of any additional hadronic states. The
suppression of these ratios relative to unity, on the other
hand, is directly sensitive to the EV interactions and can
be used to constrain the EV parameter b. Furthermore,
the fact that all three ratios are predicted to be equal
within the model allows us to probe the limits of validity
of the model, which would be signaled by the point where
the equality among these three ratios no longer holds in
the lattice data.

Figure 2 depicts the results of the calculation of the
ratios �

B

4 /�
B

2 , �
BS

31 /�
BS

11 and �
BQ

31 /�
BQ

11 within the EV-
HRG model for range b = 0.4 � 1 fm3 of the EV pa-
rameter values. The three ratios all coincide with one
another, as expected, and exhibit minimal dependence
on the hadronic list utilized. Therefore, these particu-
lar quantities are indeed sensitive mainly to the excluded
volume repulsive interactions rather than to the hadronic
spectrum used in the HRG model. In Fig. 2 we compare
the calculations in the EV-HRG model with various par-
ticle lists to lattice data at N⌧ = 12 from the Wuppertal-
Budapest collaboration [42], in the temperature range
T = 135� 170 MeV. Since not all of the available lattice

FIG. 2. Temperature dependence of fourth-to-second order
susceptibility ratios �B

4 /�
B
2 , �

BS
31 /�BS

11 , and �BQ
31 /�BQ

11 , pre-
dicted to be equal in the EV-HRG model. The lattice data
at finite lattice spacing N⌧ = 12 from Ref. [42] are shown
as grayscale symbols with error bars, while the calculations
within the EV-HRG model are shown as bands for a range
of excluded volume parameter, b, and for di↵erent hadronic
lists. The ideal HRG result is given by the horizontal line at
unity.

data are continuum extrapolated, we choose this larger
lattice spacing for the comparisons and avoid construct-
ing ratios that would be a mixture of results at finite N⌧

and in the continuum limit. The qualitative behavior of
the three ratios is very similar in the whole temperature
range considered. Quantitatively, we see that at temper-
atures below 150 MeV the three ratios sit on top of each
other. This is expected, although the lattice error bars
are relatively sizable at those temperatures.
Statistically significant di↵erences between the three

susceptibility ratios in the lattice data emerge at
T & 160 MeV. On the one hand, this may be a reflec-
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from the well-known ones, all the way down to those
listed as “seen”, with a confidence rating of *. Another
possibility is to incorporate the states predicted by the
Quark Model [90–92], which includes an even larger num-
ber of hadrons than those contained in the PDG2016+.
As we can see in Eq. (3), any additional states seek to
increase the pressure of the system, i.e. a larger number
of states will lead to a larger overall pressure.

It was recently pointed out in Ref. [93] that some
states calculated within the Quark Model from Ref. [90]
are overlapping with states later measured by the PDG
[88]. In light of this, we provide an update to the QM list
first published in Ref. [61] that removes all the duplicate
states that remained as an artifact of those early Quark
Model calculations [94]. We note that the calculations
here denoted as QM are using this updated list and that
we observed a minimal di↵erence between the old and
new list when calculating the fluctuations of interest in
this study.

In this study, we aim at identifying the most suitable
description of the lattice data, with both the excluded
volume interactions and additional hadronic states in-
corporated. In order to do so, we revisit the compar-
ison with lattice data and investigate several di↵erent
hadronic lists:

• PDG2016 – ordinary hadronic list with only the
well-known states *** � **** from the 2016 Parti-
cle Data Booklet;

• PDG2016+ – the list containing both the estab-
lished (***�****) and unconfirmed (*�**) states;

• Quark Model (QM) – the list which incorporates
all states predicted by the Quark Model.

The latter two lists were introduced and described in de-
tail in [46, 61]. We also checked that the most recent com-
pilation of the established states from the Particle Data
Group – the PDG2020 list – yields negligible di↵erences
compared to the PDG2016 list, thus we retain the latter
list in the analysis for consistency with Refs. [46, 61].

