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HIC Phenomenology 

➤ Modeling should mimic experimental conditions in all stages in order to provide 
robust comparisons and estimates
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Lattice QCD Predictions

➤ The equation of state (EoS) for QCD has been calculated on the lattice under 
strangeness neutrality and fixed ratio of baryon number to electric charge, matching 
the heavy-ion situation
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Theory: Lattice QCD “at finite µB”

I Equation of State of QCD at finite µB is a Taylor expansion around µB = 0:

PQCD(T, µB) = T 4
X
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⟨ns⟩ = 0

⟨nQ⟩ = 0.4⟨nB⟩
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model parameters. The posterior distribution over possible equations of states turned

out to be consistent with results from lattice QCD simulations, as shown in Fig. 2. This

analysis has also been successfully applied to infer the behavior of other quantities, such

as the shear viscosity of the QGP at zero [30] and finite density [31].

It is worth pointing out that results exist for the equation of state of QCD

in background magnetic fields [32, 33]: in Ref. [33] the equation of state for a

system of 2+1 flavors at physical quark masses has been obtained, together with the

magnetic susceptibility and permeability, which show that strongly interacting matter

is paramagnetic around and above the transition temperature.

3.2. Equation of state at µB 6= 0

The equation of state of strongly interacting matter at finite density is a very relevant

quantity, among other things, for the low energy runs of heavy ion collisions and for

neutron star physics. It is worth mentioning that recently, results from perturbative

QCD at very large density have been obtained and used to constrain neutron star

matter [34]. Extracting the equation of state (and other properties) of QCD at finite

chemical potential from regular Monte Carlo simulations is not possible at the moment.

Indeed, ab initio calculations in the baryon dense regime of QCD are hindered by the

fermion sign problem, a fundamental technical obstacle of exponential complexity [35]

inherent to any path integral representation of Fermi systems at finite density.

Over the last few years, alternative methods have been proposed to extract

the properties of QCD matter at small chemical potential. These include Taylor

expansion around µB = 0 [36, 37, 38, 39, 40], analytic continuation from imaginary

µB [41, 42, 42, 43, 44, 45, 46, 47, 48], reweighting of the generated configurations

[49, 50, 51, 52], use of the canonical ensemble [53, 54, 55] and density of state methods

[56, 57]. Here we will focus on the first two.

The pressure of QCD can be expanded in a Taylor series around µB = 0 in the

following way

p(T, µB)

T 4
=

p(T, 0)
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The coe�cients ci(T ) of the Taylor series are simulated on the lattice, either directly

at µB = 0 or by using the analytical continuation technique from imaginary µB. This

means that the method traditionally used at µB = 0 can be generalized to any imaginary

µB, and the µB-dependence of the direct derivative is then analyzed, in order to extract

higher order coe�cients. More in detail, in the direct method a derivative of the partition

function can be written in terms of the action with all fermionic degrees of freedom

already integrated out, Seff , as follows:

@i log Z =
1

Z

Z
DU@ie

�Se↵ = hAii . (9)

Here i indicates the variable of the derivative, the chemical potential µi in this

case. Ai is the first derivative of Se↵ without the factor e�Se↵ . Its ensemble average is

Lattice QCD and heavy ion collisions: a review of recent progress 8

model parameters. The posterior distribution over possible equations of states turned

out to be consistent with results from lattice QCD simulations, as shown in Fig. 2. This

analysis has also been successfully applied to infer the behavior of other quantities, such

as the shear viscosity of the QGP at zero [30] and finite density [31].

It is worth pointing out that results exist for the equation of state of QCD

in background magnetic fields [32, 33]: in Ref. [33] the equation of state for a

system of 2+1 flavors at physical quark masses has been obtained, together with the

magnetic susceptibility and permeability, which show that strongly interacting matter

is paramagnetic around and above the transition temperature.

3.2. Equation of state at µB 6= 0

The equation of state of strongly interacting matter at finite density is a very relevant

quantity, among other things, for the low energy runs of heavy ion collisions and for

neutron star physics. It is worth mentioning that recently, results from perturbative

QCD at very large density have been obtained and used to constrain neutron star

matter [34]. Extracting the equation of state (and other properties) of QCD at finite

chemical potential from regular Monte Carlo simulations is not possible at the moment.

Indeed, ab initio calculations in the baryon dense regime of QCD are hindered by the

fermion sign problem, a fundamental technical obstacle of exponential complexity [35]

inherent to any path integral representation of Fermi systems at finite density.

Over the last few years, alternative methods have been proposed to extract

the properties of QCD matter at small chemical potential. These include Taylor

expansion around µB = 0 [36, 37, 38, 39, 40], analytic continuation from imaginary

µB [41, 42, 42, 43, 44, 45, 46, 47, 48], reweighting of the generated configurations

[49, 50, 51, 52], use of the canonical ensemble [53, 54, 55] and density of state methods

[56, 57]. Here we will focus on the first two.

The pressure of QCD can be expanded in a Taylor series around µB = 0 in the

following way

p(T, µB)

T 4
=

p(T, 0)

T 4
+

1X

n=1

1

(2n)!

d2n(p/T 4)

d(µB
T )2n

�����
µB=0

✓
µB

T

◆2n

=
1X

n=0

c2n(T )
✓

µB

T

◆2n

. (8)

The coe�cients ci(T ) of the Taylor series are simulated on the lattice, either directly

at µB = 0 or by using the analytical continuation technique from imaginary µB. This

means that the method traditionally used at µB = 0 can be generalized to any imaginary

µB, and the µB-dependence of the direct derivative is then analyzed, in order to extract

higher order coe�cients. More in detail, in the direct method a derivative of the partition

function can be written in terms of the action with all fermionic degrees of freedom

already integrated out, Seff , as follows:

@i log Z =
1

Z

Z
DU@ie

�Se↵ = hAii . (9)

Here i indicates the variable of the derivative, the chemical potential µi in this

case. Ai is the first derivative of Se↵ without the factor e�Se↵ . Its ensemble average is

WB: J. Guenther et al, NPA (2017) 
HotQCD: A. Bazavov et al, PRD (2017)For  see: S. Borsanyi et al, JHEP (2018)μS = μQ = 0



/22

➤ In the low-temperature regime, the system is well-described by a gas of hadrons: 
➤ Treat as non-interacting system of resonant states 

➤ Grand Canonical 

➤ Match experimental cuts by transforming to pT and y 

4

Hadron Resonance Gas Model

A. Bazavov et al, PRD (2014)Figure 2.7: (a) State of the art lattice equation of state at zero chemical
potential. Figure taken from Ref. [116] (b) A sketch of QCD phase diagram as
a function of temperature T and baryon chemical potential µB. The dashed
line indicates a smooth crossover between hadronic and QGP phases, the
solid line—a conjectured first order transition with second order critical end
point (CEP). Figure taken from Ref. [29].

At temperatures below the deconfinement temperature Tc ⇠ 155MeV,
the main degrees of freedom of the QCD are hadrons and a hadron resonance
gas (HRG) model agrees well with the low temperature behavior of lattice
equation of state (see Fig. 2.7(a)). At temperatures much higher than the
deconfinement temperature Tc, the system is better described in terms of
weakly interacting quarks and gluons and the equation of state is not too far
from the massless gas limit. Lattice computations show that at zero chemical
potential the transition between the two phases is a smooth crossover [117].
However, for µB > 0 one can have a first order phase transition line, which
terminates at the critical end point (CEP) [118] (see Fig. 2.7(b)). This part
of the phase diagram is accessible at medium energy nuclear collisions and is
the target of the Beam Energy Scan program at RHIC [119, 120].

In Chapter 3, we use hydrodynamic equations derived in the confor-
mal limit, but with lattice equation of state (s95p-v1 parametrization from
Ref. [121]). The e↵ective kinetic theory of Chapter 4 treats the QGP as a
gas of weakly interacting massless particles, which automatically leads to a
conformal equation of state p = e/3. For the sake of simplicity, the conformal
equation of state is also used in semi-analytical computations of Chapter 5.

21

Hadron Resonance Gas Model

In the low temperature regime, the system is well-described by a gas of hadrons:

‣ Interacting gas of ground-state hadrons

❖  Treat as non-interacting system of resonant states


‣  Grand Canonical Ensemble

‣  Adaptable to match experimental conditions

‣  List of particles from the Particle Data Group (PDG)
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Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P

T 4
=

1

V T 3

X
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where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!

12 / 44

Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P

T 4
=

1

V T 3

X

i

ln Zi(T, V, ~µ)

with:

ln ZM/B
i = ⌥

V di

(2⇡)3

Z
d3p ln

�
1 ⌥ exp

⇥
�
�
✏i � µaX

i
a

�
/T

⇤�

where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!

12 / 44

where:

Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P

T 4
=

1

V T 3

X

i

ln Zi(T, V, ~µ)

with:

ln ZM/B
i = ⌥

V di

(2⇡)3

Z
d3p ln

�
1 ⌥ exp

⇥
�
�
✏i � µaX

i
a

�
/T

⇤�

where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!