C. Excluded Volume

The next extension to the HRG model is the excluded
volume model. This corresponds to including repulsive
interactions between hadrons. Many versions of the EV-
HRG model have been considered in the literature. Here
we follow the approach introduced in Refs. [45, 72] where
EV interactions are included only for baryon-baryon and
antibaryon-antibaryon pairs. This corresponds to a min-
imalistic EV extension that does not a↵ect meson-meson
and meson-baryon interactions, which are presumed to
be dominated by resonance formation and thus already
included in the HRG model. The pressure is partitioned
into contributions of non-interacting mesons and inter-
acting baryons and antibaryons:

p = p
id
M

+ p
ev
B

+ p
ev
B̄
, (6)

where

p
id
M

= �̃0(T ) +
X

i 6=0, i2M

2 �̃i(T ) cosh(µi/T ), (7)

p
ev
B(B̄) =

X

i2B

�̃i(T ) exp(±µi/T ) exp

 
�b p

ev
B(B̄)

T

!
. (8)

Here, i 2 M corresponds to mesons (Bi = 0), i 2 B

corresponds to baryons (Bi = 1), b is the baryon ex-
cluded volume parameter, and �̃(T ) is given in Eq. (3).
Equation (8) can be solved in terms of the Lambert W
function [68, 95]:

p
ev
B(B̄) =

T

b
W [{B(B̄)(T, µB , µQ, µS)], (9)

where

{B(B̄)(T, µB , µQ, µS) = b

X

i2B

�̃i(T ) exp(±µi/T ). (10)

The explicit form Eq. (9) for the pressure in the EV-
HRG model in terms of the Lambert W function allows
us to forgo solving the transcendental equation for the
pressure.
One should note that di↵erent formulations of the ex-

cluded volume HRG model exist in the literature. In the
formulation that we use the EV interactions are intro-
duced only for baryon-baryon and antibaryon-antibaryon
pairs with a common EV parameter b. This is consistent
with the model used in Refs. [45, 72]. In other EV mod-
els [67, 73, 75] the repulsive interactions are introduced
for all hadron pairs, and each hadronic species may be
characterized by its own value of the EV parameter. As
such, these types of EV models contain many more free
parameters, while ours is a minimalistic approach. The
EV e↵ects influence the thermodynamics di↵erently in
the latter class of EV models, and the conclusions ob-
tained in this work within the former class of EV models
do not necessarily translate.

III. SUSCEPTIBILITIES

The two HRG model extensions introduced above – the
excluded volume corrections and the inclusion of extra
states – are complementary to one another. This can be
seen in the following way. Adding extra resonances can
be interpreted as adding attractive interactions among
hadrons that lead to the formation of these resonances.
Given the fact that all the extra states have baryon
number equal to either 0 or ±1, this may correspond
to meson-meson and meson-baryon interactions, but not
to baryon-baryon interactions. On the other hand, the
EV corrections considered here correspond to repulsive
baryon-baryon interactions but not to any meson-meson

where:

Sensitive to excluded volume only
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Hadronic-spectrum-sensitive Susceptibility Ratios

➤ In these second order ratios, the EV parameter, b, cancels exactly:
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4

or meson-baryon interactions. Therefore, the two exten-
sions describe di↵erent physics, and thus, they can and
should be considered simultaneously.

Both extensions a↵ect the equation of state. For in-
stance, the inclusion of extra states increases the pressure
at a given temperature and chemical potential, while the
EV interactions lead to its suppression. It can be chal-
lenging, then, to constrain the two e↵ects separately. In
order to achieve those constraints, we study di↵erential
observables that have recently been obtained on the lat-
tice, namely the susceptibilities of conserved charges:

�
BQS

lmn
=

@
l+m+n(p/T 4)

@(µB/T )l @(µQ/T )m @(µS/T )n
(11)

The susceptibilities in Eq. (11) can be calculated ex-
plicitly in the EV-HRG model with extra states by utiliz-
ing Eq. (9) and the known properties of the Lambert W
function. One can then construct specific combinations
of susceptibilities that are mainly sensitive to either the
extra states or baryon excluded volume, but not to both.

A. Extra states from baryon correlators

Firstly, we consider the following ratios of second order
susceptibilities:

�
BQ

11 /�
B

2 , �
BS

11 /�
B

2 .

By calculating them explicitly one obtains

�
BQ

11

�B

2

=

P
j2sectors Bj Qj �̃j(T )
P

j2sectors B
2
j
�̃j(T )

, (12)

�
BS

11

�B

2

=

P
j2sectors Bj Sj �̃j(T )
P

j2sectors B
2
j
�̃j(T )

. (13)

The excluded volume parameter b cancels out in this com-
bination of susceptibilities.1 On the other hand, the ra-
tios are sensitive to the particle list encoded in the “par-
tial pressures” �̃j . Therefore, these ratios can be used
to constrain the hadronic spectrum. In particular, it fol-
lows from Eqs. (12) and (13) that �BQ

11 /�
B

2 and �
BS

11 /�
B

2
probe the fractions of charged baryons and hyperons, re-
spectively, compared to all baryons.

The ratios �BQ

11 /�
B

2 and �
BS

11 /�
B

2 are shown in Fig. 1.
The inclusion of extra states from PDG2016+ and QM
leads to the enhancement of ��

BS

11 /�
B

2 and the sup-
pression of �

BQ

11 /�
B

2 . This is driven by the fact that
the extra states are mainly hyperons, thus their addi-
tion increases the fraction of strange baryons (probed
by ��

BS

11 /�
B

2 ) and decreases the fraction of non-strange

1
A similar cancellation has been observed for the �BQ

11 /�B
2 ratio

in Ref. [96] in the framework of the van der Waals HRG model.

baryons (probed by �
BQ

11 /�
B

2 ). The comparison with con-
tinuum extrapolated lattice data [39, 54] suggests the
need for additional hyperon states from PDG2016+/QM,
as previously discussed in Ref. [46]. The best agreement
with the lattice data is obtained for the QM list.

None of the considered particle lists allow us to de-
scribe the lattice data within errors at T & 155 MeV.
There are several possibilities which might explain these
deviations. A possible explanation, which would not be
captured by our model or any modifications on it, is that
this temperature corresponds to the onset of deconfine-
ment, at which new degrees of freedom (quarks) start to
be liberated. Otherwise, an improvement in the agree-
ment between lattice results and the model could be ob-
tained through one of the following considerations. If
there are even more strange baryons than predicted by
the QM, this could improve the agreement with the lat-
tice data. For instance, the presence of broad, high-mass
Hagedorn states [97] may have a considerable e↵ect on
the susceptibilities as one approaches the Hagedorn tem-
perature TH ⇠ 160 � 180 MeV [98]. If the Hagedorn
states contain more strange baryons than non-strange
baryons, this may improve the agreement with the lattice
data in Fig. 1. However, it might be challenging to pre-
serve at the same time the agreement with the individual
susceptibilities rather than in the ratios alone.

Other explanations would go beyond the physics of the
model employed in the present paper. For instance, we
have modeled all resonances as free particles with zero
width. On the other hand, many non-strange baryon
resonances like �’s and N

⇤’s are broad, thus a proper
treatment of their spectral functions should be impor-
tant. Modeling of broad resonances is challenging, anal-
yses in the literature based on either pion-nucleon scat-
tering phase shifts within the S-matrix approach [84] or
energy-dependent Breit-Wigner widths [99] indicate that
partial pressures of such resonances might be overesti-
mated in the standard HRG model. This implies that a
more involved treatment of broad resonances may lead
to a suppressed �

BQ

11 /�
B

2 ratio (and hence an enhanced
��

BS

11 /�
B

2 ) and recover the agreement with the lattice
data.

Finally, the comparison with the lattice data may be
a↵ected if there is a flavor hierarchy in baryon excluded
volumes. While the excluded volume e↵ects cancel out
in �

BQ

11 /�
B

2 and �
BS

11 /�
B

2 ratios when a common EV pa-
rameter b is used for all baryons, this would no longer be
the case if excluded volumes di↵er between strange and
non-strange baryons. A smaller EV for strange baryons
would lead to a smaller suppression of �BS

11 relative to
�
BQ

11 , thus leading to an improved agreement with the
lattice data. It is possible that a combination of the
three e↵ects discussed here is at play, and it would be in-
teresting to study these in more detail in the future. We
indeed find indications for the flavor-dependent excluded
volumes in the behavior of fourth-order susceptibilities
discussed in the following subsection.
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Hadronic-spectrum-sensitive Susceptibility Ratios

➤ In these second order ratios, the EV parameter, b, cancels exactly:
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Lattice data: R. Bellwied et al (WB collaboration), PRD (2015, 2019)

See also: D. Bollweg et al (HotQCD collaboration), PRD (2021) 
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or meson-baryon interactions. Therefore, the two exten-
sions describe di↵erent physics, and thus, they can and
should be considered simultaneously.