12 / 44

H.T. Ding, et al, Int. J. Mod. Phys. (2015)

09/10/2019 Chemical freeze-out of net-K in HICs — J. M. Stafford — LBL Lunch Seminar

Hadron Resonance Gas Model and Lattice QCD

Phase Diagram made by C. Ratti, A. Bazavov, et al. PRD (2014), S. Borsanyi, et al., JHEP (2012)
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Figure 2.7: (a) State of the art lattice equation of state at zero chemical
potential. Figure taken from Ref. [116] (b) A sketch of QCD phase diagram as
a function of temperature T and baryon chemical potential µB. The dashed
line indicates a smooth crossover between hadronic and QGP phases, the
solid line—a conjectured first order transition with second order critical end
point (CEP). Figure taken from Ref. [29].
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temperatures it agrees with the HRG model result, and it shows a rapid rise across the

transition. It reaches the ideal gas limit much faster than the other observables under

study, yet there is a window of about 100 MeV above Tc, where its value is still smaller

than one. In analogy with χus
11, this observable also gives us information on bound state

survival above Tc.

For convenience we tabulate our continuum results in Table 1.
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The HRG model agrees well with lattice QCD 
calculations for many observables

‣ Equation of state (pressure, entropy density, 
energy density)

‣ Susceptibilities (fluctuations of conserved 
charges)

¨  We now have the equation of state for µB/T≤2 or in terms of the 
RHIC energy scan:  

11/30 

QCD Equation of state for µB>0 
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temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results
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pressure from Eq. (1). The other thermodynamic quan-
tities are then derived from the pressure as follows:
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Everywhere in the above equation, i 6= j is intended.
In Fig. 3 we show the dependence of the normal-

ized pressure, entropy density, energy density, baryonic,
strangeness and electric charge densities on the temper-
ature, along lines of constant µB/T = 0.5, 1, 2, both
with hnSi = 0, hnQi = 0.4hnBi (solid black lines), and
in the case µS = µQ = 0 (dashed red lines). We find
that the thermodynamic quantities that are less sensi-
tive to the chemical composition of the system do not
show large discrepancies between the two scenarios, for

all three values of µB/T . On the other hand, when re-
alistic conditions on the global chemical composition of
the system are imposed, the baryon density is largely af-
fected, and substantially decreased; the opposite e↵ect
is visible for the electric charge density, which is heavily
enhanced.
We also compare the isentropic trajectories between

these two cases. They are shown in Fig. 4 for selected
values of s/nB , which correspond to the indicated colli-
sion energies [40]. Also in this case, the solid black lines
correspond to hnSi = 0, hnQi = 0.4hnBi while the dashed
red lines to µS = µQ = 0.

CONCLUSIONS

In this manuscript, we constructed an equation of state
for QCD at finite temperature and B, Q, S chemical po-
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FIG. 1. From left to right, top to bottom: expansion coe�cients �B
2 , �Q

2 ,�
S
2 , �BQ

11 , �BS
11 ,�QS

11 , �B
4 , �Q

4 ,�
S
4 as functions of the

temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results
and the thick blue line indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parameterization of the
data.

pressure from Eq. (1). The other thermodynamic quan-
tities are then derived from the pressure as follows:

s

T 3
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1
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����
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T 4
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s

T 3
� p
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+
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ni
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+
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@ni

����
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.(4)

Everywhere in the above equation, i 6= j is intended.
In Fig. 3 we show the dependence of the normal-

ized pressure, entropy density, energy density, baryonic,
strangeness and electric charge densities on the temper-
ature, along lines of constant µB/T = 0.5, 1, 2, both
with hnSi = 0, hnQi = 0.4hnBi (solid black lines), and
in the case µS = µQ = 0 (dashed red lines). We find
that the thermodynamic quantities that are less sensi-
tive to the chemical composition of the system do not
show large discrepancies between the two scenarios, for

all three values of µB/T . On the other hand, when re-
alistic conditions on the global chemical composition of
the system are imposed, the baryon density is largely af-
fected, and substantially decreased; the opposite e↵ect
is visible for the electric charge density, which is heavily
enhanced.
We also compare the isentropic trajectories between

these two cases. They are shown in Fig. 4 for selected
values of s/nB , which correspond to the indicated colli-
sion energies [40]. Also in this case, the solid black lines
correspond to hnSi = 0, hnQi = 0.4hnBi while the dashed
red lines to µS = µQ = 0.
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Entropy density:

I
T4 = 1

T4 (ϵ − 3P)Trace anomaly:
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Four-dimensional QCD Phase Diagram

➤ The strongly interacting matter present in heavy-ion collisions carries a multitude of 
conserved quantum numbers: baryon number, strangeness and electric charge 

➤ This effects thermodynamics since each charge has an associated chemical potential

5

?
μS μQ

μQ(T, μB)

μS(T, μB)

are expected to approach the ideal gas limit. On the other hand, in the low-temperature

phase they are expected to be small since quarks are confined and the only states with

nonzero quark number have large masses. Agreement with the Hadron Resonance Gas

(HRG) model predictions is expected in this phase [8]. Non-diagonal susceptibilities give

us information about the correlation between different flavors. They are supposed to van-

ish in a non-interacting quark-gluon plasma (QGP). In the approximately self-consistent

resummation scheme of hard thermal and dense loops Ref. [9] shows nonzero correlations

between different flavors at large temperatures due to the presence of flavor-mixing dia-

grams. A quantitative analysis of this observable allows one to draw conclusions about

the presence of bound states in the QGP [10]. Another observable which was proposed to

this purpose, and which can be obtained from a combination of diagonal and non-diagonal

quark number susceptibilities, is the baryon-strangeness correlator [11].

Several results exist in the literature about the study of quark number susceptibilities

on the lattice both for 2 [12] and 2+1 [13] quark flavors. However, for the first time

in this paper the susceptibilities are calculated for physical values of the quark masses

and a continuum extrapolation is performed not only for strange quark susceptibilities

[14] but also for the light quark and the non-diagonal ones. We present full results of

our collaboration for several of these observables, with 2+1 staggered quark flavors, in a

temperature range between 125 and 400 MeV. The light and strange quark masses are

set to their physical values. Lattices with Nt = 6, 8, 10, 12, 16 are used. Continuum

extrapolations are performed for all observables under study. We compare our results to the

predictions of the HRG model with resonances up to 2.5 GeV mass at small temperatures,

and of the Hard Thermal Loop (HTL) resummation scheme at large temperatures, when

available.

2 Observables under study

The baryon number B, strangeness S and electric charge Q fluctuations can be obtained, at

vanishing chemical potentials, from the QCD partition function. The relationships between

the quark chemical potentials and those of the conserved charges are as follows:

µu =
1

3
µB +

2

3
µQ;

µd =
1

3
µB −

1

3
µQ;

µs =
1

3
µB −

1

3
µQ − µS. (2.1)

Here the small indices u, d and s refer to up, down and strange quark numbers, which,

too, are conserved charges in QCD. The negativ sign between µs and µS reflects the −1

strangeness quantum number of the strange quark.

Starting from the QCD pressure,

p

T 4
=

1

V T 3
lnZ(V, T, µB , µS , µQ) (2.2)

– 2 –



I.  Four-dimensional BQS equation of state
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➤ During HICs the system is not only confined to the T-  plane: determine the 
equations that depend on 

μB
μB, μQ, μS

EoS with three conserved charges

I Hydrodynamic simulations can now include all conserved charges

) Produce an EoS depending on (µB , µQ, µS)

I Recent lattice QCD results are available for diagonal and o↵-diagonal �BSQ
ijk

I The full pressure reads:

P (T, µB , µQ, µS)

T 4
=

X

i,j,k

1

i!j!k!
�BQS
ijk (T )

⇣µB

T

⌘j ⇣µQ

T

⌘k ⇣µS

T

⌘i

with the coe�cients:

�BQS
ijk (T ) =

@i+j+k(p/T 4)

@(µB

T )i@(µQ

T )j@(µS

T )k

����
µB ,µQ,µS=0

Up to order O(µ4) the list is complete ) 22 coe�cients

39 / 44

EoS with three conserved charges

I Hydrodynamic simulations can now include all conserved charges

) Produce an EoS depending on (µB , µQ, µS)

I Recent lattice QCD results are available for diagonal and o↵-diagonal �BSQ
ijk

I The full pressure reads:

P (T, µB , µQ, µS)

T 4
=

X

i,j,k

1

i!j!k!
�BQS
ijk (T )

⇣µB

T

⌘j ⇣µQ

T

⌘k ⇣µS

T

⌘i

with the coe�cients:

�BQS
ijk (T ) =

@i+j+k(p/T 4)

@(µB

T )i@(µQ

T )j@(µS

T )k

����
µB ,µQ,µS=0

Up to order O(µ4) the list is complete ) 22 coe�cients

39 / 44

where:

Lattice results only between T ~ 135 - 220 MeV for all 22 coefficients 
➤  Utilize HRG for low T 
➤  Impose Stefan-Boltzmann limit at high T

Equation of State with Three Conserved Charges

7J. Noronha-Hostler, JS et al, PRC (2019) See also: A. Monnai et al, PRC (2019)
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➤ Fit all 22 coefficients over a broad range of temperatures

8

EoS with three conserved charges

I Lattice QCD results are only available for T ' 135 � 220 MeV ) Needs to be extended!