Both extensions a↵ect the equation of state. For in-
stance, the inclusion of extra states increases the pressure
at a given temperature and chemical potential, while the
EV interactions lead to its suppression. It can be chal-
lenging, then, to constrain the two e↵ects separately. In
order to achieve those constraints, we study di↵erential
observables that have recently been obtained on the lat-
tice, namely the susceptibilities of conserved charges:

�
BQS

lmn
=

@
l+m+n(p/T 4)

@(µB/T )l @(µQ/T )m @(µS/T )n
(11)

The susceptibilities in Eq. (11) can be calculated ex-
plicitly in the EV-HRG model with extra states by utiliz-
ing Eq. (9) and the known properties of the Lambert W
function. One can then construct specific combinations
of susceptibilities that are mainly sensitive to either the
extra states or baryon excluded volume, but not to both.

A. Extra states from baryon correlators

Firstly, we consider the following ratios of second order
susceptibilities:

�
BQ

11 /�
B

2 , �
BS

11 /�
B

2 .

By calculating them explicitly one obtains

�
BQ

11

�B

2

=

P
j2sectors Bj Qj �̃j(T )
P

j2sectors B
2
j
�̃j(T )

, (12)

�
BS

11

�B

2

=

P
j2sectors Bj Sj �̃j(T )
P

j2sectors B
2
j
�̃j(T )

. (13)

The excluded volume parameter b cancels out in this com-
bination of susceptibilities.1 On the other hand, the ra-
tios are sensitive to the particle list encoded in the “par-
tial pressures” �̃j . Therefore, these ratios can be used
to constrain the hadronic spectrum. In particular, it fol-
lows from Eqs. (12) and (13) that �BQ

11 /�
B

2 and �
BS

11 /�
B

2
probe the fractions of charged baryons and hyperons, re-
spectively, compared to all baryons.

The ratios �BQ

11 /�
B

2 and �
BS

11 /�
B

2 are shown in Fig. 1.
The inclusion of extra states from PDG2016+ and QM
leads to the enhancement of ��

BS

11 /�
B

2 and the sup-
pression of �

BQ

11 /�
B

2 . This is driven by the fact that
the extra states are mainly hyperons, thus their addi-
tion increases the fraction of strange baryons (probed
by ��

BS

11 /�
B

2 ) and decreases the fraction of non-strange

1
A similar cancellation has been observed for the �BQ

11 /�B
2 ratio

in Ref. [96] in the framework of the van der Waals HRG model.

baryons (probed by �
BQ

11 /�
B

2 ). The comparison with con-
tinuum extrapolated lattice data [39, 54] suggests the
need for additional hyperon states from PDG2016+/QM,
as previously discussed in Ref. [46]. The best agreement
with the lattice data is obtained for the QM list.

None of the considered particle lists allow us to de-
scribe the lattice data within errors at T & 155 MeV.
There are several possibilities which might explain these
deviations. A possible explanation, which would not be
captured by our model or any modifications on it, is that
this temperature corresponds to the onset of deconfine-
ment, at which new degrees of freedom (quarks) start to
be liberated. Otherwise, an improvement in the agree-
ment between lattice results and the model could be ob-
tained through one of the following considerations. If
there are even more strange baryons than predicted by
the QM, this could improve the agreement with the lat-
tice data. For instance, the presence of broad, high-mass
Hagedorn states [97] may have a considerable e↵ect on
the susceptibilities as one approaches the Hagedorn tem-
perature TH ⇠ 160 � 180 MeV [98]. If the Hagedorn
states contain more strange baryons than non-strange
baryons, this may improve the agreement with the lattice
data in Fig. 1. However, it might be challenging to pre-
serve at the same time the agreement with the individual
susceptibilities rather than in the ratios alone.

Other explanations would go beyond the physics of the
model employed in the present paper. For instance, we
have modeled all resonances as free particles with zero
width. On the other hand, many non-strange baryon
resonances like �’s and N

⇤’s are broad, thus a proper
treatment of their spectral functions should be impor-
tant. Modeling of broad resonances is challenging, anal-
yses in the literature based on either pion-nucleon scat-
tering phase shifts within the S-matrix approach [84] or
energy-dependent Breit-Wigner widths [99] indicate that
partial pressures of such resonances might be overesti-
mated in the standard HRG model. This implies that a
more involved treatment of broad resonances may lead
to a suppressed �

BQ

11 /�
B

2 ratio (and hence an enhanced
��

BS

11 /�
B

2 ) and recover the agreement with the lattice
data.

Finally, the comparison with the lattice data may be
a↵ected if there is a flavor hierarchy in baryon excluded
volumes. While the excluded volume e↵ects cancel out
in �

BQ

11 /�
B

2 and �
BS

11 /�
B

2 ratios when a common EV pa-
rameter b is used for all baryons, this would no longer be
the case if excluded volumes di↵er between strange and
non-strange baryons. A smaller EV for strange baryons
would lead to a smaller suppression of �BS

11 relative to
�
BQ

11 , thus leading to an improved agreement with the
lattice data. It is possible that a combination of the
three e↵ects discussed here is at play, and it would be in-
teresting to study these in more detail in the future. We
indeed find indications for the flavor-dependent excluded
volumes in the behavior of fourth-order susceptibilities
discussed in the following subsection.

Sensitive to particle spectrum only

9
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➤ Further investigate strangeness-carrying quantities to study potential flavor 
hierarchy:


➤ Smaller b value preferred for strangeness susceptibilities with PDG2016+

Strangeness Susceptibilities 
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See also: D. Bollweg et al (HotQCD collaboration) PRD (2021) 
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Conclusions

➤ Improved HRG description of higher order cumulants with repulsive interactions


➤ Minimalistic extension of HRG constrains the excluded volume parameter and 

disentangles effects of particle spectrum with specific susceptibility ratios 


➤ Best hadronic list: PDG2016+ list with a small b, QM list with a larger b


➤ Excluded volume parameter, b, shows a quark flavor hierarchy with smaller volumes 

for strangeness susceptibilities
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Indications of Flavor Hierarchy

24

90 5 Fluctuations of conserved charges

as a function of the temperature is similar, the two curves are shifted in temperature
by about 15 MeV. This observation has triggered some discussion in the community
about the possibility of a flavor hierarchy in the QCD transition, namely di�erent
flavors hadronizing at di�erent temperatures (see the discussion in Section 6.3.2).
The left panel of Figure 5.6 shows the �us11 correlator between the u and s quark
flavors, while the right panel shows a comparison between all di�erent second order
diagonal fluctuations. In Ref. [28], second-order diagonal and non-diagonal BQS

Fig. 5.5 From Ref. [29]. Left: Comparison between the continuum limit of light and strange quark
susceptibilities. Right: ratio �s

2 /�
u
2 as a function of the temperature. The black, solid curve is the

HRG model prediction. The dashed line indicates the ideal gas limit.

Fig. 5.6 From Ref. [29]. Left: Non-diagonal u � s correlator as a function of the temperature. The
red band is the continuum extrapolation, the black curve is the HRG model prediction.The dashed
line indicates the ideal gas limit. Right: comparison between all diagonal susceptibilities, rescaled
by the corresponding ideal gas limit, as functions of the temperature.

correlators were calculated in the continuum limit. The o�-diagonal correlators are
shown in the three top panels of Fig. 5.7. More recently, these o�-diagonal correlators
were calculated in Ref. [30], which presents a detailed comparison to the HRG model

26

〉 
part

 N〈
0 50 100 150 200 250 300 350

(M
eV

)
chT

100

120

140

160

180

φ, Ω, 
S
0, KΞ, Λ, K, p, π

Ω,  
S
0, KΞ, Λ, K, p, π

Ξ, Λ, K, p, π

, K, pπ

Au+Au 39 GeV (GCE)

(a)

〉 
part

 N〈
0 50 100 150 200 250 300 350

(M
eV

)
B
µ

0

50

100

150

φ, Ω, 
S
0, KΞ, Λ, K, p, π

Ω,  
S
0, KΞ, Λ, K, p, π

Ξ, Λ, K, p, π

, K, pπ

Au+Au 39 GeV (GCE)

(b)

〉 
part

 N〈
0 50 100 150 200 250 300 350

sγ

0

0.2

0.4

0.6

0.8

1

1.2

1.4

φ, Ω, 
S
0, KΞ, Λ, K, p, π

Ω,  
S
0, KΞ, Λ, K, p, π

Ξ, Λ, K, p, π

, K, pπ

Au+Au 39 GeV (GCE)

(c)

〉 
part

 N〈
0 50 100 150 200 250 300 350

/n
df

2 χ

0

2

4

6

8

10

φ, Ω, 
S
0, KΞ, Λ, K, p, π

Ω,  
S
0, KΞ, Λ, K, p, π

Ξ, Λ, K, p, π

, K, pπ

Au+Au 39 GeV (GCE)

(d)