I High temperature: impose approach to Stefan-Boltzmann (SB) limit

I Low temperature: complement with HRG results

I Parametrization with:

�BQS

ijk
(T ) =

ai

0
+ ai

1
/t + ai

2
/t2 + ai

3
/t3 + ai

4
/t4 + ai

5
/t5 + ai

6
/t6 + ai

7
/t7

bi
0
+ bi

1
/t + bi

2
/t2 + bi

3
/t3 + bi

4
/t4 + bi

5
/t5 + bi

6
/t6 + bi

7
/t7

+ c0

J. Noronha-Hostler, PP et al., arXiv:1902.06723 [hep-ph]
40 / 44

Parametrized Taylor Coefficients

J. Noronha-Hostler, JS et al, PRC (2019) See also: A. Monnai et al, PRC (2019)
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FIG. 2. From left to right, top to bottom: Expansion coefficients χBQ
31 , χBS

31 , χQS
31 , χBQ

13 , χBS
13 , χQS

13 , χBQ
22 , χBS

22 , χQS
22 , χBQS

211 , χBQS
121 , χBQS

112 as
functions of temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results, and
the thicker blue line on the right indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parametrization of the data.

These Fourier harmonics appear to be important to distinguish
baryon interactions within a hadron resonance gas (see also
Ref. [50]), specifically for the thermodynamic regime above
T > 150 MeV. We note that here we use lattice QCD data en-
tirely in this regime (our hadron resonance gas model is only
to constrain low temperatures below T ! 135 MeV, where no
lattice QCD results are available). However, due to the Taylor
expansion, our approach is limited to chemical potentials
µB ! (2–2.5)T . To fully reproduce the Fourier harmonics
we would need to reach µB ! πT , for which higher-order
coefficients in the Taylor series would need to be included.

In this manuscript, we construct an equation of state for
QCD at finite T, µB, µS, µQ. We build the pressure as a
Taylor series of the three chemical potentials, with coefficients
taken from lattice simulations [43]. At low temperatures,
we perform a smooth merging between the lattice and the
hadron resonance gas model results [51] and ensure conti-
nuity of higher-order derivatives. At high temperatures, we
impose a smooth approach to the Stefan-Boltzmann limit. We
parametrize each one of these coefficients as a ratio of polyno-
mials. From this we obtain the pressure and can then calculate
all other quantities from thermodynamic relationships.
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These Fourier harmonics appear to be important to distinguish
baryon interactions within a hadron resonance gas (see also
Ref. [50]), specifically for the thermodynamic regime above
T > 150 MeV. We note that here we use lattice QCD data en-
tirely in this regime (our hadron resonance gas model is only
to constrain low temperatures below T ! 135 MeV, where no
lattice QCD results are available). However, due to the Taylor
expansion, our approach is limited to chemical potentials
µB ! (2–2.5)T . To fully reproduce the Fourier harmonics
we would need to reach µB ! πT , for which higher-order
coefficients in the Taylor series would need to be included.

In this manuscript, we construct an equation of state for
QCD at finite T, µB, µS, µQ. We build the pressure as a
Taylor series of the three chemical potentials, with coefficients
taken from lattice simulations [43]. At low temperatures,
we perform a smooth merging between the lattice and the
hadron resonance gas model results [51] and ensure conti-
nuity of higher-order derivatives. At high temperatures, we
impose a smooth approach to the Stefan-Boltzmann limit. We
parametrize each one of these coefficients as a ratio of polyno-
mials. From this we obtain the pressure and can then calculate
all other quantities from thermodynamic relationships.
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These Fourier harmonics appear to be important to distinguish
baryon interactions within a hadron resonance gas (see also
Ref. [50]), specifically for the thermodynamic regime above
T > 150 MeV. We note that here we use lattice QCD data en-
tirely in this regime (our hadron resonance gas model is only
to constrain low temperatures below T ! 135 MeV, where no
lattice QCD results are available). However, due to the Taylor
expansion, our approach is limited to chemical potentials
µB ! (2–2.5)T . To fully reproduce the Fourier harmonics
we would need to reach µB ! πT , for which higher-order
coefficients in the Taylor series would need to be included.

In this manuscript, we construct an equation of state for
QCD at finite T, µB, µS, µQ. We build the pressure as a
Taylor series of the three chemical potentials, with coefficients
taken from lattice simulations [43]. At low temperatures,
we perform a smooth merging between the lattice and the
hadron resonance gas model results [51] and ensure conti-
nuity of higher-order derivatives. At high temperatures, we
impose a smooth approach to the Stefan-Boltzmann limit. We
parametrize each one of these coefficients as a ratio of polyno-
mials. From this we obtain the pressure and can then calculate
all other quantities from thermodynamic relationships.
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FIG. 2. From left to right, top to bottom: Expansion coefficients χBQ
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112 as
functions of temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results, and
the thicker blue line on the right indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parametrization of the data.

These Fourier harmonics appear to be important to distinguish
baryon interactions within a hadron resonance gas (see also
Ref. [50]), specifically for the thermodynamic regime above
T > 150 MeV. We note that here we use lattice QCD data en-
tirely in this regime (our hadron resonance gas model is only
to constrain low temperatures below T ! 135 MeV, where no
lattice QCD results are available). However, due to the Taylor
expansion, our approach is limited to chemical potentials
µB ! (2–2.5)T . To fully reproduce the Fourier harmonics
we would need to reach µB ! πT , for which higher-order
coefficients in the Taylor series would need to be included.

In this manuscript, we construct an equation of state for
QCD at finite T, µB, µS, µQ. We build the pressure as a
Taylor series of the three chemical potentials, with coefficients
taken from lattice simulations [43]. At low temperatures,
we perform a smooth merging between the lattice and the
hadron resonance gas model results [51] and ensure conti-
nuity of higher-order derivatives. At high temperatures, we
impose a smooth approach to the Stefan-Boltzmann limit. We
parametrize each one of these coefficients as a ratio of polyno-
mials. From this we obtain the pressure and can then calculate
all other quantities from thermodynamic relationships.
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112 as
functions of temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results, and
the thicker blue line on the right indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parametrization of the data.

These Fourier harmonics appear to be important to distinguish
baryon interactions within a hadron resonance gas (see also
Ref. [50]), specifically for the thermodynamic regime above
T > 150 MeV. We note that here we use lattice QCD data en-
tirely in this regime (our hadron resonance gas model is only
to constrain low temperatures below T ! 135 MeV, where no
lattice QCD results are available). However, due to the Taylor
expansion, our approach is limited to chemical potentials
µB ! (2–2.5)T . To fully reproduce the Fourier harmonics
we would need to reach µB ! πT , for which higher-order
coefficients in the Taylor series would need to be included.

In this manuscript, we construct an equation of state for
QCD at finite T, µB, µS, µQ. We build the pressure as a
Taylor series of the three chemical potentials, with coefficients
taken from lattice simulations [43]. At low temperatures,
we perform a smooth merging between the lattice and the
hadron resonance gas model results [51] and ensure conti-
nuity of higher-order derivatives. At high temperatures, we
impose a smooth approach to the Stefan-Boltzmann limit. We
parametrize each one of these coefficients as a ratio of polyno-
mials. From this we obtain the pressure and can then calculate
all other quantities from thermodynamic relationships.
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FIG. 2. From left to right, top to bottom: Expansion coefficients χBQ
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112 as
functions of temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results, and
the thicker blue line on the right indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parametrization of the data.

These Fourier harmonics appear to be important to distinguish
baryon interactions within a hadron resonance gas (see also
Ref. [50]), specifically for the thermodynamic regime above
T > 150 MeV. We note that here we use lattice QCD data en-
tirely in this regime (our hadron resonance gas model is only
to constrain low temperatures below T ! 135 MeV, where no
lattice QCD results are available). However, due to the Taylor
expansion, our approach is limited to chemical potentials
µB ! (2–2.5)T . To fully reproduce the Fourier harmonics
we would need to reach µB ! πT , for which higher-order
coefficients in the Taylor series would need to be included.

In this manuscript, we construct an equation of state for
QCD at finite T, µB, µS, µQ. We build the pressure as a
Taylor series of the three chemical potentials, with coefficients
taken from lattice simulations [43]. At low temperatures,
we perform a smooth merging between the lattice and the
hadron resonance gas model results [51] and ensure conti-
nuity of higher-order derivatives. At high temperatures, we
impose a smooth approach to the Stefan-Boltzmann limit. We
parametrize each one of these coefficients as a ratio of polyno-
mials. From this we obtain the pressure and can then calculate
all other quantities from thermodynamic relationships.
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FIG. 2. From left to right, top to bottom: Expansion coefficients χBQ
31 , χBS

31 , χQS
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112 as
functions of temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results, and
the thicker blue line on the right indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parametrization of the data.

These Fourier harmonics appear to be important to distinguish
baryon interactions within a hadron resonance gas (see also
Ref. [50]), specifically for the thermodynamic regime above
T > 150 MeV. We note that here we use lattice QCD data en-
tirely in this regime (our hadron resonance gas model is only
to constrain low temperatures below T ! 135 MeV, where no
lattice QCD results are available). However, due to the Taylor
expansion, our approach is limited to chemical potentials
µB ! (2–2.5)T . To fully reproduce the Fourier harmonics
we would need to reach µB ! πT , for which higher-order
coefficients in the Taylor series would need to be included.

In this manuscript, we construct an equation of state for
QCD at finite T, µB, µS, µQ. We build the pressure as a
Taylor series of the three chemical potentials, with coefficients
taken from lattice simulations [43]. At low temperatures,
we perform a smooth merging between the lattice and the
hadron resonance gas model results [51] and ensure conti-
nuity of higher-order derivatives. At high temperatures, we
impose a smooth approach to the Stefan-Boltzmann limit. We
parametrize each one of these coefficients as a ratio of polyno-
mials. From this we obtain the pressure and can then calculate
all other quantities from thermodynamic relationships.
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FIG. 1. From left to right, top to bottom: Expansion coefficients χB
2 , χQ

2 , χ S
2 , χBQ

11 , χBS
11 ,χQS

11 , χB
4 , χQ

4 ,χ S
4 as functions of temperature. In

each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results, and the thicker blue line on the
right indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parametrization of the data.

remain regarding a possible separate freeze-out temperature
for strange hadrons [32–35] and separations of electric charge
due to a possible chiral magnetic effect [36], so many in-
teresting questions need to be answered that go beyond just
baryon charge conservation. At the LHC, where the baryonic
chemical potential µB is basically vanishing, the chemical
potentials for strangeness µS and electric charge µQ are also
zero. At RHIC, however, as the baryonic density increases,
the other two chemical potentials have finite values as well.
Until now, the equation of state of QCD has only been extrap-
olated to finite µB, either by keeping µS = µQ = 0 or along
a specific trajectory in the four-dimensional (4D) parameter
space, namely imposing that the strangeness density 〈nS〉 = 0
and that the electric charge density 〈nQ〉 = 0.4〈nB〉 to match
the experimental situation.

After the early results for χ2, χ4, and χ6 [37], a continuum
extrapolation for χ2 was published in Ref. [38]; in Ref. [39]
χ4 was shown but only at finite lattice spacing. The continuum
limit for χ6 was published for the first time in Ref. [40] in
the case of strangeness neutrality and later in Ref. [41] for
both cases. In Ref. [42], a first determination of χ8 at two
values of the temperature and Nt = 8 was presented. Finally,
in Ref. [43] a determination of χ8 was presented for the first

time as a function of the temperature, at Nt = 12, keeping
µS = µQ = 0. Recently, the effect of introducing a critical
point in the equation of state of QCD has also been tested [26].

However, a Taylor expansion of the equation of state,
along a direction which satisfies the strangeness-neutrality
condition, is not enough for the hydrodynamics approach,
since the fluid cells have local fluctuations in strangeness
density. Additionally, there is a complicated interplay between
transport coefficients when B, Q, S are considered [44] that
cannot be neglected at large baryon densities. For these rea-
sons, an EoS fully expanded as a Taylor series in powers of
µB/T, µS/T, µQ/T is needed as an input of hydrodynamic
simulations of the matter created at RHIC. In order to perform
such an expansion, all of the diagonal and nondiagonal sus-
ceptibilities of these three conserved charges are needed from
lattice QCD up to the chosen power. In this work, we perform
the Taylor expansion to total power four in the chemical
potentials. These results recently became available [43] on
Nt = 12 lattices.

Alternative approaches to the Taylor-series expansion have
been suggested in Refs. [45,46] and Refs. [47,48], which
have been shown to match well to lattice QCD data for
the Fourier harmonics [49] at imaginary chemical potential.
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Only �B
2 requires a di↵erent parameterization:

�2(T ) = e�h1/t
0�h2/t

02
· f3 · (1 + tanh(f4t

0 + f5)) (3)

In both equations above, t = T/154MeV, t0 =
T/200MeV [53]. The values of the parameters for each
coe�cient are given in the appendix, together with the re-
spective Stefan-Boltzmann limits. Figures 1 and 2 show
all of the Taylor expansion coe�cients as functions of the
temperature. The black dots are the HRG model results,
the red triangles correspond to the lattice QCD results
and the thick blue line indicates the Stefan-Boltzmann
limit.

Making use of this parameterization, we construct the
pressure from Eq. (1). The other thermodynamic quan-
tities are then derived from the pressure as follows:
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Everywhere in the above equation, i 6= j is intended.
In Fig. 3 we show the dependence of the normal-

ized pressure, entropy density, energy density, baryonic,
strangeness and electric charge densities on the temper-
ature, along lines of constant µB/T = 0.5, 1, 2, both
with hnSi = 0, hnQi = 0.4hnBi (solid black lines), and
in the case µS = µQ = 0 (dashed red lines). We find
that the thermodynamic quantities that are less sensi-
tive to the chemical composition of the system do not
show large discrepancies between the two scenarios, for
all three values of µB/T . On the other hand, when re-
alistic conditions on the global chemical composition of
the system are imposed, the baryon density is largely af-
fected, and substantially decreased; the opposite e↵ect
is visible for the electric charge density, which is heavily
enhanced.

Finally, we compare i) the isentropic trajectories, ii)
the temperature dependence of the speed of sound along
lines of constant µB/T and iii) the behavior of the speed
of sound along parametrized chemical freeze-out lines be-
tween these two cases. The isentropic trajectories are
shown in Fig. 4 for selected values of s/nB , which cor-
respond to the indicated collision energies [40]. In the
upper panel of Fig. 5 we show the speed of sound as
a function of the temperature along lines with µB/T =
0.5, 1, 2; the di↵erent colors correspond to di↵erent val-
ues of µB/T . In the lower panel of Fig. 5 we show the
behavior of the speed of sound along two parametrized
chemical freeze-out lines. These two freeze-out lines are

shifted from the one presented in [54], and have the form:

TFO(µB) = T0 + bµ2
B
+ cµ4

B
, (5)

with b = �1.39·10�4 MeV�2 and c = �5.3·10�11 MeV�3;
the two lines we show have TFO(µB = 0) = 160MeV and
TFO(µB = 0) = 150MeV. Both in Fig. 4 and in Fig. 5,
the solid lines correspond to hnSi = 0, hnQi = 0.4hnBi

while the dashed lines to µS = µQ = 0.
Since the EoS constructed in this work is a Taylor

expansion carried out from lattice-QCD-calculated ex-
pansion coe�cients, it is important to have an idea of
the range of the validity of such expansion. It has been
shown from lattice QCD simulations that the Taylor ex-
pansion of the Equation of State up to O(µ4

B
) converges

for µB/T . 2 � 2.5 [41], and the same can be said for
our EoS. This roughly corresponds to a collision energy of
p
s & 10GeV [54]. In order to have a better idea of where

a possible breakdown of its validity occurs, we show in
Fig. 6 the behavior of the electric chemical potential in
the case with strangeness neutrality, along lines of con-
stant µB/T = 0.5 � 3. We see that a non-monotonic
behavior appears around and above µB/T ⇠ 2.5. This is
in line with the expectation that the convergence of the
Taylor series is guaranteed in the regime µB/T . 2.5.
We note again that with the Taylor expansion approach
used here, we do not expect to fully incorporate the con-
straints from imaginary µB – and thus reproduce the
Fourier harmonics from [49] – since for them the coverage
of the region µB/T  ⇡ would be required. Applying the
constraints from imaginary µB can be done in the near
future to further improve our modeling of the QCD EoS,
possibly concurrently with the inclusion of new contin-
uum extrapolated lattice results.