FIG. 35: Choice on including more particles: (Color online) Extracted chemical freeze-out parameters (a) Tch, (b) µB , and
(c) γS along with (d) χ2/ndf for GCE using particle yields as input for fitting. Results are compared for Au+Au collisions at√
sNN = 39 GeV for four different sets of particle yields used in fitting. Uncertainties represent systematic errors.

by [51]

dN

pT dpT
∝
∫ R

0
r drmT I0

(

pT sinh ρ(r)

Tkin

)

×K1

(

mT cosh ρ(r)

Tkin

)

, (13)

where mT is the transverse mass of a hadron, ρ(r) =
tanh−1β, and I0 and K1 are the modified Bessel func-
tions. We use a radial flow velocity profile of the form

β = βS(r/R)n, (14)

where βS is the surface velocity, r/R is the relative ra-
dial position in the thermal source, and n is the exponent
of flow velocity profile. Average transverse radial flow
velocity 〈β〉 can then be obtained from 〈β〉 = 2

2+nβS .
Usually π±, K±, p, and p̄ particle spectra are fitted si-
multaneously with the blast-wave model. Including more
particles such as multi-strange hadrons in the fit would
amount to forcing all the species to freeze-out at the same
time which may not be true. It has been shown that at
top RHIC energy the spectra of multi-strange particles
reflect a higher kinetic freeze-out temperature [4, 90].
This can be interpreted as diminished hadronic inter-
actions with the expanding bulk matter after chemical

freeze-out. For the results presented here for kinetic
freeze-out, we use π±, K±, p, and p̄ spectra in the blast-
wave model fit. We also note the recent study of separate
fit of positively and negatively charged particles v2 using
a blast wave model [91, 92].
Figure 36 shows the blast wave model fits of π±, K±,

and p and (p̄) pT spectra in 0–5% central Au+Au colli-
sions at

√
sNN = 7.7, 11.5, 19.6, 27, and 39 GeV. The

model describes well the pT spectra of π±,K±, p, and
p̄ at all energies studied. The fit parameters are Tkin,
〈β〉, and n. The low pT part of the pion spectra is af-
fected by resonance decays, and consequently the pion
spectra are fitted only for pT > 0.5 GeV/c. The blast
wave model is hydrodynamics-motivated which provides
a good description of data at low pT , but is not suited
for describing hard processes at high pT [93]. Thus the
blast wave model results are sensitive to the pT fit ranges
used for fitting [66]. The results presented here use sim-
ilar values of low pT as were used in previous studies
by STAR and ALICE [43, 66]. We keep consistent pT
ranges for simultaneous fitting of the π±, K±, p, and p̄
spectra across all the BES energies as shown in Fig. 36.
The extracted kinetic freeze-out parameters for the BES
energies are listed in Table X.
Figure 37 shows the variation of Tkin with 〈β〉 for dif-

92 5 Fluctuations of conserved charges

Fig. 5.8 Left: From Ref. [31]: Ratio of fourth-to-second order fluctuations of strange (red) vs light
(blue) flavors as functions of the temperature. The dots show the lattice QCD results, while the
lines are the corresponding HRG model curves. Right: from Ref. [32]: ratio of third-to-first order
fluctuations of electric charge. The black dots are the continuum extrapolated lattice QCD results
from Ref. [32], the blue points are the Nt = 8 lattice QCD results from Ref. [36], the dashed line
is the HRG model result, the yellow band is the experimental value for this observable from the
STAR collaboration [37].

Fig. 5.9 From Ref. [32]. Left: Third-to-first order cumulant of baryon number as a function of the
temperature at µB = 0. Right: fourth-to-second order cumulant of baryon number as a function
of the temperature at µB = 0. In both panels, the black points show the continuum extrapolated
result. The dashed line on the right plot is the HRG model prediction.

All non-diagonal BQS correlators up to fourth order were published in Ref. [33] for
Nt = 12 and µB = 0.

In order to compare to the experimental results at RHIC, several diagonal and
o�-diagonal fluctuations were extrapolated to finite chemical potential. Results for
�B1 /�

B

2 as functions of the chemical potential for di�erent values of the temperature
were obtained in Ref. [38]. They are shown in Fig. 5.11; for a comparison of these
results with the experimental data from the STAR collaboration, see Chapter 7.

Due to their divergence at the critical point, higher order baryon number fluctua-
tions are particularly interesting and a lot of activity has been devoted to their extrap-
olation to finite density and their comparison to experimental results. �B3 /�

B

1 and