CONCLUSIONS

In this manuscript, we constructed an equation of state
for QCD at finite temperature and B, Q, S chemical po-
tentials, based on a Taylor series up to fourth power in
the chemical potentials. Our methodology is based on
a smooth merging between the HRG model and lattice
QCD results for each one of the Taylor expansion coe�-
cients; for all coe�cients except �B

2 , the parameterization
function is a ratio of up-to-ninth order polynomials. We
provide all parameters in Tables I,II,III, so that our EoS
can be readily used in the community. Furthermore, the
code to generate the EoS and the tables for the ther-
modynamic quantities as functions of T, µB , µS , µQ is
available at the link mentioned in Ref. [55].
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b0 b1 b2 b3 b4 b5 b6 b7 b8 b9 c0

�0(T ) 2.2453 �6.02568 15.3737 �19.6331 10.24 0.799479 � � � � �
�Q

2 (T ) �2.08695 22.3712 �33.4035 19.9497 �6.67937 4.1127 � � � � �
�S

2 (T ) 0.634185 �0.484646 �3.02879 7.29526 �5.94029 0.954829 0.782178 0.0848009 � � 0.00083

�BQ

11 (T ) 506.969 2.07112 �1310.73 �47.3907 1855.62 207.417 �2635.03 1616.16 � � �
�BS

11 (T ) 8.81578 4.53879 70.1272 �212.977 �287.925 1688.03 �2130.95 901.004 � � �
�QS

11 (T ) 2.94254 �5.97226 4.37484 0.723152 �4.3139 3.70245 � � � � 0.00012

�B

4 (T ) 3.3139 �2.34182 �3.05239 0.281088 3.36387 �1.47861 0.232943 �0.00920141 � � �
�Q

4 (T ) 2.78757 �7.70015 7.34828 5.60254 �16.5647 10.1847 �1.46422 0.258243 � � �
�S

4 (T ) 7.26105 �25.0961 41.2002 �31.1539 �3.87268 19.7369 �9.31673 2.02404 � � �
�BQ

31 (T ) 0.628355 �1.27107 �0.0555062 0.801392 0.649844 �0.248501 �1.16057 0.662302 � � �0.00007

�BS

31 (T ) 22.8266 �19.1507 �33.6479 25.4636 17.3853 �0.671223 �19.7378 9.96533 � � �
�QS

31 (T ) 52.129 �92.6007 24.1788 32.9419 �12.5404 �1.67767 1.02439 0.502227 � � �
�BQ

13 (T ) 32.3922 �36.2407 �44.2609 31.2543 50.794 17.5211 �7.80941 �13.3867 �118.309 93.7845 �
�BS

13 (T ) 0.285383 0.769297 �3.15803 1.59797 3.54785 �0.652119 �6.48277 4.28691 � � �
�QS

13 (T ) 1.12154 �2.86563 2.35378 �0.14257 �0.827056 0.35061 �0.0544297 0.125906 � � �
�BQ

22 (T ) 2.46229 �1.78965 3.86743 �3.007 �4.28013 0.190242 3.36159 �0.215634 � � �
�BS

22 (T ) 0.505109 0.555159 �2.50987 0.346874 2.47285 0.611415 �3.84829 2.02716 � � �
�QS

22 (T ) 15.1999 �40.1845 44.1416 �19.6254 �13.5991 25.2683 �12.6079 2.72985 � � �
�BQS

211 (T ) 5.80204 �15.5399 5.25306 18.444 �1.81185 �20.1787 �4.61059 13.9429 � � �
�BQS

121 (T ) 56.5761 �106.452 123.146 �162.408 94.5282 51.273 �77.7255 29.3669 � � �
�BQS

112 (T ) 43.2755 �108.526 180.836 �134.256 �38.6051 46.669 6.94258 17.7581 � � �

TABLE II. Parameters b0 � b9 and c0 for the parametrization of the temperature dependence of all coe�cients �BQS

ijk
(T ), with the functional form shown in Eq. (3).

The “� ” symbols in the table indicate that, for most of the coe�cients, it is enough to consider a ratio of polynomials of order lower than nine.

h1 h2 f3 f4 f5

�B

2 (T ) �0.325372 0.497729 0.148987 6.66388 �5.07725

TABLE III. Parameters for the parametrization of the temperature dependence of all coe�cients �BQS

ijk
(T ), with the functional form shown in Eq. (3). The “ � ”

symbols in the table indicate that, for most of the coe�cients, it is enough to consider a ratio of polynomials of order lower than seven.
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Reconstructed Taylor EoS

➤ Reconstruct the QCD equation of state from all diagonal and off-diagonal 
susceptibilities up to 𝒪(μ4

B)

9

EoS with three conserved charges

I Hydrodynamic simulations can now include all conserved charges

) Produce an EoS depending on (µB , µQ, µS)

I Recent lattice QCD results are available for diagonal and o↵-diagonal �BSQ
ijk

I The full pressure reads:

P (T, µB , µQ, µS)

T 4
=

X

i,j,k

1

i!j!k!
�BQS
ijk (T )

⇣µB

T

⌘j ⇣µQ

T

⌘k ⇣µS

T

⌘i

with the coe�cients:

�BQS
ijk (T ) =

@i+j+k(p/T 4)

@(µB

T )i@(µQ

T )j@(µS

T )k

����
µB ,µQ,µS=0

Up to order O(µ4) the list is complete ) 22 coe�cients
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J. Noronha-Hostler, JS et al, PRC (2019) See also: A. Monnai et al, PRC (2019)
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Isentropic Trajectories

➤ Different paths through the phase diagram taken based on conserved charge 
conditions: isentropic trajectories stress importance of BQS modeling for heavy-ion 
phenomenology 

10

EoS with three conserved charges
I Possible impact on hydrodynamic simulations: the two scenarios

I Isentropic lines are sizeably di↵erent with strangeness neutrality

I Speed of sound is not very sensitive

The use of the EoS in hydro codes can determine the extent of the deviation on
observables

J. Noronha-Hostler, PP et al., arXiv:1902.06723 [hep-ph]
42 / 44

J. Noronha-Hostler, JS et al, PRC (2019) See also: A. Monnai et al, PRC (2019)



II.  Strangeness-neutral equation of state 
with a critical point
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Equation of State with Criticality

➤ Update to the original EoS that first matched the Taylor expansion coefficients from 
Lattice QCD and implemented critical features based on universality arguments

12
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QCD equation of state matched to lattice data and exhibiting a critical point singularity
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We construct a family of equations of state for QCD in the temperature range 30 MeV ! T ! 800 MeV
and in the chemical potential range 0 ! µB ! 450 MeV. These equations of state match available lattice QCD
results up to O(µ4

B ) and in each of them we place a critical point in the three-dimensional (3D) Ising model
universality class. The position of this critical point can be chosen in the range of chemical potentials covered
by the second Beam Energy Scan at the Relativistic Heavy Ion Collider. We discuss possible choices for the free
parameters, which arise from mapping the Ising model onto QCD. Our results for the pressure, entropy density,
baryon density, energy density, and speed of sound can be used as inputs in the hydrodynamical simulations
of the fireball created in heavy ion collisions. We also show our result for the second cumulant of the baryon
number in thermal equilibrium, displaying its divergence at the critical point. In the future, comparisons between
RHIC data and the output of the hydrodynamic simulations, including calculations of fluctuation observables,
built upon the model equations of state that we have constructed may be used to locate the critical point in the
QCD phase diagram, if there is one to be found.

DOI: 10.1103/PhysRevC.101.034901

I. INTRODUCTION

The search for a possible QCD critical point is receiving
increasing attention, which will culminate in the second Beam
Energy Scan (BES-II) at the Relativistic Heavy Ion Collider
(RHIC) at Brookhaven National Laboratory. The main goal of
the BES-II program is to discover a critical point, or constrain
its location, on the phase diagram of strongly interacting mat-
ter. One of the central questions that these experiments aim
to answer is whether the continuous crossover [1] between
quark-gluon plasma and hadronic matter that occurs as a
function of decreasing T at µB = 0 turns into a first-order
phase transition above some critical point at a nonzero µB,
corresponding to heavy ion collisions below some collision
energy [2,3].

*Corresponding author: parotto@uni-wuppertal.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by SCOAP3.

Lattice QCD simulations cannot currently be performed at
finite density. For this reason, a first principle prediction of
the existence and position of the critical point is still missing.
Several QCD-based models predict its location on the phase
diagram, which naturally depends on the model parameters
and approximations (for a review, see, e.g., Ref. [4]). This
aspect makes the critical point search challenging, and is at the
basis of the systematic scan in collision energies performed
at RHIC. We anticipate that nonmonotonous dependence of
specific observables on collision energy will indicate the pres-
ence of the critical point as the freezeout point traverses the
critical region [5,6]. As the BES-II approaches, it is therefore
important to predict the effects of the critical point on several
observables.

One of the main theoretical approaches to pursue this goal
is represented by hydrodynamical simulations of the evolution
of the fireball produced in heavy ion collisions (see, e.g.,
Ref. [7] and references therein). While modifications of the
hydrodynamical approach itself are needed in the vicinity of
the critical point [8–11], the equation of state (EoS) used as
an input in these simulations needs to reflect all theoretical
knowledge currently available as well as contain the singular-
ity associated with the QCD critical point at a parametrically
controllable location. Thus, the purpose of this paper is to

2469-9985/2020/101(3)/034901(18) 034901-1 Published by the American Physical Society

Code can be downloaded at:  
https://bitbucket.org/bestcollaboration/
eos_with_critical_point/src/master/

https://bitbucket.org/bestcollaboration/eos_with_critical_point/src/master/
https://bitbucket.org/bestcollaboration/eos_with_critical_point/src/master/
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Taylor Coefficients from LQCD

➤ Lattice results for Taylor expansion of pressure around  up to  are the 
backbone of the procedure for creating this equation of state

μB = 0 𝒪(μ4
B)

13

J. Guenther et al, NPA (2017) 
R. Bellweid et al, PRD (2015) 
See also: A. Bazavov et al, PRD (2017)

- original BES-EoS 

- strangeness-neutral 
version

P(T, μB)
T4

= ∑
n

c2n(T)( μB

T )
2n
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Universal Scaling EoS

➤ Criticality is implemented by mapping the critical point from the 3D Ising model 
onto the QCD phase diagram 

➤ Relevant and analogous quantities for Ising-QCD map: 
➤ Magnetic field, h              Baryon chemical potential, µ  

➤ Magnetization, M             Baryon density, nB 

➤ Reduced temperature:  

➤ Gibbs’ free energy/thermodynamic potential = Pressure

t =
T − TC

TC

−

14

4. Theory and Phenomenology of the Critical Point

4.1. Critical phenomena
The critical phenomena which we shall focus on occur at an end-point of a first-order transition in a thermo-

dynamic system. The first-order transition corresponds to a situation when a thermodynamic system under given
external conditions (such as T and µ, for example) can be in equilibrium in two distinct thermodynamic states. Such
a two-phase coexistence can occur only for special values of external parameters, typically, on a manifold of one less
dimension than the space of external parameters. E.g., in the T � µ plane this manifold is a first-order transition line.
One of the two states is thermodynamically stable on one side of the first-order phase transition, and the other – on
the other side. By adjusting parameters along the phase-coexistence line one could arrive at a special point where the
di↵erence between the two coexisting phases disappears. This is a critical point, also known as a second-order phase
transition. This point is characterized by critical phenomena which manifest themselves in singular thermodynamic
and hydrodynamic properties.

The two most common examples of such critical points are the end point of the liquid-gas coexistence curve and
the Curie point in a (uniaxial) ferromagnet. Although the two systems in which these two examples occur are di↵erent
on a fundamental, microscopic level, the physics near the critical point is remarkably similar on qualitative as well as
quantitative level. This observation is the basis of the concept of universality of the second-order phase transitions.

The uniaxial, or Ising, ferromagnet is the simplest of such systems. It can be modeled by a lattice of spins
si = ±1, or two-state systems, with local (e.g., nearest neighbor) interaction favoring the alignment of spins in the
same direction. There are two ground states, with all the spins pointing in one of the two possible directions. The
degeneracy is lifted if one applies a magnetic, or ordering, field h, which changes the energy of the spins by h

P
i si.

The two ordered states are distinguished by the value of the magnetization

M =
1
N

NX

i=1

si (18)

which equals +1 or �1 depending on the sign of h, or more precisely, by its thermal average hMi. At finite, low
enough temperature the ordering persists and hMi plays the role of the order parameter which flips sign at h = 0. The
two ordered phases coexist on the line h = 0 in the T � h plane as shown in Fig. 7

The magnetization M along the coexistence line, h = 0, decreases with increasing temperature due to thermal
fluctuations. At the Curie temperature, Tc, the magnetization completely vanishes and remains zero for all higher
temperatures. The coexistence line (the first-order phase transition) ends at T = Tc – the critical point. There is only
one phase at and above the Curie point temperature.

Similarly, liquids (e.g., water) coexists with their vapour at given pressure p at the boiling temperature T , which
defines a line in the T vs p plane. At any of the coexistence points on this line the molecules making up the substance

Figure 7: The phase diagram of the Ising ferromagnet. The transition between the phases with positive and negative magnetization is a first-order
transition for T < Tc and a continuous crossover at T > Tc. The transition changes its character at the critical point.

19
K. Rajagopal and F. Wilczek, Nucl. Phys. B (1993) 
P. Parotto et al, PRC (2020) 
A. Bzdak et al, Phys. Rep. (2020) 
C. Nonaka, M. Asakawa, PRC (2005)
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Mapping the 3D Ising Model onto QCD

➤ Phase transition along Ising temperature axis fixed onto QCD phase diagram along 
transition line from LQCD

15P. Parotto et al, PRC (2020)

T − TC

TC
= w (t ρ sinα1 + h sinα2)

μB − μB,C

TC
= − w (t ρ cosα1 + h cosα2)

PAOLO PAROTTO et al. PHYSICAL REVIEW C 101, 034901 (2020)

FIG. 2. Nonuniversal map from Ising variables (r, h) to QCD coordinates (T, µB ).

which can be visualized in Fig. 2. This map makes use of
six parameters, two of which correspond to the location of
the critical point on the QCD phase diagram, two are the
angles that the r and h axes form with the T = const. lines,
and (w, ρ) are scale factors for the variables r and h. While
w represents a global scaling for the Ising variables, namely
determining the size of the critical region, ρ represents a
relative scaling of r and h, thus roughly determining the shape
of it.

At this point, we have a double map between coordinates:

(R, θ ) !−→ (r, h) ←→ (T, µB), (13)

where the second step is globally invertible. We will now ap-
ply the thermodynamics we developed in the previous section
for the Ising model, making use of the additional variables
(R, θ ), to the QCD phase diagram, in a parametrized form
given by Eqs. (11) and (12).

In order to do this analytically, we would need the map
(R, θ ) !−→ (T, µB), which unfortunately cannot be globally
inverted. Therefore, it is necessary to solve the following
relations numerically:

T (R, θ ) − Ti = 0, (14)

µB(R, θ ) − µBi = 0, (15)

for each value of (T, µB) needed in the QCD phase diagram.
We proceed in the following way: We choose a range of
interest for T and µB, and given a choice of the parameters in
the Ising-QCD map, we solve Eqs. (14) and (15) numerically
for a two-dimensional grid in T and µB in the desired range,
thus providing a discrete inverse map (T, µB) !−→ (R, θ ).

With this solution, although not analytic, it is possible to
transport the thermodynamics of the Ising model [written in
terms of (R, θ )], into the QCD phase diagram, given a choice
of parameters for the map.

IV. THERMODYNAMICS

A. Strategy

The strategy we wish to pursue in order to produce an equa-
tion of state for QCD which meets the requirements stated in
Sec. I is the following. Starting from the Taylor expansion
coefficients up to O(µ4

B) in Eq. (1), available from lattice
QCD simulations, we rewrite them as a sum of an “Ising”
contribution coming from the critical point of QCD and a
“non-Ising” contribution, which would contain the regular
part as well as any other possible criticality present in the
region of interest:

T 4cLAT
n (T ) = T 4cnon-Ising

n (T ) + f (T, µB = 0)cIsing
n (T ), (16)

where f (T, µB) is a regular function of the temperature and
chemical potential, with dimension of energy to the fourth
power. Away from the critical regime, f just reshuffles the
regular terms and can be chosen arbitrarily. Near the critical
point, the choice for f is almost arbitrary, with the only
requirement being that it must not add any leading singular
behavior. In general, though, any term in f beyond a constant
introduces sub-leading behavior in the vicinity of the critical
point. For this reason, the simplest choice is to take f to be a
constant, with the appropriate dimension. This also ensures
that no subleading behavior is introduced near the critical
point, which cannot be predicted through universality. Note
that Eq. (16) is to be understood as a definition for the cnon-Ising

n
coefficients.

Once these coefficients are obtained, we will build a
Taylor expansion in µB analogous to the lattice one, using
the “non-Ising” coefficients. The latter have the advantage
that the critical behavior coming from the critical point has
been removed, so that the expansion can be pushed to larger
values of µB. This provides an expression for the “non-Ising”
pressure over a broad region of the QCD phase diagram. The
assumption here is that the Ising critical point contribution to
the Taylor coefficients from lattice QCD can be reproduced

034901-4

t

2

by using the SMASH hadronic list as input in the HRG
model. Because SMASH has become a standard trans-
port code used within the field, we ensure consistency
across all stages of phenomenological modeling of heavy-
ion collisions. We begin by describing the general proce-
dure for developing an EoS with a critical point in the 3D
Ising model universality class. We then provide details
of the implementation of the new features into the EoS.

In order to study the e↵ect of a critical point that could
potentially be observed during the BES-II at RHIC on
QCD thermodynamics, we utilize the 3D Ising model to
map such critical behavior onto the phase diagram of
QCD. The 3D Ising model was chosen for this approach
because it exhibits the same scaling features in the vicin-
ity of a critical point as QCD, in other words they belong
to the same universality class [49, 50]. We implement the
non-universal mapping of the 3D Ising model onto the
QCD phase diagram in such a way that the Taylor ex-
pansion coe�cients of our final pressure match the ones
calculated on the lattice order by order. This prescrip-
tion can be summarized as follows:

1. Define a parametrization of the 3D Ising model near
the critical point, consistent with what has been
previously shown in the literature [6, 43, 51, 52],

M = M0R
�✓

h = h0R
��h̃(✓)

r = R(1� ✓2)

(1)

where the magnetization M , the magnetic field h,
and the reduced temperature r, are given in terms
of the external parameters R and ✓. The normal-
ization constants for the magnetization and mag-
netic field are M0 = 0.605 and h0 = 0.364, re-
spectively, � = 0.326 and � = 4.8 are critical ex-
ponents in the 3D Ising Model, and h̃(✓)=✓ (1-
0.76201✓2+0.00804✓4).

The singular part of the pressure is described by
the parametrized Gibbs’ free energy:

PIsing = �G(R, ✓)

= h0M0R
2�↵(✓h̃(✓)� g(✓)),

(2)

where

g(✓) = c0 + c1(1� ✓2) + c2(1� ✓2)2 + c3(1� ✓2)3,

c0 =
�

2� ↵
(1 + a+ b),

c1 = �
1

2

1

↵� 1
((1� 2�)(1 + a+ b)� 2�(a+ 2b)),

c2 = �
1

2↵
(2�b� (1� 2�)(a+ 2b)),

c3 = �
1

2(↵+ 1)
b(1� 2�).

Because QCD is symmetric about µB = 0, we re-
quire that PIsing is also matter-anti-matter symmet-
ric. Thus, we perform the calculations in a range

of µB spanning positive and negative values. Fur-
thermore, the equations defined here are subject to
the following constraints on the parameters: R �

0, |✓|  ✓0 ⇠ 1.154.

2. Choose the location of the critical point and map
the critical behavior onto the QCD phase diagram
via a linear map from {T , µB} to {r, h}:

T � Tc

Tc

= !(⇢r sin↵1 + h sin↵2) (3)

µB � µB,c

Tc

= !(�⇢r cos↵1 � h cos↵2) (4)

where (Tc, µB,c) are the coordinates of the critical
point, and (↵1,↵2) are the angles between the axes
of the QCD phase diagram and the Ising model
ones. Finally, ! and ⇢ are scaling parameters for
the Ising-to-QCD map: ! determines the overall
scale of both r and h, while ⇢ determines the rela-
tive scale between them.

3. As previously established in Ref. [43], we reduce
the number of free parameters from six to four, by
assuming the critical point sits on the chiral phase
transition line, and by imposing that the r axis of
the Ising model is tangent to the transition line of
QCD at the critical point:

T = T0 + T0

✓
µB

T0

◆2

+O(µ4
B
). (5)

In this study, we maintain consistency with the
original EoS development of Ref. [43] by utiliz-
ing the same parameters1. The critical point lies
at {Tc ' 143.2 MeV, µB,c=350 MeV}, while the
angular parameters are orthogonal ↵1=3.85°and
↵2=93.85°, and the scaling parameters are !=1 and
⇢=2. However, we remind the reader that such a
choice of parameters only has an illustrative pur-
pose, and that we do not make any statement about
the position of the critical point or the size of the
critical region. As this framework does not serve to
yield a prediction for the critical point, but rather
to provide an estimate of the e↵ect of critical fea-
tures on heavy-ion-collision systems, the users can
pick their preferred choice of the parameters and
test its e↵ect on observables. In particular, we note
that by varying the parameters ! and ⇢ it is possi-
ble to increase or decrease the e↵ects of the critical

1 As in Ref. [43], we assume the transition line to be a parabola,
and utilize the curvature parameter  = �0.0149 from Ref. [4].
Recent results from lattice QCD [33, 53] are consistent with this
value, and predict the next to leading order parameter 4 to be
consistent with 0 within errors.
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3D Ising Model Parametrization

➤ Universal scaling behavior encoded in parameters ( ): 
➤ Magnetic field: 

➤ Reduced temperature: 

➤ Magnetization: 

➤ Gibbs’ free energy: 

➤ Generally, free energy includes singular and non-singular contributions: 
➤

R, θ

P(T, μB) = − G[R, θ] + Pbkg(T, μB)

16

P. Parotto et al, PRC (2020) 
A. Bzdak et al, Phys. Rep. (2020) 
C. Nonaka, M. Asakawa, PRC (2005) 
J. Zinn-Justin Quantum Field theory  

 and Critical Phenomena 

M = M0Rβθ

h = h0RβδH(θ)

t = R(1 − θ2)

G = h0M0R2−α[g(θ) − θH(θ)]

where  are 3D Ising critical exponents, H( ) is a polynomial in odd 
powers of , and g( ) is a polynomial in (1- ).

α = 0.11, β = 0.326, δ = 4.8 θ
θ θ θ2
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Singular and Non-singular Contributions

➤ Our construction requires that the total free energy (pressure) is the one from the 
lattice, so order-by-order we have:

17JMK et al, EPJ Plus (2021)

χLat
N (T) = χIsing

N (T) + χNon−Ising
N (T)

PAOLO PAROTTO et al. PHYSICAL REVIEW C 101, 034901 (2020)

FIG. 4. Parametrization of baryon susceptibilities from lattice QCD [20,64] and HRG model calculations.

the most up-to-date particle list available from the Particle
Data Group [66] (list PDG2016+ in Ref. [67]).

The smooth curves obtained from the parametrization will
be the cLAT

n (T ) coefficients in Eq. (16), thus defining the
cNon-Ising

n (T ) coefficients that will be used for the Taylor ex-
pansion. Figure 5 shows the comparison of the “Ising” and
“non-Ising” contributions to the parametrized lattice/HRG
model results.

VI. RESULTS

At this point, we have all the ingredients in Eq. (17):

P(T, µB) = T 4
2∑

n=0

cnon-Ising
2n (T )

(µB

T

)2n
+ T 4

C P Ising
symm(T, µB),

(32)
which is now straightforward. However, although the overall
behavior is correct, at low temperatures and in particular
in regions where the ratio µB/T is very large, the pressure
becomes negative, and so do other observables as well. This is
due to the fact that, given our choice of the function f (T, µB)
in Eq. (17), the “Ising” coefficients at low temperature follow
a power law, whereas the full ones from lattice calculations
fall off exponentially; hence, there will always be a value of T
for which one or more of the cnon-Ising

n (T ) falls below zero, and
thus a value of µB/T large enough that the pressure from the
Taylor expansion in Eq. (17) is large and negative, resulting

in unphysical values for the thermodynamic observables. The
recipe to cure this problem is to make use of the fact that one
can reasonably expect the system to find itself in a hadron gas
state in that region of the phase diagram and find a way to
smoothly merge the pressure coming from the procedure we
developed so far with the one from the HRG model.

The smooth merging can be obtained through a hyperbolic
tangent as

PFinal(T, µB)
T 4

= P(T, µB)
T 4

1
2

[
1 + tanh

(
T − T ′(µB)

!T ′

)]

+ PHRG(T, µB)
T 4

1
2

[
1 − tanh

(
T − T ′(µB)

!T ′

)]
,

(33)

where T ′(µB) works as the “switching temperature” and !T ′

is roughly the size of the “overlap region” where both pres-
sures contribute to the sum. The dependence on the baryon
chemical potential of the “switching temperature” is chosen
to be parabolic and parallel to the chiral transition line we
assumed in Eq. (26):

T ′(µB) = T0 + κ

T0
µ2

B − T ∗,

where T0 and κ are the transition temperature and curvature
of the transition line at µB = 0, and we choose T ∗ = 23 MeV
and in Eq. (33) !T ′ = 17 MeV.
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EoS Thermodynamic Outputs

➤ Pressure and its derivatives show effects of critical region on these quantities: 
stronger effects with increasing derivatives

18

Pressure

Baryon density

Energy density

JMK et al, EPJ Plus (2021)



/22

Correlation Length

➤ Additionally, calculate the correlation length in the 3D Ising model: 

19

B. Berdnikov and K. Rajagopal, PRD (2000) 
C. Nonaka and M. Asakawa, PRC (2005) 
JMK et al, EPJ Plus (2021)

ξ2(t, M) = f2 |M |−2ν/β g(x)

Correlation length

where f =1fm,  = 0.63 is 
the correlation length critical 
exponent, g(x) is the scaling 
function and the scaling 

parameter is 

ν

x =
| t |

|M |1/β
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Size of Critical Region - Speed of Sound

20

  
(same as published version)

ω = 2 ω = 4

ω = 0.75

See also: 
M. Pradeep and M. Stephanov, PRD (2019) 
P. Parotto et al, PRC (2020) 
D. Mroczek et al, PRC (2021) 
Wei-jie Fu et al, PRD (2021)

➤ By changing the parameters of the mapping we can control the critical contribution 
to the overall thermodynamics

JMK et al, EPJ Plus (2021)
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Isentropic Trajectories

➤ Isentropes show the path of the HIC system through the phase diagram in the 
absence of dissipation 
➤ Different path when conserved charge conditions applied

21
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Conclusions

➤ Realistic modeling of strongly-interacting matter for heavy-ion-collision systems 
should involve constraints on the conserved charges. 

➤ We updated the BES-EoS to include strangeness neutrality conditions, which 
performs in a range of temperature and baryonic chemical potential relevant for 
BES-II. 

➤ We see the expected critical features in the EoS and note a shift in the isentropic 
trajectories between the new and original versions. 

➤ A calculation of the correlation length in the 3D Ising model has been performed.

22



Back-up Slides
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Strangeness neutrality on the lattice

24A. Bazavov et al PRD (2020)
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Phase diagram in terms of number density

25E. Most et al, PRL (2019)

3

FIG. 2. Same as Fig. 1 but on the meridional plane; the top/bottom
panels show simulations with the CMFQ/CMFH EOSs, respec-
tively. The snapshot refers to the high-mass binary at a time shortly
before the collapse to a black hole.

total baryon mass begins to appear in regions of high temper-
ature and before a first-order PT occurs. Because even small
fractions of quarks can alter the pressure, the quadrupole mo-
ment of the HMNS will be different when compared to the
pure hadronic case. As time progresses, the hot spots merge
into a ring (right panel), at which time also the density has
reached the critical value for the onset of the PT, leading to
the production of a large amount of quarks in the core of the
HMNS. When this happens, the quark fraction Yquark can be
as large as 0.9 locally and quarks represent ⇠ 15�20% of the
total baryon mass.

The onset of the PT has a dramatic effect on the equilib-
rium of the HMNS. The very rapid softening of the EOS, in
fact, leads to a rapid compression of the central region of the
HMNS; the resulting release of gravitational binding energy
produces a sharp increase in the baryon number density and
a massive heat-up of the core that, in the absence of the PT,
would be cold.

To appreciate this better, Fig. 2 shows the same quanti-
ties as Fig. 1, but in the meridional plane for the high-mass
binary and after the PT has taken place. Different panels
compare simulations performed with the CMFQ EOS, where
quarks are present (top panels) with simulations employing
the CMFH EOS, in which quarks are suppressed (bottom
panels). It is remarkable to note the large quark fraction
in the center and also in regions of high temperature (top-
right panel), which is, of course, absent for the CMFH EOS
(bottom-right panel). Similarly, while the temperature distri-
butions are very similar in the outer parts of the HMNS, where
the densities are comparatively low, they are very different in
the inner regions.

Finally, it should be emphasized that the CMFQ EOS does
not lead to the formation of a gravitationally stable quark
phase and, therefore, the very massive quark core collapses
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FIG. 3. Evolution of the maximum normalized baryon number den-
sity (diamonds) and temperature (circles) after the merger for the
low-mass binary with the CMFQ EOS. Different times of the evolu-
tion are represented with a color code, together with the quark frac-
tion Yquark. The grey shaded area shows the first-order PT region.

essentially in free fall, i.e., in . 1 ms, to a rotating black hole.
As discussed in [40], a relaxation of the charge-neutrality
constraint in the EOS from being local to being global (a so-
called Gibbs construction) would create a stable mixture of
phases that, in the case of massive and isolated stars, would
extend to several kilometers within the star. We here do not
relax such constraint as we are interested in studying the effect
of a steep first-order PT and thus in finding the most extreme
signals that could be produced in such events.

Since the deconfinement of quarks depends on both the den-
sity and the temperature of matter, it is interesting to consider
which regions of the EOS are actually probed by the merger
remnant. Hence, in close analogy with what is done in heavy-
ion collisions [41], Fig. 3 shows the evolution of the maximum
baryon number density nmax (normalized to the nuclear satu-
ration density nsat) and of the maximum temperature Tmax for
the low-mass binary evolved with the CMFQ EOS. The time-
series spans a time between five and 15 ms after merger. In
essence, diamonds refer to the part of the matter in the core
of the HMNS, while circles illustrate the conditions in the
hot and low-density regions affecting the quadrupole moment.
Note that matter in the HMNS core exhibits higher densities
of > 2nsat, but also temperatures below 10 MeV; by con-
trast, heavy-ion collisions of, e.g., Au + Au at energies of
⇠ 0.5 � 1 GeV, probe number densities above nsat and tem-
peratures of 50 . T/MeV . 100 (not shown in Fig. 3).

Loss of angular momentum through GWs leads to a contin-
uous rise of the central density (hence of nmax/nsat), which
ultimately reaches the boundary of the first-order PT (grey-
shaded area) in Fig. 3 at ⇠ 13 ms after merger. While con-
tracting, the core of the HMNS crosses this region very rapidly
and establishes an almost-pure quark phase heated up to tem-
peratures > 40 MeV. If metastable, this core might influ-
ence the surrounding material, although the densities inside
the HMNS are so high that neutrinos are essentially trapped.
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Relevant regions for potential criticality

26

4

condition. We used the corresponding µB , µQ, nB and
nQ values at each given simulation point. For the T -
derivative in the entropy density we used the derivatives
of the already fitted functions (4). The naive T derivative
of these fit functions is a directional derivative along con-
stant µB/T and variable µQ and µS defined by Eq. (2).
Using the temperature dependence of µQ one can calcu-
late the partial T -derivative that defines the entropy. The
terms in " and s that are related to the variable µQ/T in
a fixed-µB/T dataset are smaller than the overall error.
Nevertheless, in the numerical analysis none of the terms
were dropped.

Therefore it is possible to obtain all the thermody-
namic quantities at finite chemical potential. In partic-
ular, we start with the entropy density s and baryonic
density nB . These quantities are relevant because, in
the absence of dissipative e↵ects, the medium created in
a heavy ion collision expands without generation of en-
tropy (S) and with a fixed baryon number (NB), so that
S/NB = s/nB is fixed in this case. We calculate the ratio
s/nB for the values of the freeze-out temperatures and
chemical potentials extracted in Ref. [31], which corre-
spond to the various collision energies of the RHIC beam
energy scan. After the initial collision, the system starts
from a point in the (T, µB) plane and follows a trajec-
tory which will bring it to one of the freeze-out points.
We start from the freeze-out points and reconstruct the
isentropic trajectories backwards in the (T, µB) plane.
This is done for the first time from lattice QCD simula-
tions to order µ6

B . Such isentropic trajectories are shown
in Fig. 3. The black points are the freeze-out parame-
ters from Ref. [31]. The last point corresponds to the
preliminary analysis of the new STAR run at 14.5 GeV
[32]. The curves are continued in the hadronic phase by
means of the Hadron Resonance Gas (HRG) model.
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FIG. 3. The QCD phase diagram in the (T, µB) plane with
the isentropic trajectories: the contours with fixed S/NB

value. The green points are the chemical freeze-out parame-
ters extracted in Ref. [31]. The S/NB ratios correspond to the
RHIC energies 200, 62.4, 39, 27, 19.6 and 14.5 GeV. The last
point is based on preliminary STAR data [32]. The freeze-
out parameters are obtained by a combined fit of net-electric
charge and net-proton fluctuations in the HRG model.

We use the continuum extrapolated fit parameters and
the formulas in Eq. (5) to extrapolate the pressure and
the trace anomaly to finite density. In Fig. 4 we plot
these observables for two of the RHIC energies along the
isentropic trajectories of Fig. 3. The e↵ect of the finite
chemical potential is more prominent at high tempera-
ture for the pressure, while the interaction measure is
mildly a↵ected by the change in µB , and mainly at low
temperatures.

FIG. 4. Pressure (upper panel) and interaction measure
(lower panel) as functions of temperature, calculated along
the highest and lowest isentropic trajectories from Fig. 3.

In conclusion, we have presented lattice QCD results
for the Taylor expansion coe�cients of the pressure up to
order (µB/T )6. These results, simulated at the physical
mass and continuum extrapolated, are achieved for the
first time in this paper, using to the method of analyti-
cal continuation of the baryonic density from imaginary
chemical potential and taking its derivatives with respect
to µB . As our results indicate, this approach leads to
a more precise determination of the coe�cients, as com-
pared to their direct simulation at µB = 0. Starting from
the freeze-out parameters of Ref. [31], we have then de-
termined the isentropic trajectories in the (T, µB) plane
up to order (µB/T )6, and calculated the pressure and
interaction measure along these trajectories. The results
presented here allow to reliably extend the calculations
of the thermodynamic quantities up to µB/T ' 2, which
covers most of the Beam Energy Scan program at RHIC.
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FIG. 22. (Color online) Left panel: UrQMD results on pT acceptance dependence of C2/C1, C3/C2 and C4/C2 ratio as a
function of

p
sNN for net baryons. Right panel: Same ratios within the experimental acceptance for net protons and net

baryons. Note: similar to Fig 21, this simulation is done within a pseudorapidity window in order to make comparison between
baryons of di↵erent mass.
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FIG. 23. (Color online) Upper Panel: (1) �2/M , (2) S� and (3) �2 of net-proton distributions for 0-5% central Au+Au
collisions from

p
sNN = 7.7 - 62.4 GeV. The error bars on the data points are statistical and systematic uncertainties added in

quadrature. The black solid lines are polynomial fit functions which well describe the cumulant ratios. The legends also specify
the chi-squared per degree of freedom for the respective fits. The black dashed lines are the Poisson baselines. Lower Panel:
Derivative of the fitted polynomial as a function of collision energy. The bar and the gold band on the derivatives represent
the statistical and systematic uncertainties, respectively.

p
sNN. The di↵erences between results from di↵erent ac-

ceptance are larger for UrQMD compared to the HRG
model. In UrQMD the di↵erence between net baryons
and net protons is larger at the lower beam energies for a
fixed pT and y acceptance. The negative C4/C2 values of

net-baryon distributions observed at low energies could
be mainly due to the e↵ect of baryon number conserva-
tion. The e↵ects of resonance weak decay and hadronic
re-scattering on proton and net-proton number fluctua-
tions in heavy-ion collisions have also been investigated
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Extension to higher  and speed of sound calculationμB

➤ Computational grid of the program: , 30 ≤ T ≤ 821 0 ≤ μB ≤ 600
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Correlation length in Ising model variables
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